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PREFACE 

TO THE FOURTH EDITION 


In* dealing with such an extensive range of subjects as those included 
under the broad title of this hook it would perhaps be too optimistic 
to hope that all the many important developments -which have taken 
place since its last revision have been dealt with adequately. A 
strenuous effort has been made to ensure that this aim should be 
accomplished as far as possible, but the task has been formidable 
and the author must ask the indulgence of the reader who may yet 
find a few gaps in the subject matter. 

As for the revision itself, in the first place the symbols and nomen¬ 
clature have been changed throughout to conform to the most recent 
recommendations of the responsible committees even though the 
resulting formulae now seem to have a strangely unfamiliar appear¬ 
ance. The subjects of M.K.S. units and rationalization have been 
covered much more fully than in the last edition and the basic 
equations derived in Chapter I have been given in both unration- 
ahzed and rationalized forms. The author feels, however, that the 
present is a transitional period between that when C.G-.S. units held 
sway and the future period when the M.K.S. rationalized system 
may be universally adopted. He has therefore attempted to carry 
along both systems except where this would obviously cause con¬ 
fusion—the older system has then been adhered to. Chapter II has 
been altered considerably for this reason and also because of the 
abandonment of the International units in 1948. Recent advances 
in the study of dielectrics have necessitated some changes and the 
author is indebted to his colleague Mr. C. G. Garton for kindly 
reading the text dealing with this subject and making several 
helpful suggestions. Applications of resistance measurements in the 
determination of non-electrical quantities are now numerous and 
several of the more important of these have been included in 
Chapter VII. Developments in illumination, high-voltage measure¬ 
ments, and cathode-ray oscillography also called for modifications 
to and extension of the text. In the chapter on transients a short 
introduction to the use of Laplace transformations has been given. 

In the chapters concerned with measuring instruments there have 
been many changes to include newly-developed instruments and to 
illustrate the latest forms of older ones but, bearing in mind the 
book’s function as a text for students, descriptions of a few instru¬ 
ments now little used have been retained when their operating 
principles have been considered sufficiently important. Many 
manufacturers have made available data and illustrations for their 
instruments and their kind co-operation is gratefully acknowledged. 



PREFACE 


vi 


The introduction of new measuring techniques based on recent 
developments in electronics has had a very important influence on 
the whole subject of electrical measurements and a new chapter on 
e ‘Electronics and Electronic Measuring Devices” has therefore been 
included. For the writing of this chapter and for valuable assistance 
in the revision of the booh, the author is greatly indebted to Mr. 
H. H. ftosenbrock. 

In conclusion the author would like to express his most sincere 
appreciation of the encouragement which he has received from the 
kind interest of readers in various parts of the world and his gratitude 
for their helpful suggestions which he has endeavoured to follow. 

E. W. G. 

Lointdok, 

October, 1954 



PREFACE TO FIRST EDITION 


When this "book was first contemplated, it was the author’s inten¬ 
tion to produce a short text-hook covering the syllabuses of the 
B.Sc. (Eng.), City and Guilds (Final) and I.E.E. examinations. As 
the work progressed, however, it was realized that the groundwork 
for these examinations could not be adequately covered in a book of 
the size originally planned. Extension of the text being thus neces¬ 
sitated, the author felt that the scope and method of treatment 
could with advantage be modified to suit, also, the requirements 
of electrical engineers in general, for whom, owing to the rapid 
advances taking place in the electrical industry and in the inter¬ 
connection of power systems, the subject of electrical measure¬ 
ments is assuming an ever-increasing importance. In particular, 
it was thought that engineers engaged in the standardizing and 
metering side of the industry could be catered for. 

Some of the subjects dealt with—e.g. Transient Phenomena— 
are essentially mathematical, and cannot well be treated otherwise, 
but the mathematics throughout the book has been kept as simple 
as possible and should be followed easily by most readers. The 
theory of most of the methods of measurement has been given in 
full, but in many cases smaller type has been used for such theo¬ 
retical discussions, so that the reader may omit them, if desired, 
and consider only the resulting expressions. 

References and bibliographies are given at the ends of the chapters, 
their inclusion being both an acknowledgment of the sources of the 
author’s information—in certain cases—and an augmentation of 
the text, which can, at the best, give only a general outline of so 
large a subject in the space of a single volume. 

A number of worked examples have been given as illustrations, 
and a selection of examination questions (with answers) is included 
at the end of the book. In this connection the author’s thanks are 
due to the Senate of the University of London, the City and Guilds 
of London Institute, and the Institution of Electrical Engineers for 
permission to use questions from their examination papers. 

Most of the illustrations have been specially made for this hook, 
but the author is glad to acknowledge his indebtedness to the many 
firms and authorities who have very kindly supplied him with 
information, drawings, and photographs relating to their apparatus. 
Individual acknowledgments are made in the text. Messrs. Elliott 
Bros., Ltd., had drawings specially made from photographs of their 
instruments. The author is indebted also to Messrs. A. T. Dover, B. 
Hague, and P. Dunsheath for permission to reproduce five illustra¬ 
tions from their hooks; to Messrs. B. G. Churcher and^C. Dannatt, 
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Prof. W. M. Thornton, and Prof. S. P. Smith for their co-operation, 
and to Mr. N. A. Allen for information regarding cable tests with 
high-volt age direct current. 

The author gratefully acknowledges the help which he has received 
from advanced students in the Electrical Engineering Department 
of University College, Nottingham, in the shape of proof reading. 
He would like, also, to tender his sincere thanks to Dr. H. Cotton 
for his continued and lively interest in the hook during its prepara¬ 
tion; to Mr. T. M. E. Ward for kindly reading the proofs of 
Chapters XX and XXI; and to his wife for her unfailing help and 
consideration while the book was being prepared. 

Acknowledgment should also be made to the British Standards 
Institution for permission to make extracts from several of their 
instrument specifications. Copies of these specifications can be 
obtained from the Institution at British Standards House, 2 Park 
Street, London, W.l. 


E. W. GOLDING. 

TEEtsTnr College, 

Nottingham, 1933. 
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CHAPTER I 

ELECTROSTATIC AND ELECTROMAGNETIC THEORY 


Electrostatics 

Coulomb’s Law. The earliest recorded facts in connection with the 
subject of electricity were obtained as a result of experiments 
carried out by the ancient Greek philosopher Thales of Miletus, 
about 600 B.c., and related to the forces of repulsion and attraction 
between bodies charged with static electricity. Those facts were 
qualitative only, and it was left for Coulomb, many centuries later, 
to state them in a quantitative form by his Inverse Square Law, 
which is the most fundamental law of electrostatics— 


F = 


QA 

KT 2 


( 1 ) 


where E is the force between two small bodies charged respectively 
with Q ± and Q 2 units of electricity, their centres being a distance r 
apart, k is a constant depending upon the medium, or “dielectric,” 
in which the bodies are situated, and is called the “permittivity,” 
or “dielectric constant,” of the medium. 

The units in which both these, and other quantities mentioned in 
this chapter, are measured will be discussed more fully in the next 
chapter, but it must be noted here that this law forms the founda¬ 
tion for the electrostatic C.G.S. system of units. In this system 
the e.s. unit of electricity is such that two infinitely small bodies, 
each having unit charge and being 1 cm. apart in air (or, more 
strictly, in a vacuum), when #c = 1, experience a force of 1 dyne, it 
being assumed that they are infinitely distant from all other charged 
bodies. 

The M.K.S. (metre-kilogramme-second) or Giorgi system of units 
(see p. 57) is now recognized as having many advantages and, in this 
system, the force F is in “newtons,” r is in metres, Q x and Q% in 
coulombs and k — 1113 X 10~ 10 . (One “newton” is the force which 
produces an acceleration of 1 metre per second per second in a mass 
of 1 kilogramme.) 

To avoid confusion, the units for the expressions derived in the rest 
of this chapter will be omitted but will be dealt with in Chapter II. 

Electric Field Round Charged Conductors. If unit positive charge 
of electricity be placed in the neighbourhood of a charged body it 
will experience a force of attraction or repulsion according as the 
charged body is negatively or positively charged. If this unit charge 
be allowed to move freely, it will trace out a “line oj electric force 
For all points on this line the resultant force on the unit charge will 
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ELECTRICAL MEASUREMENTS 

be in a direction tangential to the line at the given point. The 
electric field in the neighbourhood of any charged conductor or 
system of charged conductors can be represented by such lines of 
force, arrow heads placed upon them giving the direction in which 
unit positive charge would move along the line. 

The magnitude of the force' upon unit positive charge placed at 
any point, is a measure of the “electric force” or “intensity 55 at that 



Fig. 1. Lines or Electric Intensity Round a Positive Charge 


point, it being assumed that the introduction of the unit charge 
does not affect the distribution of charge upon the conductors to 
which the field is due. 

Lines of Electric Intensity. In the preceding paragraph lines of 
force are spoken of as giving the direction of the electric field at any 
point. If defined as below, they can be made to express the intensity 
at a point as well as the direction of the field there. To distinguish 
them from lines which, without regard to intensity, merely show 
the direction of the field, such lines will be called lines of electric 
intensity. These lines may he defined as such that a positive charge 
of Q units will radiate 47 tQ of them, uniformly distributed in the 
space surrounding it (Tig. 1), this number being the same whatever 
the medium surrounding the charge. Thus, if the charge Q be 
situated at the centre of an imaginary sphere of unit radius, then 
the number of such lines per unit of surface of the sphere will be 

= Q units. Now, if the surrounding medium has a permittivity 
/c, then the intensity E normal to the sphere’s surface is ^ . 

In this case the intensity = ?°--^- f Iine3 P er unit of surface 

K 

In general, therefore, 

D 

E ~ K . (2) 

where D = lines of electric intensity per unit of cross-section, the 
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cross-section being measured perpendicular to the direction of the 
field at the point. 

If k = I, obviously, D = E* 

Electric Flux. A number of lines of electric intensity are spoken 
of collectively as electric flux . It follows from the above definition 
of such lines that 

V = 4:77^.(3) 

where xp is the electric flux radiating from a charge of Q units. 
“D” may thus be referred to as “ electric flux density ” 

The Rationalized System. Together with the M.K.S. system of 
units, “rationalization” of units, first stated in principle by Heavi¬ 
side in 1892, is now finding favour (see also p. 59). The rationalized 
system follows on definitions 
of electrostatic and magnetic 
flux in which the is omitted 
so that the definition is then 
xp = Q instead of xp = AttQ. 

Rationalization has not yet ^ 
been widely adopted however 
and so the definition of equa- FIux Dens, ty d a 
tion (3) will be followed in this Fig - 2 - Tube of Flux 

chapter. The object here is to 

derive certain basic formulae which can be modified, if desired, in 
accordance with the rationalized definition taking this definition as 
the basis. 

All the numbered formulae in this chapter are repeated in ration¬ 
alized form in Table I at the end of the chapter (p. 47). 

Tubes of Flux. Fig. 2 represents a number of lines of electric 
intensity forming a “tube of flux.” If A and B are two points in 
an electric field in air such that the intensity at A is greater than 
that at B , then, from Equation (2), the intensity at A 

E a = I) A 

where 1) A = lines per unit surface of cross-section of the tube at A. 

Similarly, intensity at B 

E b — B b 

If y) is the electric flux in the tube, and a x and a 2 are the areas of 
cross-section of the tube at A and B , these areas being measured 
perpendicular to the direction of the. field at the points, then 



1 

a 2 

* Note that this law is similar to the magnetic law— 

B — juH where B = lines of magnetic force per unit surface 
H — magnetic intensity 

ju = magnetic permeability of the medium. 
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Electrical Intensity Inside a Charged Spherical Conductor. Imagine 

a hollow sphere of conducting material which has been given a 
charge of Q positive units of electricity. If its area of surface be S 

the density of charge on the surface (which will be uniform) is -g 

per unit of surface. The electric intensity at the surface will be at 
all points normal to the surface, since the sphere is of conducting 
material. This follows from a consideration of the fact that, if it 
were not so, the intensity would have a tangential component which 
would produce a movement of charge until the direction of the 



intensity became normal. Consider a point P inside the sphere 
(Pig. 3) at which small areas of surface a x and a 2 subtend a solid 
angle 36 as shown. Points A x and A 2 are mid-points of the areas 
a x and a 2 . Angle OA ± P — angle OA z P = a. 

Let A X P = d x , AJP = d 2 

Let k = permittivity of the medium inside the sphere. 

Then, Charge on area a x = ~ . a x 

J3> ?} 99 ^2 ===: * U 2 

Since the intensity is everywhere normal to the surface, intensity 
at P due to charge on a x 

Qa x cos a . j. ,. . - 

= —q* —Tg direction A X P 
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Similarly, intensity at P due to charge on a 2 
Qcl 2 cos a 
~S~ ’ Vd< 


* — T-z iu direction AJP 


directly opposite to direction A ± P. 

Now, the solid angle subtended at the centre of a sphere of radius 

R by any area A on its surface is . 


Hence, 


Solid angle 56 — 


a ± cos a 


a<> cos a 


Thus, the intensities at P due to charges on a 1 and a 2 are opposite 



and are each, equal to — . <50, giving a resultant intensity due to 
these two charges of zero. 

As the same is true for all similar pairs of areas such as a x and. a 2 , 
the total intensity at any point inside a charged spherical conductor 
%s zero 

Intensity in the Neighbourhood of a Charged Straight Conductor. 

Fig. 4 (a) represents a long, thin, straight conductor which carries a 
uniform charge of Q per unit length. P is a point whose perpen¬ 
dicular distance from the conductor is p where p is small com¬ 
pared with the length of the wire. Consider two elements of the 
conductor each of length dx, as shown at and the elements 
being equidistant from P. 

Let P = 

Then, if the elements dx are so small that the charges on them can 
be considered as concentrated at N x and N t , the forces (F) upon 

i , . Qdx 

unit positive charge placed at P will be each equal to 
Equation (1), where k is the permittivity of the medium. 
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The directions of these forces will, as shown, each make an angle 
of (90 - <f>) with the direction of the conductor, and will together be 
equivalent to one force of 2F cos <f) in direction MP, the horizontal 
components neutralizing one another. 

The same applies to all such pairs of elements as those shown, 
so that the total force upon unit charge at P—i.e. the intensity at 



Fig. 5. Electrostatic Field Between - Two Charged Plates 


P —due to the whole length of the wire, will be in the direction MP, 
and is given by 



where E P = total intensity at P, if the distance p is small compared 
with the length of the wire. 

Prom Fig. 4 (6), it can be seen that, if dx is very small, then 


ld<f) = dx cos <f> = dx . ^ 
dx d6 . _. . , 

-p- — — where dcj> is the angle subtended at P by dx 

1 _ i 7T 

jp __ 2 2Qcosg£>,. 2Q . , 

— / -—— r d(p = — m the direction MP . 


Intensity in the Space Between Two Charged Parallel Conducting 
Plates. Pig. 5 represents the two conducting plates, which are close 
together. Their extent is supposed to he so great as compared with 
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their distance apart that the electrostatic field on. or near their 
common axis is unaffected by the fringing field at the edges of the 
plates. Let plate A be charged positively and B charged negatively. 
Neglecting the edge effects the distribution of charge will be uniform. 

Let charge density on A = 4- a units per unit of surface 
„ „ B — — a units per unit of surface 

P is a point between the plates on or near their common axis. 
Let their distance apart be D. 

A similar method to that set out in the preceding paragraph 
can be followed, except that the intensities at P due to elemental 
rings must now be considered instead of elements of length of 
conductor as previously considered. 

Since the charge on area da is +- oda — +- cds . dx, the force (F) 

upon a unit positive charge at P due to this area is , 

k being the permittivity of the medium between the plates. This 
force F may be split up into two components, / and/', perpendic¬ 
ular to and parallel with the plates as shown. Since the components 
of all such forces as F due to the whole of the elemental ring in 
a direction parallel to the plates will neutralize one another, the 
total force at P due to the whole of the elemental ring will be the 
sum of all such components as / perpendicular to the plates. Calling 
this total perpendicular force due to the ring / T , then we have 

s = 2tzx 

/t = S J 

s - 0 

T r -Cl 1 a . ds .dx , 

Now /= F cos (j> — ———^— cos (j> 


f* = f 

J s - 0 


a . dx . 7 g .dx , 

-cos <p . ds =-rr- cos 6 x 2-ttx 

K . (j K . Z 2 T 


If P = total force at P in a direction perpendicular to the plates 
due to all such elemental rings, then 


S*x = 00 

t _ / cr co£ 

/ K . i 

J 0 


X 2ttx . dx 


As in the previous paragraph 
ld<j> = dx . cos <f> 


, ld<j> 

cos< £ = s 


.\ P = 


2ttx dx . ^ 
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(p = 0 


rt>-\ 
Jd> = o 


2 a . 2 -:t 


sin c/> . d</> 


P = 


t£-o 

2t7(T 


This force will be one of repulsion if unit positive charge is placed 
at P. There will also be an equal force attracting the unit charge to 



Fig. 6. Illustrating Gauss’s Theorem 


plate B. Thus the total force on unit positive charge at 
the intensity at P— 




4-77(7 

K 


P —i.e. 


( 5 ) 


Gauss’s Theorem. Briefly this theorem states that the total 
electric flux traversing a surface which completely encloses a charge 
of Q units is 4ttQ. This holds true whatever the shape of the sur¬ 
rounding surface, and for any dielectric. Consider a small element 
of surface ds upon the surface surrounding a charge of + Q (Big. 
6 (a)). Let this element subtend a solid angle dd at P and let the 
angle between the intensity JE at B, due to the charge, and the normal 
N at B he <f>. Let the distance PB — l. 

Then, electric flux crossing element ds = D cos </>. ds 

= Ek . cos . ds 
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Thus, the total flux crossing the whole surface 

y) = E ~ cos <f> . ds 

ds . cos <b , , 

or, since- ^—~ = solid angle 


tp = 2Qd0 = 4 tt<9.(6) 

If there are a number of charges inside the surface, some positive 
and some negative, then, if the charges are Q l9 Q 2 , etc., 

V ' * (Qi dz & db Qz i • - •) • • (7) 

the flux in the outward direction being considered positive. 

Coulomb’s Theorem. This theorem states, in effect, that the 
electric intensity at the surface of a conductor , charged to a surface 

density of a units 'per unit of surface, is where k is the dielectric 

constant of the medium outside the conductor. 

This follows from Gauss’s Theorem. Consider an element of 
surface of the conductor ds. This element carries a charge of ads 
units. From Gauss’s Theorem the flux radiating from this charge 
is 4770 . ds, and, since no flux exists inside the conductor, the whole 
of this flux passes outwards normally. 


Thus, electric flux density at the surface D = 


Hence, the intensity 

E — — = 

K K 


. ds 


4:77 a. 


( 8 ) 


its direction being normal to the surface. 

Potential. If unit positive charge is moved towards a positively 
charged body, work is done in overcoming the force of repulsion 
acting on the charge. If this movement of the unit charge is from 
a point P x to some point P 2 nearer to the positively charged body, 
then the point P 2 is said to be at a higher electric potential than 
point P 1 and the difference of potential between the two points is 
defined as the quantity of work required to move unit positive 
charge from the point at the lower potential to the point at the 
higher potential. 

In general, the potential of any point in the vicinity of a system of 
charged bodies is defined as the work required to move unit positive 
charge from an infinite distance to the point considered, assuming 
that the distribution of the charges on the bodies is unaffected by 
the approach of the unit charge. 

The electrostatic C.G.S. unit of potential difference is defined as the 
potential difference between two points such that 1 erg of work is 
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done in moving unit positive charge (as defined on p. 1) from the 
point at the lower potential to the point at the higher potential, the 
potential being assumed unaltered by the presence of the unit charge. 

If two points at a very small distance ds apart have a difference 
of potential dV units, then the work done in moving unit positive 
charge from one&point to the other up the gradient of potential is 
Eds where E is the average force on the unit charge during the 
movement. 

Thus dV = - Eds 


or 



(9) 


where E is the intensity at any point in an electric field, being 

the potential gradient at the point, the positive direction of s being 
dovm the gradient of potential. Again, the potential difference V 
between any two points A and B is given by 


y* 



( 10 ) 


Potential at a Point Due to a Number of Charges. The potential 
at any point P distance d from a single charge of Q units is 
equal to the work done in bringing unit charge from an infinite 
distance up to the point P, i.e. 


Potential at P, 


F P = 



E . ds 



Q 


ds 


V p = —j units 

K(i 


• ( 11 ) 


Similarly, the potential at a point P due to a number of charges 
?!, ©<,, etc., distant d 2 , etc., respectively, from P is given by 


©i 


©2 ) ©3 


7, = -L J. ^3 J_ etc 

* Kd^ ^ tcd 2 ^ Kd Q ^ ■ 


• ( 12 ) 


k being the permittivity of the medium. 

If a number of conductors have charges Q x , © 2 . . . Q n , then their 
potentials V 1} V 2 , . . . V n will he given by the expressions 

Yi = P 11 Q 1 -f- P 21 Q 2 -j - ... P nl Q n , etc. 

If all but (say) the seeond conductor are uncharged and it has unit 
charge then by putting Q 1 = Q z = Q 4 = . . . Q n = 0, and <© 2 = 1, 
we find that P^, for example, is the potential of the first body 
produced by unit charge on the second. The value of P 21 is evidently 

obtained by considering all the contributions which the ele- 

Kd 
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mentary charges on the second conductor produce at the first. The 
coefficients P are called the “potential coefficients’* of the conductors 
and depend only on the geometry of the system. 

Green’s Reciprocation Theorem enables us to assert that P 12 = 
P 21 , etc., so that in general P mn — P nm . Thus, the potential pro¬ 
duced at conductor n by unit charge on conductor m (all other 
charges being zero) is equal to the potential of m produced by unit 
charge on^. 

Equipotential Surfaces. An equipotential surface is a surface such 
that all points on it are at the same potential. Obviously the poten¬ 
tial gradient for such a surface is zero, and from Equation (9) it 

follows that the intensity along such a surface is also zero. Thus the 
lines of electric intensity of the field in which the equipotential 
surface is situated have no component along the surface, i.e. they 
cut such a surface at right angles. 

Capacitance. Consider, again, a number of conductors having 
charges Q Xi Q 2 , Q Z) etc. and potentials V ls V 2 , V 3 , etc. If the series 
of equations 

F, = P-t^Q-i + P^Q?, ■+--•+ P^Q 
V 2 := P 12 C 1 + P 22^2 *+ - * • *+" Pn2.Qw 
is solved for the values of Q , we obtain 

01 = 0 ^! + 0 * 7 ,+ • ■ * +C nl Y n 
Ql = 012^1 + ^22^2 *+ • • * + e "t c - 


Thus, from the theory of linear simultaneous equations 



P%L 

Pn • 

• P nl 

— 

P23 

-^33 * 

* Pn3 


P 2 n 

Pzn * ' 

P 

• • x nn 


Pu 

P 21 * 

* Pm 

P 12 

P%2 • 

• Pn3 

Pin 

P 2n . , 

P 

■ • x nn 


and the other C values can be found similarly. From the solution 
Pmn = Pnm it readily follows that C mn = C nm . 

The coefficients C are termed “coefficients of capacitance. ” C a is 
the “earth capacitance” of the first conductor, and, by putting 
Vj = 1, V 2 — F 3 = . . . = V n = 0 it is easily seen that is the 
charge required to produce unit potential on the first conductor, all 
the other conductors having zero potential. C 12 (or C 21 ) is the inter¬ 
capacitance between the first and second conductors. By putting 
F 2 == V 3 = V 4 = . . . = V n = 0 and V 2 = 1 it is seen that C 21 
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is the charge produced on the first conductor by unit potential on 
the second. Similarly C 12 is the charge produced on the second 
conductor by unit potential on the first and, as shown above, this 
is equal to C 21 . 

In the ease of a capacitor consisting of two metal plates separated 
by an insulator, or "dielectric, 35 the equations will reduce to 

Cl = 0uFi + 0 2 iV 2 

q 2 = C 12 V X + C 22 V 2 

where = C 12 . 

It is usual to refer to C 21 as the capacitance of the capacitor, and 


ill lit 

0 2 


v///s///7wy/?yzr. 

Earth 

(CL) 


Fig. 7 


Q/ 



(b) Earth 


to remind ourselves of the coefficients and C 22 we redraw the 
simple diagram (a) in Fig. 7 as shown in diagram (b). 

In the conventional diagram ( b ) the conductors of all the capacitors 
are understood to have no earth capacitance. Obviously the second 
circuit gives exactly the same result as the first. Generally C 21 is 
much greater than C 1X or C 22 . 

If a single conductor is very remote from all other conductors, 
the coefficient C 1:L takes a value depending only on the geometry of 
the conductor. The value of C 1X under these conditions is known as 
the e ‘self-capacitance 55 of the conductor. 

The coefficients of capacitance are calculated, in any practical 
case, by finding the electric field strength at each point due to a 
given distribution of charges on the conductors and integrating 
along lines between the conductors to find the potential differences. 
This gives the potential coefficients P and, by solving the equations, 
the coefficients of capacitance C can be found. 

In the simple case of a capacitor formed by two conductors with 
negligible earth capacitances the capacitance C is given by 

o = I.(13) 

If Q is the charge, in electrostatic C.G.S. units, producing a 
potential difference of V electrostatic C.G.S. units between the 
conductors, then G will be given in electrostatic C.G.S. units of capa¬ 
citance. This last unit is defined as the capacitance of a field such 
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that one e.s. unit of charge causes a potential difference between the 
conductors, between which the field exists, of one e.s. unit of 
potential. 

A capacitor is most commonly thought of as an arrangement of 
two conductors placed comparatively close together so that a strong 
electric field exists between them. 

Energy Stored in an Electric Field. If two conductors X and Y 
are charged so as to have a potential difference of V units, then an 
electrostatic field will exist between them, and this field will repre¬ 
sent a quantity of stored energy, since, from the definition of poten¬ 
tial, work must be done to produce a potential difference between 
two points. If the charges on the two conductors X and Y are 
+ Q and — Q units respectively, and the conductors be considered as 
originally uncharged, then the potential difference V may be con¬ 
sidered as produced by the transference of Q units of charge from 
Y to X. 

Since the potential difference V is,from Equation (13), proportional 
to the charge at any time, thus the average potential difference due 
to transference of the Q units is JF, and the work done during the 
transference is, from the definition of potential, JQF. This is 
obviously equal to the energy stored. Hence— 

Energy stored in the field between the conductors 

= \QV = i(VO)V 

= J<7F 2 ergs.(14) 


where 0 is the capacitance of the field. 

Energy Stored per Unit Volume of Dielectric in an Electric Field. 

It can be shown experimentally that the energy stored in a capacitor 
is actually stored in the dielectric between the conductors bounding 
the field. The energy stored per unit volume of dielectric 


TP2 

877 


(15) 


as shown below, if the intensity is E and the permittivity is k. 

Consider two charged conductors having surface densities of charge 
a and a l3 whose potentials are F and V 1} the charges on the conductors 
being -f- Q and - Q (Fig. 8). The tube of flux shown starts on area 
a , and finishes on a x . It contains a flux ip, where 


If k is the permittivity of the medium between the conductors, the 
intensity at any point P in the tube of flux, distant x from end a , 
is given by 


E 


X 


V> 

a x K 


where a x is the area of cross-section of the tube at P. 


. ( 16 ) 
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Now, on the assumption that the energy stored per unit volume 
kE 2 

of the dielectric is - 5 —, then the energy stored in an element of the 

OTT 

tube of length dx at P is 

/e • E x * , 

-&r • dx 

and the total energy stored in the tube 


f 1 k.E 

Jo 8 - 


• a~ . dx 


Charge 
x + 0 



Charge 

-a - 

Density C, 


Potential V Potential Vj 

Fig. 8. Tube oe Flux between Two Charged Oonduototis 


where l is the length of the tube, 


= *is a c i f 

8 77" X J q FX ' 


E x . dx from (16) 


^ A 

J 0 

?jf V 


E.. dx 


~( V- 7,), since / ^ . dx 
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is the work done in moving unit charge from a , to a , i.e. the potential 
difference (F- FJ. ^ 

But, since the charge on a is aa the expression — (V - V x ) gives 

I 

the energy stored in the small capacitor, whose plates are a and a x 
from (14), which is, of course, the same as the energy of the tube of 
flux considered. 


■ is correct for this tube of flux H* 0 rZt-zZ 


Thus, the assumption that the energy stored per unit volume 
. k . E* . 

of dielectric is —~— is correct for this tube of flux H* 0 py----- “ 
o7T yysy. 

and, since the same reasoning applies to all such c-I-I--- 

tubes of flux, the assumption is true generally. 

In general, the energy stored in a dielectric the rl-I-I- 

intensity in which is a variable quantity, as above, q '~rZf~ a 
is given by 


where E is the intensity at any point and dv is an hT-Z-I-J 

element of volume of the field at this point.* 

Force of Attraction Between Oppositely Charged Fig. 9. 

Parallel Conducting Surfaces. Fig. 9 represents two static JTield be- 
parallel conducting surfaces of equal area and close Sates 

together, possessing charges of + Q and — Q units. ^ A " 

Since their areas are equal, the surface density of charge (or) is 
the same on both surfaces and the intensity in between them is at 
477 or 

all points - where k is the permittivity of the medium between 


them. It is assumed that the effect of the fringing field at the edges 
of the surfaces is negligible. 

Let F be the force of attraction between the surfaces. Then, 
if one surface is moved away from the other by an infinitely small 
distance dx, the work done is Ydx, it being assumed that the move¬ 
ment is so small that the intensity is unaffected by the movement. 
If the area of each surface is A, then the increase in the energy 


stored, owing to the increase in volume of the dielectric, is 
which is, of course, equal to the work done. 


ASx . kL 2 

8 IT 


* Note that the expression obtained for the energy stored per unit volume 
kE 2 

of dielectric, viz. —is similar to the expression for energy stored in a mag- 

077 

uH 2 

netic field, i.e. — per unit volume, where 


H = intensity of the magnetic field 
jjl = the permeability of the medium (see page 45) 
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A8xkE 2 

8 77 

AkE 2 

S'TT 

A . K - / 47TCT\ 2 

y 

2J.'7TO' 2 
K 

r = — ■- 9 . .(17) 

K 

since Q = Aa. 

MAGNETISM 

Coulomb’s Law. Coulomb’s Inverse Square Law is true for mag¬ 
netic quantities as well as for electrostatic quantities. Substituting 
magnetic quantities for electrostatic, we have 

ftr 2 

where F is the force between two magnetic poles of pole strengths 
and m 2 units, r being their distance apart and ft being the 
“permeability” of the medium separating them (see page 20). 

In the electromagnetic C.G-.S. system of units, unit magnetic pole 
is defined as “a pole such that if placed at a distance of 1 cm. from 
an exactly similar pole, in air, (for which the permeability ft is taken 
as unity) it will be repelled with a force of 1 dyne.’ 5 

Thus, using units in this system, 

F = dynes.(18) 

The force between the poles is one of repulsion or attraction, accord¬ 
ing to whether they are of like or unlike polarity respectively. 

Magnetic poles are considered as being concentrated at a point. 
Lines of Force and Intensity of Magnetic Field. The magnetio 
field existing in the neighbourhood of a magnetic pole can be repre¬ 
sented by lines of force similar to the lines of electric force which are 
used to represent an electrostatic field, the arrowheads upon the 
lines of force indicating the direction in which a unit north pole 
would move if placed upon the line of force. The “intensity” of a 
magnetic field at any point is expressed by the “force which would 
he exerted on a north pole of unit strength placed at the point,” it 
being assumed that the introduction of the unit pole does not 
affect the field. Thus, the intensity at a point, distant r from a pole 
of strength m units, in air is given by 



Edx = 
F = 


( 19 ) 
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Lines of Magnetic Intensity. As in electrostatics, lines of force 
can be made to express intensity of field by the number of sucIl 
lines crossing unit area at the point considered, the area being 
taken perpendicular to the direction of the field at the point and the 
medium having unit permeability. Thus, in air, if the intensity at a 
point were H, then H lines of magnetic intensity would cross unit 
area in a direction perpendicular to the direction of the field at 
the point. In a medium whose permeability is p the intensity at a 

... . , No. of lines of intensity per unit area _ . 

point is given by--, the area being, 

[A w 

of course, perpendicular to the direction of the field. 

Magnetic Flux and Flux Density. A number of lines of magnetic 
intensity are spoken of, collectively, as “magnetic flux,” and the 
number per unit of cross-section as the “flux density.” The symbols 
used to represent these quantities are <3> and B respectively.* 

If <D lines of force cross an area A in a direction perpendicular to 
the area it follows from the above definitions of flux density and 
magnetic intensity that 


= B . A .(50) 

and f? = —.(21) 

fi 

where fx is the permeability of the medium in which the field 
exists. 

Magnetic Flux Radiating from a Pole of Strength m Units. (Gauss’s 
Theorem.) It can be proved by an exactly similar method to that 
used for the proof of Gauss’s Theorem in electrostatics that the total 
magnetic flux which traverses, in a normal direction, a surface 
completely surrounding a pole of strength m units is 4,nm lines, being 
independent of the permeability of the medium. 

Magnetic Moment and Intensity of Magnetization of a Magnet. 
A magnet having poles of strength m units distant l apart is said 
to have a “magnetic moment” of ml units. This term arises from 
the fact that, if the magnet were placed on a magnetic field of 
unit intensity so that its magnetic axis (i.e. the line joining its 
poles) is perpendicular to the direction of the field, it would be acted 
on by two forces each of m units, as shown in Fig. 10, these forces 
forming a couple whose turning moment is ml. The symbol M is 
used to express magnetic moment, hence 


M = ml . . . . . ( 22 ) 

* Although these lines are spoken of above as lines of “intensity,” to dis¬ 
tinguish them from lines which, merely indicate the direction of the field, they 
are so generally referred to as “lines of force” that they will be referred to 
hereafter as such. 
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The intensity of magnetization (J) of a magnet is expressed by 

the ratio — s ^ ren g^ -the magnet being assumed to be 

cross-sectional area 

uniformly magnetized. 

Thus J=j .(23) 

In the case of a bar magnet, of uniform cross-section A , and of 



Fig. 10. Bab Magnet Situated in a Magnetic Fieed 


length l, the poles being considered at the extreme ends, the mag¬ 
netic moment is ml and the volume of the magnet (F) is lA. 


Then 


m ml M 

J ~~a~"ai~t 


and thus the intensity of magnetization may be expressed as the 
magnetic moment per unit volume, the magnetization being uniform. 

If the magnetization is not uniform, J varies at different points 

in the magnet, and is expressed by where 3M is the magnetic 

moment of an element of volume S V taken at the point considered. 

Relations Between Intensity of Magnetization, Flux Density, and 
Magnetic Intensity. In order to determine the connection between 
the intensity of magnetization in a magnetized body and the flux 
density in the body, consider a long, thin rod of some magnetic 
substance (say iron) which has been uniformly magnetized. The 
demagnetizing effect of the ends of the rod (see Chap. IX) may he 
neglected if it is very long and thin. Now imagine a very narrow 
air gap of length d in the rod, with a unit magnetic pole placed in 
the air gap, on the axis of the rod, and equidistant from the hound¬ 
ing faces of the air gap, as shown in Pig. 11 (a ). This unit pole will he 
repelled from one face and attracted to the other with equal forces, 
since it is equidistant from them, and the direction of these forces 
will, of course, be along the axis of the rod. 

Let the rod he of circular cross-section, radius r, and let its 
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intensity of magnetization be J. Then, as shown in Fig. 11(6), the 
intensity of the field in the air gap at T, due to the intensity of 
magnetization J in the iron rod, can be considered as being produced 
by a number of elemental rings of radius x and width dx, having a 
pole strength per unit area of J (i.e. intensity of magnetization of J). 

If Fig. 11 is compared with Fig. 5, it will be observed that the 

£- 

d LU Unit Pole ♦ 

2 « 

2 



(b) 


Fig. 11. Fiekd Intensity in the Am Gap op a Magnetized 

Bah 


present determination of intensity at P is almost exactly similar 
to the determination of the electric intensity at a point P in between 
two oppositely-charged surfaces with surface densities of charge 
cr units per unit of surface. The differences between the two cases 
are that instead of a units of charge per unit of surface we now have 
J units of pole strength per unit of surface, and that the integration 
for the total effect at P of the elemental rings must he performed 

between the limits <f> — tan -1 ^ an< ^ instead of the limits 

<f> = ^ and <f> = 0. 


The permittivity k also is replaced by the permeability, which 
is here taken as unity. Thus, making these necessary modifications, 
we have for the total field intensity at P due to one circular bounding 


surface 


<p = tan -: 


-/ 

cb 


J . sin </> . d</> 


-(T. 5700 ) 
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i.e. 


h = 


==-2 ttJ 



If tlie air gap is very small, so 
the radius r, then 


that - is negligible compared, with 


h = 27rJ .(24) 


This is the intensity in the gap due to one bounding surface only. 
If this is a force of repulsion upon the unit pole at F, then the other 
surface, which is of opposite polarity, will attract the unit pole at 
P with an equal force. Thus, the total field intensity at P is 4=ttJ 
and, since the introduction of the very narrow air gap does not 
affect the intensity of magnetization in the iron, the same would be 
true in the iron if the air gap did not exist. The flux density, also, 
in the air gap is 4 ttJ , which, again, is the flux density which will 
exist in the iron due to the intensity of magnetization J. 

If this iron rod is placed in a magnetic field of intensity H, the 
direction of this field being along the axis of the rod and in the same 
direction as the intensity 4W, then the total flux density B in the 
iron is E + 4-7T J r where J' is the intensity of magnetization in the 
iron when the rod is situated in the field of intensity H and will, of 
course, he different from the intensity of magnetization J, existing 
before the rod was placed in the magnetizing field. 

If the iron rod has no magnetization before being placed in the 
magnetizing field of intensity H, and if J" is the intensity of mag¬ 
netization produced by the field, then 

B = E + 4W .... (25) 


The term AttJ, which is the flux density which exists due to the 
magnetization of the iron itself, is sometimes called the “ferric 
induction.” “Ferric induction” is, therefore, the flux density which 
exists in excess of that produced in air by the same magnetizing 

force, and the intensity of magnetization is ° i nduction or 

477 4tt 

Equation (25) can be written 

B = juH ..... (26 

where p is the “magnetic permeability ” of the iron, which is thus 
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defined as the ratio of the flux density produced by a magnetizing 
field of strength H to the magnetizing intensity H, 

B 

i.e. M = g 

If the iron has some residual magnetism before being placed in 

B 

the magnetic field, then the ratio B being the total flux density 

JoL 

in the iron, is not the correct value of the permeability. 

If J were directly proportional to H (= JcH say) for all values of H , 
then Equation (25) could be written 

B = H(l + Jc) = jxH 

and the permeability fx would be a constant factor. This, however, 
is not so, J having a maximum value depending upon the iron or 
other magnetic material considered, and fx is thus a variable factor 
depending upon the value of H (or B). 

When, during the magnetization of a specimen of magnetic 
material, the maximum value of J is attained, further increase in 
the magnetizing force H only increases the flux density B by 
increasing H (Equation (25) ), and the material is said to be 
“saturated.” 

Eig. 12 shows a typical magnetization ( B-H ) curve for cast 
steel. It can be seen that, above a value of B of about 16,000 lines 
per sq. cm., the increase in flux density as H is increased is very 
small, which means that the intensity of magnetization J of the 
iron is being increased only very slightly by increase of H . 

The second curve in Fig. 12 shows the variation of permeability 
with the magnetizing force H. 

Magnetic Susceptibility. The ratio 

intensity of magnetization 

magnetizing force producing this intensity of magnetization 
is called the ‘ ‘ magnetic susceptibility ” of the material and is given 

by 

Magnetic susceptibility — ~ . . . . (27) 

= from equation (25) 

Magnetic susceptibility = —.—- ..... (28) 

Obviously, since fx — I for non-magnetic substances, the magnetic 
susceptibility of such substances is zero. 
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FrohHch-KemieUy Equation. An attempt to obtain an equation 
which would represent with fair accuracy the law of the magnetiza¬ 
tion curve of a magnetic material was made by Frohlich, who stated 
that “the permeability is proportional to the magnetizability.” 
Expressed as an equation, this means that 


B = 


E 

m + nE 


(29) 


where m and n are constants for any material, having the values 



n — -g~ and m — ^g—. E s is the value of the flux density at saturation 

point in the material, and Jc is another constant depending upon the 
material. This equation can be otherwise expressed as 

.... (30) 

which is derived from the above by simple algebra. 

If E is small compared with 4 rrJ, so that B == 4 nJ 


m -f nE 
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477 


H 


AH 


-H 

m 


m + nH m + nH 1 n H 


■ 3 where A = — 

477 


J = 


, jfcB, 

where n — - 7 -= 
477 


l + Jfcff 


(31) 


- 7 ) 

Thus, the ratio ^ ~ = J max which is the saturation value of 

the intensity of magnetization J\ The equations hold fairly closely 



Fig. 13. Reluctivity Curve 


for moderate values of H, hut it should be noted that the hysteresis 
effect (see page 39) is not taken into account by them. 

Kennelly (Ref. (5) ) modified Frohlich’s equation by the introduc¬ 
tion of the term 4 ‘reluctivity” (y) to express the reciprocal of the 
permeability. 


Thus y 

and from Equation (29) 



H 

B 


y = m nH .... (32) 


m is called the 4 ‘magnetic hardness coefficient” and n (which, as 
previously defined, equals - 5 -) is called the “saturation coefficient.” 


The general shape of the reluctivity curve for a magnetic material 
is shown in Fig. 13. For low values of H the graph is not a straight 
line, but turns upwards as shown. The value of H above which the 
graph becomes a straight line depends upon the magnetic material, 
varying considerably with the percentage of carbon in the case of 
steel. 

Magnetic Potential. This can be defined in a similar way to that 
used in the definition of electrostatic potential. The work required 
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to move unit north pole from an infinite distance to a given point is 
considered to be the magnetic potential of the point. 

Thus, in the electromagnetic C.G.S. system, if H x is the intensity 
of field at a distance x cm. from a pole of strength m units, the force 
upon unit pole situated at this distance away is H x dynes, and the 
work done in moving the unit pole from infinite distance to a 



PlQ. 14. PoTEINTIAL NbA.R A BAB MAGIOST 


H x = —g, so that the potential at a point distant r cm. from a pole 
of strength m units is given by 



Potential Near a Short Bar Magnet. Fig. 14 represents a bar 
magnet whose length l is small compared with the distance r from 
its centre to the point (P) whose magnetic potential is being 
considered. 

Let the magnet have a pole strength of m units and centre C as 
shown, and let the line ACB, perpendicular to PC, cut PS and PN 
produced, in B and A respectively. Since PC is great compared 
with the length of the magnet, PA = PB — r very nearly, and 

NAC = SBC = 90° very nearly. 

Thus PN = PA — AN = r — cos <j> 

jU 

PS = PB -f BS = r -f- cos <f> 
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Potential at P is 

y v — 


t' . , i 

r ~~ cos <p r 2 cos P 

the negative sign being due to the opposite polarities of the poles 
of strength m units. 

m (r -f- ^ cos (r-~ cos <f>) 

y ~ _____ 

v » p 

r 2 - — cos 2 <f> 


— °^ S -• if r is great compared with l 


Thus, 


M cos cf> 


(34) 


Pu U F Dynes 


where M is the magnetic moment of the bar magnet. 

Force of Attraction Between Oppositely-magnetized Surfaces. 

Fig. 15 represents the ends of two magnetized bars, each of cross- 
section A, the endshaving opposite polar¬ 
ity. Let B be the flux density (considered 
uniform) between them. If jll is the per¬ 
meability of the medium between the 

B 

poles, the intensity H in the field is —. 

Let F be the force of attraction existing 
between them. Then if one of the bars is 
moved an infinitesimal distance (Lx farther 
away from the other, the work done 
is Fdx . Now, the energy stored per 



juH 2 
877 


v Intensity H 
Flux Density B 

Fig. 15. Attraction 
Magnetized 
Surfaces 


unit volume of a magnetic field is 

(see page 45). Thus, assuming that the intensity is unaltered by the 
infinitesimal movement, the increase in the energy stored in the field 
juH 2 

s Adx ~—> which is, of course^ equal to the work done in over- 

07 T 

oming the force of attraction F. 

juH 2 
877 

AH 2 
87 T 
AB 2 
STTjLC 


F dx = Adx 1 
F= ju 
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or, if the field is in air. 

This force is in dynes if A is in sq. cm. and B in lines per sq. cm. 

Magnetic Shells. A thin iron sheet, magnetized as in Fig. 16, 
may be thought of as consisting of an infinite number of small bar 
magnets, with all the north poles on one side of the sheet and all the 

zkness 
t 

Fig. 16. Magiobtio Shell 

south poles on the other. This constitutes what is known as a 
“magnetic” shell, and the idea is useful in considering various 
problems in electromagnetism. The “strength of the shell” is 
defined as “magnetic moment per unit area.” Thus, if m is the 
pole strength per unit area and the thickness of the shell is t, the 
“strength of the shell” is mt. 

Electromagnetism 

The study of electromagnetism originated with Oersted’s dis¬ 
covery that a pivoted magnetic needle in the neighbourhood of a 
conducting wire is deflected when a current of electricity flows in 
the wire. This means that a magnetic field exists around a wire 
which carries current, and as a development of Oersted’s discovery 
we have the definition of the “absolute” or “ C.G.S . electromagnetic ” 
unit of current. 

This unit of current is defined as such that, if flowing in a circular 
wire of 1 cm. radius, a force will be exerted upon unit magnetic 
pole placed at the centre of the circle of 27r dynes (i.e. magnetic 
intensity at the centre = 2tt). 

In general, if i units of current flow in the circular wire, the 
intensity at the centre 

H — 2m.(36) 

(Since the reasoning in the remainder of this chapter is based upon 
this definition , the units of current are e.m. c.g.s. units unless otherwise 
staled.) 

Ampere’s Theorem. Ampere showed that the magnetic effect of 
a current i units, flowing in a small closed circuit, is the same as 
that of a small bar magnet placed with its axis perpendicular to the 
plane of the circuit, provided that the magnetic moment of such a 
bar magnet is equal to icLA where dA = area of small circuit. 

By considering a number of such small circuits placed together 
as shown in Fig. 17(a), with currents of i units flowing in each, it can 
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be shown that, for any closed circuit carrying a current of i units, 
the magnetic effect is the same as that of a magnetic shell occupying 
the space enclosed by the circuit, provided the “strength” of such 
a shell is equal to the current i. This constitutes what is known as 
Ampere’s Theorem. 

Weber showed experimentally that the potential at any point P 
distant r from a small closed circuit of area dA carrying i units of 
current 

_ dA . i co3 (/> 


where <f> is the angle between the normal to the plane (whose dimen- 
sions are small compared with the distance r) and the distance r. 



Fig. 17. Potential Due to Current in a Closed Circuit 


From Equation (34), the potential at a distance r from a short 
bar magnet is 


M cos <f> 


Thus, if the small magnet which is equivalent to the closed circuit 
has magnetic moment M we can write 

dA . i . cos <j> _ M cos <j> 

r z r z 

dA .i = M 

Again, from Equation (37), 

V 9 = i. d£l 

where d£l is the solid angle subtended at P by the small closed 
circuit. 
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The potential at P due to a large number of small circuits (Pig. 17) 


F„ = EidQ, = iD. • (38) 

where Q is the total solid angle subtended at P by all the small 
circuits. 

It can be seen also, that the currents i in the small circuits 
neutralize one another at all parts except the outside (as in Fig. 17 (6)), 
so that the whole is equivalent to one circuit lying along the peri- 
meter of the group of small circuits and carrying a current i. Thus 
it is shown that for any circuit carrying i units of current, the 
potential at a point P is iQ where Q is the solid angle subtended at 
the point by the circuit. Again, if each of the small circuits of 
Fig. 17(a), each of area dA, he replaced by a small magnet, of moment 
M y then 

M 

1 ~~ d A 
M 

Now, obviously, is the strength of the magnetic shell formed 

by such a replacement of the small circuits by bar magnets of 
moment M, and thus the circuit is equivalent to a magnetic shell 
having a strength equal to i, this strength being expressed with 
the centimetre as the unit of length, and the unit magnetic pole as 
the unit of pole strength, the current i being in e.m.c.g.s. units. 

Potential Energy of a Current and a Magnetic Mux* From the 
preceding paragraph it follows that the potential energy of a mag¬ 
netic pole of strength m units, at a point P in the neighbourhood of a 
closed circuit in which a current i flows, is miQ, where Q is the solid 
angle subtended at P by the circuit. This expression represents 
energy, since, from the definition of potential difference as the work 
done in moving unit pole from one point to another, the work done 
in moving m units is mV v = miQ. 

Now, in the unrationalized system, a magnetic pole of strength 
m radiates 4 ttm lines of force distributed uniformly in all directions. 
Thus, the magnetic flux threading the current-carrying circuit is 

7 — X 47m = Clm. 

4rr 

Hence, the potential energy of the current and magnetic flux 

= iO.(39) 

where is the flux threading through the current-carrying circuit. 

[Note that if the flux changes with time t, then represents 
rate of change of energy, i.e. power.] 

Forces Due to and Acting Upon Current in a Long Straight Con¬ 
ductor. Biot and Savart were the first to examine, by means of a 
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compass needle, the intensity of the magnetic field, at different 
distances from a straight conductor, which is carrying current. They 
showed that the intensity of the field was “ inversely proportional 
to the distance from the conductor in which the current flows/ 5 
This is known as Biot-Savart’s Law. 

Tig. 18 (a) shows a small element of a conductor of length dl 
carrying a current i and situated at a distance r from a magnetic 
pole of strength m units in a direction making an angle of 6 with the 
element of conductor. 


{Fore Finger {Flux or 

Magnetic Intensity) 



Fig. 18. Magnetic Intensity Due to Curebnt in a Conductor 


Laplace established the equation, related to the above case, that 
the force upon the element of conductor is 

, m .i .dl sin. d .... 

/=-^- .... (40) 

Now, the intensity of field at the conductor due to the pole is, by 
Equation(19), —Hence, the force 
/ = Hidl sin 6 

If the conductor is straight and is situated in a uniform field of 
intensity H whose direction is perpendicular to the conductor, then 

E = Hil .(41) 

where E is the total force on the conductor. F is in dynes if l is in 
centimetres and i in e.m.c.g.s. units. 

Incidentally, this gives another means of defining the e.m.c.g.s. 
unit of current (essentially the same as the previous method of 
definition), i being a current such that E = 1 dyne when H = 1 and 
l = 1 cm., the conductor and field being perpendicular. 

If in Eig. 18(a) the pole m has north polarity, the force / is, by the 
left-hand rule (Eig. 18(6) ), perpendicular to the plane of the paper 
outwards. 

The Left-hand Rule states that if the thumb, forefinger, and 
middle finger of the left hand are placed mutually at right angles, 
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then the corresponding directions of magnetic intensity, current 
and force (or motion) are given as shown in Fig. 18(6). 

The force upon the pole, due to the current in the conductor, is 
equal in magnitude, hut opposite in direction, to that of the pole upon 

. midi . „ 

the conductor; force upon the pole is sin 0 

in a direction perpendicular to the plane of the 
paper inwards. 

The force upon unit pole at P (i.e. the intensity 
at P ) due to the current is 

m= i^6 . . . {42) 


if the conductor is straight and carries 
i units of current, the intensity at a point P, 
which is perpendicularly distant D from the 
conductor, can be found as follows: Consider 
an element of conductor dl as in Fig. 19. The 

intensity due to it is, as above, dH = — - ^ n ® . 

D 



Fig. 19 

Magnetic Inten-- 

SITY 2TEAE A 

Straight 

COHIDTJCTOR 


The length AB — dl sin 0 = rdO, and sin 0 = 


dH = i dd 


Thus, 

and the total intensity at P is 
H =2 


f°-*h 

Je = o 


2 sin d 

IT 


dd 


if D is small compared with the length of the conductor. 

2i 

D . 


H = 


(43) 


It follows from this equation that the work done in carrying unit 
north pole through a circular path surrounding the conductor is 

H X 2vD = ^ X 2ttB 

Work done = 4m . (44) 

Force Between Two Parallel Current-carrying Conductors. The 

forces of attraction or repulsion between two parallel conductors 
A, B carrying currents i x and i 2 respectively and distant P apart, 
as in Fig. 20, can be calculated from tbe equations obtained in 
the previous paragraph. If the currents are in the same direction 
(as shown), the force between the conductors is one of attraction, 
and if in opposite directions the force is one of repulsion. 
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Consider the attractive force of unit length of conductor A upon 
unit length of conductor B adjacent and parallel to it as shown. 
Conductor B is situated in a magnetic field, due to A, of intensity of 

~ (from Equation (43)). Hence, from Equation (41), the force per 

unit length of conductor is 



The force of attraction on conductor A, due to conductor B, is, 
by similar reasoning, the same. 



D Attraction 



Fiq. 20. Force Between- Two Parallel C drrent - c Aim yen g 
Contetjctors 

Thus, the force per unit length between the conductor is 

•p_ 

D 

or, for a length l 

F = - l j^l . . . . (45) 

The force is in dynes if i t and i 2 are in e.m.c.g.s. units and D and Z 
are in centimetres. It is assumed that the distance D is small 
compared with the lengths of the conductors. 

The dots, placed on the conductor sections to the right of 
Fig. 20, indicate that the current in them flows in an outward direc¬ 
tion. A cross so placed indicates inward direction. 

Magnetic Field Due to Current in a Circular Conductor. Fig. 21(a) 
shows a circular conductor carrying i units of current. Consider 
the intensity (dH) at a point P, on the axis of the circle, due to the 
current in an element dl of the conductor. Then 

dH _ ^ 

in a direction perpendicular to the line joining the element to P. 

This intensity may be split up into two components, one in direc¬ 
tion OP produced, namely dH sin 6, and one perpendicular to OP, 
namely dH cos 6. Considering all such elements of the circular 
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conductor it is seen that the components perpendicular to OP 
neutralize one another, leaving, as the intensity at P, only the sum 
of all components in a direction OP produced. Thus the total in¬ 
tensity at P due to the current is in direction OP, and is 

H = ZdH am 6 = 2 ^ sin 6 


i X 2-Trr 


H = 


R 2 
X 2rrr 2 


sin d 


At the centre 0 of the circular conductor R 

:.H = ^ . . . 


r, 


( 46 ) 


(47) 


Magnetic Field Produced by Two Parallel Coils Carrying the Same 
Current. Consider two similar circular coils A and B, each of 
N turns, and each carrying a current of i units in such directions 
that their magnetic effects are in the same direction, placed coaxially 
with their mean planes parallel as in Fig. 21(b). The magnetic in¬ 
tensity at a point P on their common axis and midway between 
them is, from the previous paragraph (Equation (46) f), 

2Ni X 2nr 2 
H ~~ IP 

r being the radius of the coils and R the distance from P to the mean 
circumference of either coil, it being assumed that the cross-sections 
of the coils are small compared with the other dimensions involved. 

If l cm. is the distance between them 


R2 = r *+(iy =*■>+ 5 


Thus H at P = 


2 JNi . 2rrr 2 


( 


r 2 + 


For a point Q on the axis distant x from coil A, 

Ni . 2rrr 2 


Intensity at Q due to coil A — 

» » >j R 

Thus, resultant intensity at Q 
Ni. 2ttt 2 


(r 2 + x ' 
= 2irr*Ni f 


+ 

1 


( r 2 + x 2 ) 1 
Ni . 2t7V 2 
[t* + (l-xff 


Ni . 2 vr z 




[ (r 2 + z 2 ) 4 + (r 2 +■ (l- x)*)i 


*)T 

1 


•] 


(48) 
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If the ordinates representing the intensity of field at various 
points along the axis are drawn, the result gives curves as shown 
in Fig. 21 ( 6 ). The curve marked (a) gives the intensity due to coil A, 
and that marked ( b) the intensity due to coil B. The curve marked 
(t) gives the resultant intensity, which is seen to fall Rightly 
towards the midway position P. 



Pig. 21. Magnetic Field Intensity neae Circular, Current- 
carrying Coixs 


If the distance l between the coils is made equal to the radius r 
of the coils. Equation (48) becomes 

3< * = £( r 2 + [ r 2 + (r - k) 2 ]‘»] 

Now [r 2 + (r - a;) 2 ]! — [r 2 -{- x 2 -f- r 2 - 2 rx]% 

Expanding we have 

[r 2 + x 2 + r 2 - 2 = (r 2 + x 2 )\ + | . (r 2 + a: 2 )* (:r 2 - 2 rx) 

3 1 (r 2 -|- x 2 )~i (r 2 - 2ra ) 2 

+ 2 - 2 2.1 + ' 
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If x = ^ all terms but the first disappear. If x has any value 

2 T m 

which is of the same order as — the succeeding terms are small 
compared with the first. Thus, the resultant intensity 


H q = 27Tr*Ni 



This arrangement of the two coils produces a field of almost uni¬ 
form intensity between the two coils for a considerable distance on 
either side of the mid-point P and was used by von Helmholtz in 
a special form of tangent galvanometer for use in the absolute 
measurement of current.* 

Force Between Two Parallel Coaxial Circles in which Currents are 


Flowing, Consider the two circles A and B shown in Fig. 21 (c). 
They are coaxial, and their planes are parallel. Let circle A have 
radius a, , and carry a current i A , while circle B has radius b, and 
carries a current i B . Assume also that the radius b is very small. 
From Equation (46) the intensity at the centre P of circle B due 

to the current in circle A is where x is the distance 

(a 2 +• x z Y 


between the circles. The flux density (considered uniform, since 
the radius b is very small) inside circle B is therefore ^ 7r ^ a 


and thus the total flux threading through circle B is 


(< a 2 + x 2 )% 
Tib 2 . 2cri A a 2 


( a 2 -f- a; 2 )! * 

From Equation (39) the potential energy of the coils is 


tj-6 2 . 2iri k a 2 ^ . _ 2irH k i s . a 2 b 2 ^ 
(a 2 + x 2 )l B (a 2 + *2)5 ~ 


Tbe force between the circles (of attraction or repulsion, depending 


upon the directions of the currents i, and z’„) is from the law F = —r- 

. , d(P.E.) dx 

equal to —- 

(Log 


67 T 2 f A i B . a 2 b 2 x 
(a 2 + x 2 )% 


(49) 


The force (in dynes if the e.m.c.g.s. system of units is used) is one 
of attraction if the currents are in the same direction, and of re¬ 
pulsion if the currents are in opposite directio ns . It can be shown 


by differentiation that E is 


maximum when 



* A diagram of th.e field. between two coils so placed is given in Maxwell’s 
Electricity and Magnetism, Vol. II, and the complete theory is given in Gray’s 
Absolute Measurements in Electricity and Magnetism , Vol. II, Part I. 
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Th.e complete theory in. connection with the force between two 
parallel current-carrying coaxial coils, when the radius of neither 
may be considered very small, and when they each have a number of 
turns giving a finite cross-section, is necessary for the purpose of 
measuring current in absolute units by means of a current balance, 
and has been given by Gray (Ref. (10)) and by J. V. Jones (Ref. (11) ). 

Magnetic Field of a Solenoid. Consider the solenoid shown in 



Fig. 22. Magnetic Field op a Solenoid 


Fig. 22 to be made up of a large number of circular conductors such 
as that considered above. 

Let N = total number of turns on solenoid 

i — current in the solenoid in e.m.c.g.s. units 
l = length of solenoid in centimetres 
r — radius of solenoid in centimetres ^y 

c = number of turns per centimetre length = 

Then, intensity at the centre 0 of the solenoid due to a length 
dl of the solenoid is 


dH = c.i.dl x 


(from Equation (46) 


in the direction of the axis of the solenoid. 
The length AB = Rdd = dl sin 0 

di =~ 
sin 6 

t . 2ttv z RdQ 

dH = Cl X -=r- . ~—z 

B? am 6 


Substituting for in the equation for dH 
dH = 2rrci sin 6 dS 
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The expression for the total intensity H at 0 due to the whole 
solenoid is, therefore, 

pc-Bx 

E == / 27 rci sin d dd 


where 6 1 is the limiting value of 6 and is tan" 1 -j- 

E — 4:7TCi cos 6 1 

4:rrNi a 
E = —^— cos d 1 . 

or, if the solenoid is very long compared with its radius r, 

TT 4zTrNi . a - i 

E — —_— since cos === 1 


The intensity at one end of the solenoid (at P) is obtained by inte¬ 
grating between the limi ts 77 and 0 (if the assumption is made that 
l is very great compared with r). 

Thus, intensity at one end 


2 277 -ci si 


sin ddQ 


0 

= 2ttCi 

H r = 2TTji .(51) 

i.e. the intensity at one end is half that at the centre. 

Induction of Electromotive Force. Faraday, in 1831, showed that 
whenever the number of lines of magnetic flux linking with an electric 
circuit is changed , an electromotive force is induced in the circuit, the 
magnitude of which is proportional to the rate of change of flux. 

Thus, if e is the e.m.f. induced by a rate of change of flux of ^5 
lines per second, 


The e.m.f. is also proportional to the number of turns of wire, N, in 
the circuit in which the e.m.f. is induced. 

Thus e oc N ^ 


If e is expressed in “electromagnetic C.G.8. units of e.m.f.” then 
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this unit of e.m.f. being defined as that induced in a circuit of one 
turn when the interlinking flux is changed at the rate of one line 
per second. 

A law giving the direction of the induced e.m.f. in general terms 
was stated, very shortly after Faraday’s discovery, by Lenz. 

Lenz’s Law states that “the direction of the induced e.m.f. is 
such as to tend to oppose the change in the inducing flux .” The mathe¬ 
matical expression of this law, in conjunction with Faraday’s Law, 
introduces a negative sign, and gives 


e 



- (52) 


Statically-induced e.m.f.s. An e.m.f. induced in a stationary 
electric circuit, by a change in the number of magnetic lines linking 
with it, is referred to as a £ 'statically induced” e.m.f. as distinct 
from a "dynamically induced” e.m.f., which occurs when an elec¬ 
tric conductor cuts through fines of force which are stationary. 

The simplest method of producing a statically-induced e.m.f. 
is by inserting one pole of a bar magnet in the space enclosed by a 
coil of wire. If the coil forms a closed electric circuit then, upon 
inserting the magnetic pole, the statically induced e.m.f. produces 
a current in such a direction that its magnetic effect opposes the 
magnetic field due to the pole. Upon withdrawing the pole, the 
e.m.f. is in the opposite direction. The current produced by it 
then has a magnetic effect in the same direction as that of the 
magnetic pole. In each case, therefore, the direction of induced 
e.m.f. is such as to oppose the change in the number of interlinking 
fines of force. 

Statically induced e.m.f.s are more often produced in a circuit 
by alternating current which is flowing in an adjacent circuit, the 
latter being so placed that some of the fines of force produced by 
the current in it thread through the other circuit. The magnitude 
of the induced e.m.f. at any instant depends upon the rate of 
change of current in the inducing circuit, and upon the relative 
positions of the two circuits. 

Dynamically-induced e.m.f.s. Whenever an electric conductor 
cuts through fines of magnetic force an e.m.f. is “dynamically 
induced” in the conductor. This e.m.f. is proportional to “the 
rate of cutting flux.” There is no difference, as regards the pheno¬ 
mena involved, between statically and dynamically induced e.m.f.s. 
It can be seen that if the conductor in Fig. 23 (a) forms part of a closed 
circuit (shown dotted), and moves left to right, the direction of the 
induced e.m.f. is from X to Y , since the flux linking with the circuit 
is increased. If the conductor moves right to left the direction of 
e.m.f. is Y to X, since the interlinking flux is then reduced. 

The direction of the e.m.f. is given quite simply by the right- 
hand rule. By this rule, the corresponding directions of motion, 
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flux, and induced are given by the thumb, forefinger, and 

middle finger respectively of the right hand, these being so placed 
as to be mutually perpendicular (see Fig. 23(6) ). 

The magnitude of the induced e.m.f. in a conductor which moves 
in a plane perpendicular to the lines of force , as in Fig. 23 {a ), is 

e = fiux cut per second 

= B X area swept out by the conductor per second 

e — . . {*>*) 

If l is the length of the conductor XT in centimetres, and v its 



Fig. 23. Dvntami caddy Induced E.M.F. 


velocity perpendicular to the lines of force in centimetres per second 
e is expressed in electromagnetic c.g.s. units of e.m.f. 

If a conductor cuts through magnetic fiux whilst moving in a 
direction making an angle 6 with that of the lines of force, then the 
component of its velocity in a direction perpendicular to the lines 
of force is v sin 6 , and the induced e.m.f. is then 

e =s Blv sin 6 . . . . . (54) 

It is assumed in the above that the magnetic field exists in air, 
so that B = H. Equation (53) can thus be written also as 

e = Elv. 

Energy in an Electric Circuit. If the conductor in which the 
e.m.f. is induced forms part of a closed circuit, and if a current of 
i units flows in this circuit, then there will be a force opposing the 
motion of the conductor through the magnetic field, which force is 
given hy Equation (41) as HU. Thus, the work done in moving the 
conductor a distance x through the field 
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If the conductor takes a time t sec. to pass through distance x 
when moving with velocity v , then 

work done — Hil . vt 
= eit 


= energy given to the electric circuit 
Energy given to the electric circuit = eit 


(55) 


Magnetic Hysteresis. This phenomenon is observed when the 
current flowing in a solenoid, for the purpose of magnetizing a bar 
or ring of iron, or other magnetic material upon which the solenoid 
is wound, is reduced. It is found that the flux density in the iron 
corresponding to this value of the current is higher than the flux 


Reversing 

Switch 


Jr>nrr Ring 


Search Coil 



D.C.Supply 


To Ballistic 
Galvanometer 


N. Turns 

Fig. 24. Magnetization or an Iron Ring 


density, corresponding to the same value of the current , which was 
produced when the current was being increased from zero (say) to 
some maximum value—i.e. the magnetism lags behind the magnet¬ 
izing force producing it. This effect is known as the “hysteresis 
effect.” 

Consider an iron ring upon which is wound, uniformly, a mag¬ 
netizing winding through which a current can he passed in either 
direction, as in Fig. 24. Suppose the ring has, initially, no mag¬ 
netism. If the current in the magnetizing winding is increased 
from zero to some reasonably high value, the magnetizing force 

acting upon the ring is also increased, since H = rk77 ~ 3 N being the 

number of turns on the magnetizing winding and l cm. being the 
length of the magnetic path in the ring. 

If the flux density in the ring is measured (by means of a search 
coil and ballistic galvanometer as described in Chapter IX) for 
various values of H , and the B-H curve plotted, it will be found 
that its shape is as shown by the portion OA in Fig. 25(a). If the 
current is reduced gradually to zero again, after some flux density, 
B max has been attained, the curve for descending values of H takes 
the form AC, this curve, owing to the hysteresis effect, being above 
the ascending curve OA. The flux density B r remaining in the iron 
when the H is again zero is referred to as the “residual magnetism.” 
This value depends upon the magnitude of and upon the 
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material of the specimen, being high, for permanent magnet steels, 
and very low for such material as silicon sheet steel. Since H is 
now zero, B r = 4?tJ t where J r is the intensity of magnetization left 
in the iron when the magnetizing force is removed. 

The residual flux density, after magnetization up to satura¬ 
tion point, is referred to as the “remanence of the iron or steel 
concerned. 

If the direction of the magnetizing current is now reversed, and 
gradually increased in this reverse direction until a flux density 



Fig. 25 . Hystehesis Loops 


B max is again obtained (but in the opposite direction), the curve 
follows the line CEE. The negative value of H required to reduce 
the residual flux density to zero, namely OD, is called the “coercive 
force” H C3 and will of course vary with the material and with 
B max . The value of the coercive force after previous magnetization 
up to saturation point is the “ coercivity ” of the iron. If the “ cycle 
of magnetization 55 is completed by first reducing R to zero and then 
increasing it in the opposite direction to produce + B max again, 
the curve follows the line EFGA. The loop so formed is called the 
“hysteresis loop.” 

In the above, the maximum negative flux density was taken as 
being equal to the maximum positive flux density. A similar effect 
is observed, of course, if this is not so, hut in this case the loop is 
unsymmetrical. Sym m etrical hysteresis loops, or cycles of mag¬ 
netization, are most usual in practice, hut when alternat ing magne¬ 
tism is superimposed upon unidirectional magnetism, unsymmetrical 
hysteresis loops will occur. An example of this is found in the core 
of a radio transformer, when one of the windings often carries a direct 
current in addition to an alternating current. Such an unsym¬ 
metrical loop is shown in Fig. 25(6), where a symmetrical alternating 
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magnetic field (+ H max to — H max ) is superimposed upon a steady 
field H l9 with its corresponding flux density B l3 giving + B 2 an d 
— B z for the limits of flux density. 

It should be noted that, if the steady values of H\ and B 1 are 
sufficiently high for the application of + H max to produce saturation 
in the iron or magnetic material then the hysteresis loop is con¬ 
siderably distorted as shown. In such a case f? 2 - B 1 is not equal to 
B x -f- J5 3 , although these quantities would be approximately equal 
if the saturation point of the material is not approached, as when 
fl- H max and — H max are small. In this latter case the hysteresis loop 
would be very nearly the same in shape as the normal symmetrical 
loop but would, of course, be displaced relative to the axes of co¬ 
ordinates by H l and B ± . The space available will not permit 
further consideration of this question, but references to works on 
the subject are given in the bibliography (Ref. (4), (7), (8) ). 

Incremental Permeability. The term “incremental permeability/’ 
introduced by DrThomas Spooner,* refers to a type of permea¬ 
bility which has become increasingly important with the advance 
of radio communication, since it relates to the case of superimposed 
direct and alternating magnetizations. Spooner defines it as “the 
ratio of A B to A H for any position on a magnetization curve, or 
hysteresis loop, where A B and AH may be of any magnitude, but 
AH must be in the reverse direction from the immediately preceding 
change. 5 ’ 

Referring to Tig. 26, the incremental permeability at various 
points on the major hysteresis loop is given by ABJ AH l3 AB 2 / AH 2 
etc., these being the slopes of the minor 
hysteresis loops corresponding to incre¬ 
ments of H as shown. 

L. G. A, Sims, discussed and sum¬ 
marized this question in a valuable 
paper before the British Association in 
September, 1937 (Ref. (13) ). 

Hysteresis Loss. Although no energy 
is required merely to maintain a magnetic 
field, it is found that energy is required, 
to bring about a cycle of magnetiza¬ 
tion in a magnetic material. Energy is 
required to build up a magnetic field 
owing to the opposing e.m.f., which 
is induced in the magnetizing circuit 
magnetic material is increased. This energy is stored in the mag¬ 
netic field, but it is found that the quantity of energy returned to the 
magnetizing circuit, when the current is reduced, is less than the 
quantity supplied when the field was built up. The difference is 



when the flux in the 


* Trans. Vol. XLII, p. 42, 



4 2 


ELECTRICAL MEASUREMENTS 


due to “molecular magnetic friction 55 —as it has been called by 
Steinmetz—and the energy absorbed is converted into beat. The 
energy absorbed when a magnetic material is passed through one 
cycle of magnetization can be shown to be proportional to the area 
of the hysteresis loop as below. 

Relation Between Hysteresis Loss and the Area of the Hysteresis 

LooiPL Consi^r^Eie^a^etSatmn^r^rmg: specimen of xronTTy 
means of a magnetizing winding as shown in Fig. 24. 

If the length of magnetic path in the ring is l cm., and its cross- 
section is asq. cm., if the number of magnetizing turns is N f and 
the current in the magnetizing circuit at any instant is i } then the 
induced e.m.f. (in c.g.s. units) at any instant 

Nd (. Ba) 

6 “ dt 


where 3 — flux density in the ring in lines per square centimetre. 

Thus the power supplied at any instant to overcome this back 
e.m.f. (i.e. to build up the magnetic field in the ring) is 


ei = i . 


je¥ d (3 a ) 

w—sr 


and the energy supplied in order to build up the maguetic field in 
time t sec. is 


r t r l dB r B maa 

I eidt = j aiN . . dt= a j iN . 

Jo * O J~Br 


dB 


since, when t = 0, 3 = B r as shown in Fig. 27, in which OF —OE 
== Br' 

Now, the magnetizing force acting upon the ring is, at any instant, 
given by 

H=4xr?j 


from which 

and energy supplied 


m= J-e 

Att 


la 

Att I j 
J~B r 


max 

HdB 


since la — volume of ring in cubic centimetres. It follows that the 
energy in ergs supplied per cubic centimetre to build up the field 

max 

HdB 




This energy is stored in the magnetic field, and is represented in 
1%, 27 by the area FACDF. 
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Upon reducing the current (and hence the flux) the induced 
e.m.f. is in the same direction as the applied e.m.f., so that energy 
is now returned to the magnetizing circuit as the flux is reduced. 
From the above reasoning the energy returned during the reduction 

i r B 

of the magnetizing force from H max to O is — / IIdB ergs per c.c. 
where B r is the residual flux density. 477 J Br 

This energy is represented in the figure by the area EOD . Thus 
the energy absorbed by the specimen due to hysteresis is the difference 



Fig. 27. Hysteresis Loss 

between energy put in, and energy returned to the magnetizing 
circuit, and is represented by the shaded area FACET. 

If the current is now reversed and the above process repeated, H 
being finally brought back to the starting point A of the cycle of 
magnetization, the energy in ergs absorbed per cubic centimetre per 

cycle due to hysteresis will be £3 / HdB 

= -T- X (area of hysteresis loop) 

4cTr 

The area of the loop is, of course, measured to scale, so that the 
energy absorbed per cubic centimetre per cycle in ergs 

= J- X area of loop in square centimetres x bh . (56) 
4tt 

where b = flux density in lines per sq. cm. represented by 1 cm. 
on B axis 

h = number of c.g.s. units of H represented by 1 cm. 
on H axis 
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This expression for the energy loss in terms of the area of the loop 
obviously applies whether the loop is symmetrical or not. 

Steinme — ' Steinmetz has shown that the em¬ 

pirical law 

= 7c. B ma ™ .... (57) 

gives the hysteresis loss for iron with sufficient accuracy for most 
practical purposes, provided the maximum dux density B max lies 
between 1,000 and 12,000 lines per sq. cm. 

Wft = energy loss in ergs per cubic centimetre per cycle 

7c = the hysteresis coefficient of the material, and is con¬ 
stant for any given material 


The magnitude of k varies with the material. Its value for annealed 
sheet steel lies between 0-001 and 0-002 and for silicon steel is about 
0-00084. 

For values of B max above 12,000, the energy loss increases at a 
higher rate than the l-6th power of B max , this rate increasing with 
increasing values of B max . For values of B max below 1,000 also the 
loss varies as some power of B max greater than 1-6. 

Steinmetz (Ref. (3) ) has shown that for silicon steel the law 

W h = h' . B ma * .(58) 

is more nearly correct, lc' being about 0-0000457. 

With regard to the hysteresis loss in the case of an unsymmetrical 
cycle, Ball has shown (Ref. (7) ) that this obeys the law 

TV — Tf" ft 1-6 
yy ft - tc r> max 

but that in this case k" is not constant for any given material but 
varies with the average value of the flux density. 

Thus if B 2 and B 3 are the limiting values of flux density as in 
Fig. 2 5(6), 


Also, Ball found that if the average value of the flux density 


B a „ = 


B 2 + B 3 


where Jc is the normal hysteresis coefficient of the material. 
Thus, in general, energy loss in ergs per cubic cent im etre per 


W h = (7c + aB av U9 )B max lm6 

"*-!>+■(***)“] (*i*r 
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where B s is the lower value of the flux density and may. or may not, 
be negative. 

Values of a are : for ordinary annealed sheet steel a = 0*34 x 10 10 , 
for annealed silicon sheet steel 
a = 0*32 x 10" 10 . Obviously if B 2 
= - as in a symmetrical cycle, D 

equation (59) reduces to W h = § / [ 

JcB^* B 

Energy Stored per Unit Volume 1 1 

of Magnetic Field in Air. In the 1 

case of a magnetic field in air or “^77 “v'ZZ ~f f_ ~| — 

other non-magnetic material, the / r 

hysteresis loop reduces to a straight / 

line, i.e. the hysteresis loss is zero. / 

If the same scales are used for / 

both B and H, this line makes an —Q 

ang!e o f 45° with either axis, as in Plo . 28 . Energy Stobed w a 

big. ^o. Magnetic Field 

The energy stored in the field 


per cubic centimetre when the flux density is B 1 is— f HdB 


= X area OAD (to scale) 


But B t = H x , since the field is in air. 
Energy stored in ergs per c.c. = 


■Ei 2 _ 


. (60) 


Demagnetization Curve (Permanent-magnet Design). In the de¬ 
sign ot permanent magnets, in which the flux density in the air 
gap is required to be as large as possible, while the magnetism must 
be resistant to demagnetizing forces, the remanence, coercivity, and 
the demagnetization curve (portion CD of Fig. 25 (a )) of the steel to 
be used are of great importance. For good magnet steel the product 
B r X H c should be large. 

Fig. 29 shows the demagnetization curve of magnet steel, this 
being a portion of the hysteresis loop for the steel in which the 
maximum magnetization has been up to saturation point, so that 
OC represents the remanence and OD the coercivity. 

As the demagnetizing force H d is increased, the flux density falls 
as shown, and at any point, when the flux density in the steel is 
B d there is, remaining in the steel, an m.m.f. per centimetre length 
of path in it of H d . This m.m.f. is that which would drive the flux 
across an air gap in the magnetic circuit of the magnet. The pro¬ 
ducts B d . H d are plotted. They exhibit a maximum value (B d . H d ) maz 
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which is a criterion of the value of the steel for permanent-magnet 
purposes. The most economical design of magnet is that for which 
B d and H a are such that their product has this maximum value. (See 
Befs. (8), (12), (15), (16), and (17).) The properties of some of the 
permanent magnet materials are given in Chap. XVII. 



g. 29. Demagnetization- Cueve of 
Steel 


Suppose the dimensions of the magnet are: length L mi cross- 
section A m ; and of its air gap: length L g) cross-section A g ; and 
let the respective flux densities be B d and B g . Then 
m.m.f. across the air gap = m.m.f. in the magnet 
= S s .L m 

ISTow, the energy stored in the air gap is 
(_B ff 2 /8i7) A g . L g ergs 

_ BgAg . BgLg _ Flux across gap X m.m.f. across gap 

8t7 877 

If the flux in the gap is equal to the flux in the magnet, the energy 
stored in the gap 

• -Sd X H d . L m _ 


Since the volume of steel is A m . L m) the energy in the air gap is 

Til 

— g —— per c.c. of steel 

This is obviously maximum when the product B a . H d is maximum. 
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TABLE I 

Rationalized Form of the Numbered Formulas 
in Chapter I 


Formula Number 

Rationalized Form* 

1 

c? \ 

Q? £ 

II 


(k t — the permittivity in rationalized units.) 

2 

b = £ 

K r 

3 

y> = Q 

4 

jp _ Q 

P 2,TTK r p 

5 

II 

fcl 

6 

yj = Q 

7 

y> = Qi + Qz + Qz * • • 

8 

K r 

9 

Same as unrationalized. 

10 

Same as unrationalize d. 

11 

v 

Vp 4 <ITK r d 

12 

y == _L 4 - A _®2L 4 . . .] 

9 4:7T L K r dx K r dz Kfda J 

13 

Same as unrationalized. 

14 

Same as unrationalized. 

15 

*r# 2 

Energy per unit volume = —— 

16 

<** K r 

17 

v _ <*Q 

F ” 2* r 

18 

m x m z 

M “ 4 rtpi,^ 

(fx r is the permeability in rationalized units.) 


* For rp, D (electric flux density), k, H and m.m.f., unrationalized unit size 

is /-L\ x rationalized unit size. 

Fmu, unrationalized unit size is (4») X rationalized unit size. 

(Note. Ixx equations 43 and 45 D is a distance.) "Bradshaw 

Tho rationalized system of units is drscussod very fully by B. Bradstmw 
Ref. 21) and by T. McGreevy (Bef. 22). 
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TABLE I—( contd .) 


Formula dumber 

Rationalized Form* 

19 

jgr m 

4'3T i a r r a 

20 

Same as unrationalized. 

21 

*14 

II 

* 

22 

Same as unrationalized. 

23 

Same as unrationalized. 

24 


25 

B = H + J 

26 

B = 

27 

Same as unrationalized. 

28 

Magnetic susceptibility — \x t — 1 

29 

Same as unrationalized. 

30 

Same as unrationalized. 

31 

4 irpH 

J 1+kH 

32 

Same as unrationalized. 

33 

y _ m 

34 

M cos <f> 

v 4c7Tfi r r 2 

35 

v 

2/u r 

36 


37 

_ <L4 . i . cos ^ 

* ~~ 4tjt* 

38 

~ 4tt 

39 

40 

Same as unrationalized. 

^ midi sin 0 

J 4t7T 2 

41 

Same as unrationalized. 

42 

« sin 0 

43 

77— * 

2ttZ) 


* See footnote on page 47. 
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Formula Number 

Rationalized Form* 

44 

Work done = i 

45 

313 

li 

PR 

46 

ir * 

H 2R* 

47 

tCl 

II 

48 

Intensity at Q - r * N% f 1 , + 1 .1 

2 L(r 2 -f- x'Y (r* -f (l — <c)*)U 

49 

p 37 riji s . a 2 b z x 

2{a z + 

50 

TT Ni 

H = — cos Q 1 

51 

J" 

ii 

NS 

52 

Same as unrationalized. 

53 

Same as unrationalized. 

54 

Same as unrationalized. 

55 

Same as unrationalized. 

56 

Energy per c. c. = area of loop X bh in sq. cm. 

57 

Same as unrationalized. 

58 

Same as unrationalized. 

59 

Same as unrationalized. 

60 

Energy stored per c. c. = -— — ... 

2,p r 2 


*Se© footnote on page 47 
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CHAPTER II 

UNITS, DIMENSIONS, AND STANDARDS 

Absolute Units. An absolute system of units may be defined as a 
system in which the various units are all expressed in terms of a 
small number of fundamental units. The word “absolute'*’ in this 
sense does not imply supreme accuracy: it is used as opposed to 
“relative.” Absolute measurements do not compare the measured 
quantity with arbitrary units of the same kind, but are made in 
terms of appropriate fundamental units. 

The Committee of the British Association on Electrical Units and 
Standards, in formulating the absolute system of units in 1863, had 
the idea “that the units should not be defined by a series of master 
standards, each defining one quantity in the way in which, the units 
of length and mass are defined, but that each electrical unit should 
be defined by some natural law which expresses the relation between 
the quantity concerned and the fundamental quantities of length, 
mass and time, for which internationally accepted standards have 
already been established.” (Ref. 66.) Electrical and magnetic 
units involve, in addition, the properties of the media in which the 
electrical or magnetic actions take place, i.e. the permittivity in the 
case of electrostatic forces and the permeability in the case of 
magnetic forces. 

The British Association Committee on Practical Standards for 
Electrical Measurements adopted as the fundamental units of 
length, mass and time, the centimetre, gramme, and second 
respectively, and thus brought into existence the C.G.S. system 
of TilfitS. 

systems of C.G.S. units exist; one involving only the permit- 
k of them^dium ^LS^eir^as units of length, mass, and time; 
the other involving permeability as well as units of length, mass, 
and time. The first is known as the electrostatic C.G.S. system of 
units (e.s.c.g.s. or e.s.u. system), and the second as the electro¬ 
magnetic C.G.S. system (e.m.c.g.s. or e.m.u. system). 

The electromagnetic system is the more convenient from the point 
of view of most electrical measurements, and is, therefore, much 
more generally used than the electrostatic system. If a quantity 
is expressed in “C.G.S. units” without the additional designation 
“electromagnetic” or “electrostatic,” it may be taken that the 
electromagnetic system is indicated. 

In the electrostatic C.G.S. system the permittivity is, for purposes 
of definition, taken as unity, as is the permeability in the electro¬ 
magnetic system. 

3—(T.5700) 
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Dimensions of Velocity, Acceleration, and Force. Since velocity 

_ jfjjgfck can k e expressed in the dimensional notation as 
time 

[«] = ^ = ILT-'] ^ ... . ( 61 ) 

the square brackets indicating that the equality is dimensional only, 
and does not refer to numerical values. 

Thus, velocity has the '‘dimensions” [. LT~ 1 ]. 

Similarly, 

. , ,. velocity length 

Acceleration — ——-- = -——— 

time time X time 

or, dimensionally 7 , 

W = jpj = [LT-*] . . . . (62) 

Force = mass x acceleration 


thus, representing the dimension of mass by [Jf], 

[F] = [Ml [. LT - 2 ] = ^ . . (63) 

Dimensions in Electrostatic and Electromagnetic Systems. From 
Coulomb’s Inverse Square Law we have 

T7 _ Q\Qz 


i e Force = (quantity of electricity) 2 

k X length 2 

where k is the permittivity of the medium. 
Dimensionally, 

L J L«. 1*1 

i.e. [MIT-*] = J5jL 


From which 


[Q] = Lic i L i M i T- 1 '] \T . 


which gives the dimensions of Q in the electrostatic system. 

Also, in magnetism, the force between two magnetic poles of pole 
strengths m 1 and m 2 , distant r apart, in a medium of permeability 
fx is 

Force = P°^ e strength X pole strength 
ju X length 2 
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Dimensionally, 


[il/AT' 2 ] 
From which 


M 2 

[//X 2 ] 


[m] = 


( 66 ) 


in the electromagnetic system. 

Thus, it is seen that the dimensions of these two quantities, one 
electrostatic and one magnetic, involve the dimensions of either k 
or fj, as well as those of length, mass, and time. It will be seen later 
that the same holds for all such quantities. 


Instead of using either ft or k as the necessary fourth fundamental dimen¬ 
sion, any one of the electrical or magne tic magnitud es jfronld-Jha -used . G. 
Giorgi (see Ref. (67) ) suggested that quantity of electricity Q might be used 
and that this would eIiniinataJ racti oiiaL„exT3onents i rL d inri ftn^iona.l expressions. 
Thus, for example, the^oduct Q V (where V = potential) has the dimensions 
of work so that 


from which 


[Q V] = [MZ 2 T- Z ] 

[F] = [M&T-zQ- 1 ] 



vlJirnensions of Permeability (p) and (k). If they are taken as 
fundamental dimensions, the dimensions of these quantities cannot 
be expressed in terms of length, mass, and time, but a relationship 
between them can be found. 

As seen in the preceding paragraph, the dimensions of a quantity 
of electricity can be expressed in terms of k, etc., as 


IQ1 = 


Now, the force exerted upon a magnetic pole, of strength m units 
placed at the centre of a circular wire of radius r due to a current 
of i flowing in an arc of the circle of length l is given by 



Fr 2 
ml 


Quantity of electricity flowing in time t , is 

n v FrH 

Q = tt = i^ 


Dimensionally, 


[ 6 ] 


[. MLT ~ 2 ] [-L 2 ] [ r] 
[/iWf 1 ] [i] 


substituting the expression for m from the previous paragraph. 

[«] = .(66) 
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This gives the dimensions of Q in the electromagnetic system. 
Since Q must have the same dimensions in either system, we have 

= [JtfUV*] 

[jLT-ri = [>'*] 

r [iT- 1 ] = [/f***] .... (67) 

ISTow, the dimensions [XT' 1 ] are those of a velocity. 

-^=r = a velocity 


In any system of units the “permeability of free space” ju 0 and 
the “permittivity of free space 55 k q are related by the equation 

WVo = ^ 

WJiere c is the velocity of light in the system of units considered. 
vFrom this relationship the dimensions of any electrical quantity 
can be converted from those of the electrostatic system to those of 
the electromagnetic system, and vice versa,. 

Dimensions of Electrical and Magnetic Quantities. The dimen¬ 
sions of the various quantities can be derived from the known 
relationships between them, as shown below. 

1. Electric Current 

Current 

time 

M = ^X 11 = [x'tfM'T-*] 

in the E.S. system. 

To convert these dimensions to those of the E.M. system— 

involving ju instead of k —substitute u *. L^T for /c* from Equation 
(67). 

Thus, in the E.M. system 

[i] = = [ju-'MWT- 1 ) 

2. Electric Potential. By definition, 

Potential =--——- 

quantity of electricity 

Thus, representing the dimensions of potential by [F], 


m = 

in the E.S. system. 


[MLT~ 2 ][L] 


= t k*L*M*T-i] 
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Converting to the E.M. system, we have 

[F] = [fi* . LT- 1 .1} . M^T' 1 ] = 

in the E.M. system. 

3. Magnetic Flux. 

e.m.f. = rate of change of flux 
__ flux 
time 

.\ Flux = e.m.f. x time 

Dimensionally [<P] = [k~*L*M*T~ 1 '} [T] = [jc*£*M*] 
in the E.S. system, or 

[®] = [/iW 1 ] in the E.M. system. 

The dimensions of the most important electrical and magnetic 
quantities in both systems, together with the relationships from 
which they are derived, are given in Table II. The table gives 
references to the pages upon which the definitions of the various 
units" are given. 

MPractical and C.Gr.S. Units. Some of the electromagnetic C.G.S. 
units are too small for practical purposes, while others are too large. 
The British Association Committee fixed the practical unit of cur¬ 
r ent and resistance as ^ and 10 9 electro mag^^ c n5tsof r current and 
Tstance^re^e^ive^T’Tl^ihagmtiiHeioFTle^pracfiS^l units of 
other quantities, in terms of the absolute electromagnetic units, can 
be found from the known relationships connecting the various 
quantities and are given in the table. 

For example, 

e.m.f. = current X resistance 

The practical unit of e.m.f. = the practical unit of current x 

the practical unit of resistance 

= i of the e.m. unit of current 

X 10 9 e.m. units of resistance 
= 10 s e.m. units of e.m.f. 


The International Conference on Electrical Units and Standards 
in London, 1908, agreed that the magnitudes of the fundamental 
electrical units should be determined on the E.M. C.G.S. system and 
adopted as these fundamentals (i) the Ohm = 10 9 e.m.u., (ii) the 
Ampere — 0*1 e.m.u., (iii) the Volt = 10 8 e.m.u. and (iv) the 
Wattx= 10 7 e.m.u. 

vPm electromagnetic C.G.S. unit of resistance is defined as the 
resistance of a conductor such that 1 erg of energy is expended per 
second^when unit current passes through it. 

J3?he electromagnetic C.G.S. unit of current is defined as the current 
which, flowing in the arc of a circle 1 cm. in length and 1 cm. in 
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radius, produces a force of 1 dyne on a unit magnetic pole placed at 
its centre. 

The determination of the number of electrostatic C.G.S. units in 
one practical unit can best be illustrated by an example. In the 
case of e.m.f. from the corresponding dimensions given in Table II, 

f le.s.u. 1 _ r llU^T-'K 1 1 
U e.m.u.J 

How, if the dimensions of Z, _Zkf, and T are neglected, this ratio is 
equal to But it has been shown above that 

= a velocity 

— 2*998 X 10 10 cm/sec in the e.g.s. 
system 

- 1 -—— = 2-998 X 10 10 
1 e.m.u. 


1 e.s.u. of e.m.f. or potential = 2*998 X 10 10 e.m.u. unfts of 

e.m.f. or potential 

Note. In the following conversions the approximation 2*998 == 3 
has been used for the sake of simplification. 

Thus, if the volt is equivalent to 10 8 e.m.u. it will be equivalent 

to rvio5 = 3in^ ofane - s - u - 


It must be noted that the above ratio of 


1 e.s.u. 


does not in all 


1 e.m.u. 

cases equal 3 X 10 10 , but depends upon the dimensions. Thus, in 
. 1 e s.u 

the ease of capacitance, the ratio q e m u equals, neglecting dimen¬ 


sions of Z, M, and T, the product 

1 


flK 


From which 


(3 X 10 10 ) 2 9 x 10 20 


1 e.s.u. of capacitance — —— — ^ of 1 e.m.u. of capacitance. 


The other practical units can he determined from the four funda¬ 
mental units, and are as follows— 

\&ucmtity. The quantity of electricity passed through a circuit by 
1 amp. in 1 sec. is 1 Coulomb 


= 10' 1 e.m.u. of quantity 


kP? orlc or Energy . The unit of work or energy is 1 Joule (or 1 watt- 
second), and is the energy expended by 1 watt in 1 sec. 

1 joule = I0 7 ergs (C.G.S. units of work) 
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^pcicitance. A capacitor has unit capacitance—1 Farad —when 1 
coulomb of electricity raises the potential difference between its 


plates 1 volt. 


1 farad = 


1 coulomb 10' 1 


1 volt 


= = 10' 9 e.m.u. 

10 8 


Lnductance. The practical unit of inductance is 1 Henry. It is 
ISe inductance of a circuit such that a rate of change of current in 
the circuit of 1 amp. per sec. induces an e.m.f. of 1 volt. 

i 1 volt 108 1A 9 

1 henry = --= r-— = 10 9 e.m.u. 

1 amp. per sec. 10 -1 

The C.G.S. unit of inductance is 1 cm. 

Thus 1 henry = 10 9 cm. 


Since the farad is too large a unit for many practical cases, the 
microfarad (represented symbolically as “jaf”) or the micro-micro- 
farad (represented by “ jlijll f 55 symbolically)'are used as more con¬ 
venient units. 

In the same way, the millihenry and microhenry are often used 
as more convenient units of inductance than the henry. 

In the electrostatic system, capacitance has the dimensions Lk 9 
which gives the electrostatic C.G.S. unit as 1 cm. 

Additional names have been given to several of the C.G.S. units 
by the Symbols, Units, and. Nomenclature (S.U.N.) Committee of 
the International Union of Pure and Applied Physics.* The most 
important of these are— 

T he IVfaxwell (the C.G.S. unit of magnetic flux). 

The Gauss (the C.G.S. unit of magnetic flux density), 

The Oersted (the C.G.S. unit of intensity of magnetizing field), 
The Gilbert (the C.G.S. unit of magneto-motive force). 

The name Weber has been given to the practical unit of 
flux (1 Weber =T 10 s Maxwells) with 1 
the corresponding unit of flux density. 

The M.K.S. (or Giorgi) System of "Units. This system, which uses 
the metre, kilogramme and second as the units of length, mass and 
time instead of the centimetre, gramme and second, as in the C.G.S. 
systems, was originally suggested by Prof. G. Giorgi in 1901. After 
international discussions on the matter (Refs. 65, 67) the system was 
finally adopted by the International Electrotechnical Commission 
(I.E.C.) at its meeting in 1938 at Torquay, when the connecting link 
between the electrical and mechanical units recommended was the 
“permeability of free space with the value of ju 0 = 10“ 7 in the un¬ 
rationalized system or j/ 0 = 47ri0“ 7 in the rationalized system. 35 
(The question of rationalization which does not form an essential 
part of the M.K.S. system, but is actually a separate consideration, 
will be discussed a little later.) 

* Report published October, 1934. 
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The M.K.S. system is an absolute system of units, based on its 
own definitions. It is independent of the C.G.S. systems which it 
can be used to replace although the long-established C.G.S. systems 
are not likely to be entirely discarded for some lime to come. 
v^Tts great advantage is that its units are identical with the practical 
\ units and are the same whether built up from the electromagnetic or 
electrostatic theory. The rather cumbersome conversions necessary 
\ to relate the units of the electromagnetic and electrostatic C.G.S. 
I systems to those of the practical system—given in Table II—are 
thus avoided. 

It is important to remember that, in the M.K.S. system, the 
constants // 0 (== 10 ~ 7 ) and /c 0 , the “permittivity of free space,” must 
be used in their proper places in the expressions for the particular 
units being considered. They cannot be omitted—because they 
happen to he unity—as often occurs when the C.G.S. systems are 
used. Trom the relationship 

-JLzr — c = velocity of light 
V 

(see also p. 54) it follows that, if / u 0 = 10 -7 then k 0 = IT 13 X 10™ 10 . 
L. H. A. Carr (Ref. 65) shows that ju 0 should be given dimensions 
L~ 2 T 2 and that k 0 is a pure numeric. If this is accepted, then the 
dimensions of the quantities given in Table II become the same in the 
two systems—electromagnetic and electrostatic—and the fifth and 
sixth columns of the table could then he replaced by one column 
(substituting everywhere these dimensions for fx and taking k as 
dimensionless). Thus, the first four lines of this replacing column 
would read 


Some of the principal derived units, mechanical and electrical, 
in the M.K.S. system are 


Area 
Volume 
Velocity 
Acceleration 


Work or Energy 
Power . 


The square metre 
The cubic metre ' 

The metre per second 
The metre per second per second 
The Newton, which is the force which 
produces, in a mass of 1 kilogramme, an 
acceleration of 1 metre per sec. per sec. 
(1 Newton = 10 5 dynes). 

The Joule, or Newton-metre 

The Watt, or Newton-metre per second 
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Electric Current . The Ampere, defined as the constant current 
which, if maintained in two straight 
parallel conductors of infinite length, of 
negligible circular sections, and placed 
1 metre apart in a vacuum, will produce 
between these conductors a force equal 
to 2 x 10 “ 7 Newton per metre of length. 

The M.K.S. units of quantity of electricity, e.m.f., resistance, 
inductance and capacitance are respectively the Coulomb, Volt, 
Ohm, Henry and Farad. The unit of magnetic flux is the Weber 
which is equivalent to 10 s Maxwells (or lines of force) so that a rate of 
change of 1 Weber per second, in the flux linking one turn, produces 
unit e.m.f. Flux density is measured in Webers per square metre. 

The use of the constant jlc 0 = 10 -7 , in defining the M.K.S. units 
needs some explanation. 

Consider the expression for the force between parallel, current- 
carrying conductors. In the electromagnetic C.G-.S. system, this is 
often written 



where F is in dynes, i ± and i 2 are currents in e.m. units and l and d 
are in centimetres. 

Strictly the expression should be written 

F = 2^x 1 

the figure 1 representing the permeability of air or vacuum. 

Now, if F is to be in Newtons and the current % and i % in M.K.S. 
units (i.e. Amperes) the expression becomes 

F = 2^fl = 2^ x 10-’ 

10 7 d d 


But, if i w 0 (= 10~ 7 ) is included, as it must be in the M.K.S. system, 
we have 


F = 



fH 


which is in strict accordance with the M.K.S. definition of the unit 
of current when i L , i 2 , l and d are all made equal to unity. 

It should be understood clearly that if in any calculation some 
medium is involved which has a permeability ^ times that of air, 
this value must be included in addition to ju Q so that we would then 
have a factor 

Rationalized Systems of Units. The basis of a “rationalized 55 
system of units is the conception of unit flux issuing from unit 
magnetic pole or from unit charge instead of a flux of 477 . Clearly 
“rationalization 55 is not specially connected with the M.K.S. system: 
it could be used with any system founded on the same basic electric 
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or magnetic definitions. But, if we are to adopt the new M.K.S. 
system, there is a good argument for adopting it in rationalized 
form and so performing two stages of adoption at the same time. The 
question was considered at the I.E.C., Torquay, meeting in 1938 but 
it was agreed to postpone formal endorsement until some later date. 

In the rationalized system the Att disappears in some relationships 
only to appear in another place in others. The advantage of ration¬ 
alization must then he judged by its effect upon the relationships 
which one considers to be most important. In the I.E.E. papers 
mentioned in Ref. 65 strong arguments for rationalization are offered 
as well as some reasons against it. Limitations of space prevent the 
statement of these arguments here and the reader specially interested 
in the question must be referred to these papers. 

In one of the papers, by H. Marriott and A. L. Cullen, a distinc¬ 
tion is made between rationalization of theory and that of the units 
themselves. Table III, compiled from this paper, shows the differ¬ 
ences between the unrationalized and rationalized forms of some of 
the most important formulae. In the table fi and k are the absolute 
permeability and permittivity of the medium (as distinct from the 
values for free space). 

TABLE III 

Rationalized and Unrationalized Forms of Electrical 
and Magnetic Equations or Formulae 

Equation or Formula 

Force F between isolated electric 
charges Q x and Q 2 distant x 
Electric flux density D near a uni¬ 
formly charged plane surface of 
charge density g 

Electric held strength E near a uni¬ 
formly charge plane surface of 
charge density G 

Electric flux density D at distance r 
from a point charge Q 

Electric field E at distance r from a 
point charge Q 

Electric potential V at distance r 
from a point charge Q 

Electric energy density 

Capacitance of parallel-plate capa¬ 
citor, of plate area A and separa¬ 
tion d 

Capacitance of concentric capacitor 
of radii a , b and length l 


Rationalized Unrationalized 


P _ I ^1^2 

F== 1 OR 

K ^TrX 2 

K X 2 

D = a 

D — 4:7TG 

_ a 

4:7 TO 

E — — 

E _ - 

K 

K 

D = -Q-. 

D = % 

4ttT“ 

r 2 

E = - - - 

E = — 

K 477T- 

kt 2 

V = — - ~~ 

r-- 

K 4:Trr 

kT 

1 ™ 

kE 2 

zcE“ 


2 

Stt 

<7- k 4 

c = zL 

d 

AiTtd, 

_ K . 27 tI 

~ kI 

n — „ 

O — 

7 6 

Io ^a 

2 log. 
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Equation or Formula 


nationalized 


Unrationalized 


Capacitance of concentric sphere cap¬ 
acitor of radii a and b 


O = 


4:7rab 


C = 


Kab 


Force F between small isolated mag¬ 
netic poles m 1 and m z distance x 


1 

ix 4:irx 2 


1 rn- 1 m 2 

[X x i 2 


Magnetic fins: density B near a uni¬ 
formly magnetized plane surface 
of pole strength surface density 
m' 

Magnetic field strength H near a uni¬ 
formly magnetized plane surface 
of pole strength surface density 
m' 

Magnetic flux density B at distance 
r from a point magnetic pole m 


B — m' 



B ■ 


4 rrr 2 


B = 4:irm' 


H = 


4:7 Tm' 


B « 


m 

r 2 


Magnetic energy density 



juH 2 

8rr 


Force F between parallel isolated 
current elements l z t5l z and I 2 dl z . 
The perpendicular distance bet¬ 
ween the two directions of the cur¬ 
rents I z and I 2 is x 
Magnetic field 8H at distance x from 
current element 181. 6 = angle 

between directions Idl and x 


T7 .. 

SH - sin 6 


F= Wg; 

^ X 2 


161 • A 

oH — —— sm 6 
x 2 


Force <5F on current element 181 sit¬ 
uated in magnetic flux density B. 
<f> == angle between the directions 
of B and 181 

Magnetic field strength H inside a 
long solenoid of n turns per unit 
length carrying current I 

Magnetic field H at a distance r from 
a long straight wire carrying a 
current 1 

Ampere-turns for a closed magnetic 
path 


(SF = BISl sin (f> 


H = nl 


H = 


I 

2ttT 


NI ■■ 


O 

* 


H . dl 


E.m.f. induced in conductor 81 mov¬ 
ing transversely at velocity v in 
magnetic flux density B. 6 — 
angle between the direction of B 
and the plane (v> 81) 

E.m.f. induced by changing magnetic 
flux linkage 


8E = BvSl sin cf> 


E = — 


dt 


<5F = B181 sin <j> 


JET = 4:7ml 
„ 27 


NI 




dl 


8E — Bvdl sin 


E = 


d<f> 

dt 


Inductance L of single-turn solenoid 
of cross-sectional area A and 
length d 


L = 


fxA 

~d~ 


4-irfxA 
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In the rationalized system of units the permeability of free space 
is ii r — 4rrl0~ 7 (instead of /ul q = 10~ 7 in the unrationalized system). 

a • ^ , - . 1*113 x lO-^o 

Again, the permittivity of tree space is k t =-- 

= 8*854 X 10- 12 instead of * 0 = 1-113 x 10“ 10 . 

E. Bradshaw (Ref. 65) gives the relative sizes of the units in the 
C.G.S. and rationalized and unrationalized M.3LS. systems and 
Table IV reproduces some of the relationships for the more com¬ 
monly used quantities. 

Relationships Between the Mechanical, Electrical, and Thermal 
Practical Units. The relationships connecting the practical units 
for the measurement of mechanical power, energy, and heat, with 
those for the measurement of electrical power and energy are so 
important that a consideration of them here is, perhaps, not mis¬ 
placed. 


Power. 

1 h.p. = 33,000 ft.-lb. per min. 

= 550 ft.-lb. per sec. W**** 

= 550 x 12 X 2-54 x 453*6 x 981 cm.-dyn.es 
(or ergs) per sec. 

= 746 x 10 7 ergs per sec. 

Since 1 watt = 10 7 ergs per sec. 

1 h.p. = 746 watts 
746 

1 ft.-lb. per sec. — —r-r = 1*357 watts 
ooO 


Energy. 

1 kilowatt-hour (kWh) = 1,000 watt-hours 
1 h-p.-hr. = 746 watt-hours 
= 0*746 kWh. 

1 ft.-lb. = 12 x 2*54 X 453*6 x 981 cm.*dynes (or ergs) 

= 1*357 X 10 7 ergs 
= 1*357 Joules (or watt-sec.) 

-_j-ggz_kWh 

60 x 60 x 1,000 

or 1 ft.-lb. = 0*000000377 kWh. 

Thermal Units. 

1 gramme-calorie =4*18 X 10 7 ergs 

= 4*18 joules (or watt-seconds) 

1 B.Th.XT. (i.e. the heat required to raise the temperature of 1 lb. water 1°F. 
= 778 ft.-lb. 

= 778 x 0*000000377 kWh. of electrical energy 
= 0*000293 kWh. 
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— number of M.K.S. unrationalized units in 1 M.K.S. 
rationalized unit 

K 2 — number of C.G.S. electromagnetic units in 1 M.K.S. 
unrationalized unit 

K z = number of C.G.S. electrostatic units in 1 C.G.S. 
electromagnetic unit 

K-yKz — number of C.G.S. electromagnetic units in 1 M.K.S. 
rationalized unit 

K-JZ^Kz — number of C.G.S. electrostatic units in 1 M.K.S. 
rationalized unit 

K^K Z — number of C.G.S. electrostatic units in 1 M.K.S. 
unrationalized unit 

c = free space velocity of propagation = 2-998 X 10 8 metres/sec. 


Quantity 

Sym¬ 

bol 

M.K.S. Rationalized 
Unit 


^2 

Kz 

Force .... 

F 

Newton 

1 

10 s 

1 

Energy 

W 

Newton-metre : Joule 

1 

10 7 

1 

Power 

P 

Joule/sec. -.Watt 

1 

10 7 

1 

Current 

I 

Ampere 

1 

10- 1 

100c 

Charge 

Q 

Coulomb 

1 

10- 1 

100c 

Charge surface density . 

a 

Coulomb/m 2 

1 

io- 5 

100c 

Potential difference 

V 

Joule/coulomb : volt 

1 

10 8 

1 

(100c) 

Electric field strength . 

E 

Volt/metre 

1 

10 6 

1 

(100c) 

[Resistance . 

R 

Volt/ampere : ohm 

1 

10® 

1 

(100c) 2 

Resistivity . 


Ohm-metre 

1 

10 11 

1 

P 

(100c) 2 

Electric flux 

xp 

Coulomb 

47 T 

ID- 1 

100c 

Electric flux density 

D 

Coulomb/m 2 

4lTT 

10" 5 

100c 

Capacitance 

G 

Coulomb/volt : Farad 

1 

10-9 

(100c) 2 

Permittivity 

K 

Farad/metre 

47T 

10- 11 

(100c) 2 

Magnetic flux 

o 

Volt-sec : Weber 

1 

10 8 

1 

(100c) 

Magnetic flux density . 

B 

Weber jm z 

1 

10 4 

1 

(100c) 

Magneto motive force . 

F 

Ampere 

47T 

10-1 

100c 

Magnetic field strength . 

R 

Ampere / metre 

4tt 

10-* 

100c 

Inductance . 


Weber/ampere : Henry 

2 

10® 

1 



(100c) 2 

Permeability 


Henry/metre 

1/4® 

10 7 

1 

f 1 

(100c) 2 

Magnetic pole strength . 

m 

Weber 

1/4® 

10 8 

1 

(100c) 

Resistance of free space 

j> 

Ohm 

1/4®' 

10 9 

1 

jXq 

(100c) 2 
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1 Centigrade heat unit (i.e. the heat required to raise the temperature of 
1 lb. of -water 1° C.) 

= | X 778 ft.-lb. 

5 

= 0-000528 kWh. 


Example 1. Calculate the number of kWh. of electrical-energy obtained 
per hour from a generating plant whose overall efficiency is 18 per cent. 
Given, 

Number of pounds of coal burnt per hour == 7,000 lb. 

Calorific value of the coal = 12,000 B.Th.U. per lb. 


Number of B.Th.U. input per hour 
Output in B.Th.XJ. per hour 
Output in kWh. per hour 


= 7,000 X 12,000 
= 0-18 x 84 x 10 6 
= 0*18 X 84 X 10 6 X 0-000293 
= 4,420 kWh. per hour 


(The power output is thus 4,420 kilowatts.) 


Example 2. Calculate the number of kWh. expended in pulling a train of 
weight 250 tons, mile up an incline of 1 in 75, at a steady speed of 20 miles 
an hour, by means of an electric locomotive, if 70 per cent of the energy 
input is usefully employed. Frictional resistance to motion may be taken as 
16 lb. per ton. 

Calculate also the current taken by the motors if the supply voltage is 
500 volts. 

94.0 

Tractive effort = -- — -|- 250 X 161b. 

= 11,4671b. 

Work done = 11,467 X 2,640 
= 30,250,000 ft.-Ib. 


Energy input = 


30,250,000 


Time taken to travel \ mile 


0-7 

= 16-3 kWh. 

_ 1 _ 
' 40 


X 0-000000377 kWh. 


hr. 


Power input == 


16-3 X 1,000 


Current 


_ 1 _ 

40 

== 652,000 watts 
652,000 


500 


= 1,304 amp. 


Dimensional Equations. If a certain physical quantity y is pro¬ 
portional to the product of two or more other physical quantities, 
each of which is raised to some power which is unknown, e.g. 
y gc x m z n w p , then the unknown indices m, n, and p can be deter¬ 
mined by substituting their dimensions for the quantities y> x, z, 
and w, and equating the corresponding indices of L, M, T, p, and 
k s as in the following example. 
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Example. The electrical power in a circuit is proportional to the voltage, 
and. to the resistance of the circuit, each raised to some power. Determine 
these powers by the use of the dimensions of the quantities involved. 

Let JP oc E m R n 

or JP = h . E m R n 

where k is a number which has no dimensions. 

Then, substituting the dimensions of the quantities from Table I, we have, 
using the electromagnetic system, 

L*MT~* = k KLHfiT- x (LT~ x fj.) n ] 

Equating corresponding indices, we have 

For L — 

3 

2 = -m -f n 

For M — 

1 — ~m, i.e. m = 2, n = — 1 

Also, jor T — 

— 3 — — 2m - n 
which is satisfied also by m = 2, n = — 1 


For fx — 

0 = ~ m -f- n 

which is again satisfied by m — 2, n = — 1, 


The dimensions of the physical quantities involved can also be 
used to check, or detect, possible errors in equations which have 
been derived, perhaps, from somewhat complicated theory. This 
use is illustrated in the following example. 


Example. It is suspected that an error has been made in the derivation 
of th.fi expression 


EcoM 


for the current, in a circuit, in terms of the voltage E> angular velocity o>, 
mutual inductance M, self-inductance L x and resistances and i? 2 . Ascertain 
if tliis is so and, if necessary, make a correction to ensure that the equation, is 
dimensionally correct 

co, being an angular velocity, has the dimension T~ x , and M has, of course, 
the dimensions-of inductance, i.e. L(x in the E.M. system. Then, substituting 
the dimensions of the various quantities in the electromagnetic system, we 
have— 


Left-hand Side 


Right-hand Side 

_ (T“i) {L/jt) _ 

l{T' 2 L 2 /u 2 H- X a T’V a ) 2 4- T~ 2 , Lp . L 2 T 

_ __ 

[{T~ 2 L 2 jn z L 2 T" 2 ji 2 ) % ■+ T~*L s ja*]i 
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Since the sum of terms which have the same dimensions as one another must 
have the same dimensions as its constituent terms, the right-hand side can 
be written 

[T-tL'fi* + T-'LS/j,*]* 

In order that the dimensions of this expression shall be the same as those 
of the left-hand side, the second term in the denominator should have dimen¬ 
sions so that the dimensions of the denominator as a whole would be 

= T-*L*/i* 

which would give for the dimensions of the right-hand side, and 

would thus make the whole equation dimensionally correct. 

Thus, the dimensions L/x are missing from the last term in the denominator 
of the right-hand side. Since these are the dimensions of inductance, the 
original equation, to be dimensionally correct, should have read 

j _ EcoM 

~ R X R*)* 4- (o*L x R *L 

L being an inductance, either self or mutual. 

Determination of “c” (i.e. the ratio of the Electromagnetic to the 
Electrostatic Unit of Electricity), It has already been stated that 

= a velocity = c 

and that this velocity can be shown, experimentally, to be that of 
light, i.e. 2*998 x 10 10 or 3 X 10 10 cm. per sec., very nearly. 

To determine this velocity, the ratio of the electromagnetic and 
electrostatic values of some electrical quantity must be measured. 
This ratio can be measured for any of tbe four quantities—capacit¬ 
ance, resistance, e.m.f., and quantity of electricity. Of these, the 
first is perhaps the best, and will be described. 

The method used necessitates the calculation of the capacitance 
of some simple form of capacitor in electrostatic C.G.S. units, and 
also the measurement of its capacitance in electromagnetic C.G.S. 
units in terms of a resistance whose value in electromagnetic C.G.S. 
units is known. 

The value of the velocity c can be obtained from the ratio of the 
calculated electrostatic value to the measured electromagnetic value 
as below. 

Let G-gg be the calculated value of the capacitance in e.s.u. 

„ be the measured value in e.m.u. 

From Table I— 

e,s,u ‘ capacitance ^ r K . L ~| __ neglecting the dimensions 
1 e.m.u. of capacitance /jr x j of L and T 

But — c, Kfl = ^ 

1 e.s.u. of capacitance 
1 ejn.u. of capacitance 


1 
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Thus, 1 e.s.u. of capacitance — ~ of 1 e.m.n. of capacitance, or the number 
of e.s.u. of capacitance in 1 e.m.u = c 2 . 

Now, if a certain length is expressed as L' ft. or L" in. 


K 

L' 


12 

1 


= No. of inches in 1 ft. 


By analogy, = No. of e.s.u. of capacitance in 1 e.m.u. = c 8 
°EH 



- (68) 


Procedure. The capacitance G r BS having been calculated from the 
dimensions of the capacitor, must be measured. There are 



several ways of carrying out this measurement of capacitance in 
electromagnetic C.G.S. units, the best of which is Maxwell’s bridge 
method, described by him in his Electricity and Magnetism , Article 
775. 

In this method, the capacitor C to he measured is connected in 
one arm of a bridge network, as shown in Tig. 30. A commutator 
is also connected in this arm, by means of which the capacitor is 
alternately charged and discharged. The commutator is driven by 
a small motor, supplied from a steady source, and whose speed can 
be varied as required. 

P, Q , and R are non-inductive resistors whose values in absolute 
electromagnetic units are known. G is a sensitive galvanometer, 
of resistance g, and b is the resistance of the battery circuit. 

The resistances of the leads in the capacitor branch are made 
negligibly small. 

When the commutator is in such a position that the moving switch 
3 of Tig. 30 is on contact 2, the capacitor C is discharged and the 
current flowing in the various arms, including the galvanometer 
branch, are steady currents from the battery. When switch 3 is 
on contact 1, the capacitor is charged to the potential of the battery 
and the galvanometer current is altered owing to the varying 
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current taken by the capacitor while it is being charged. When 
the capacitor is fully charged, no current is taken by it, and the 
galvanometer current again takes up its steady value. 

The galvanometer current can be made zero by suitable adjust¬ 
ment of the resistances P, Q } and R, and of the speed of the com¬ 
mutator. 

The expression* for the capacitance of capacitor C is 


C — — 


i _/_«!_^ 

\ (*P Q g) (Q b R)) 

_ 9LZ Mi+— . 9s L l 

R(Q -f- b R)) ( R(Q + P + g) J 


. (69) 


n is the frequency of the commutator. To a close approximation 

Q 


provided P + R is large compared with Q. 


~ nPR 

The resistances must be expressed in electromagnetic C.G.S. 
units of resistance. If expressed in ohms, the value of C will be in 
farads. Many investigators have measured the ratio c by the above 
and other methods. From their results it appears that 

c — 2-998 X 10 10 cm. per sec. 


while the average value obtained by many investigators for the 
velocity of light is 2-9986 x 10 10 cm. per sec. These figures are 
takernfrom the Dictionary of Applied Physics , V r ol. II, p. 960, where 
a reefJrd of much work carried out on the subject is given. 
^^International and Absolute Units. Although the British Associa¬ 
tion Committee on Electrical Measurements adopted the absolute 
system of units in 1863, and this was confirmed at an International 
Conference on Electrical Units in London in 1908, this conference 
decided to specify material standards to be calibrated in absolute 
units and thereafter set up or maintained as working standards. 
This decision was taken because of the difficulty of making accurate 
absolute measurements; but the fundamental standards determined 
on the electromagnetic system based on the centimetre, gra m me and 
second—the standards for which were more permanent than elec¬ 
trical ones—remained. 

The four units established by these specifications (defined below) 
were known as International Units. The Ohm was chosen as the 
standard. 


^ Definitions of International Units. The International Ohm is the 
resistance offered to the passage of an unvarying electric current by a column 
of mercury at the temperature of melting ice, of mass 14-4521 g., of uniform 
cross-sectional area and of length 106-300 cm. 


* J. J. Thompson first gave this equation, and the theory from which it is 
derived is given also in Laws’s Electrical Measurements , p. 364. 
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Although unnecessary for the purpose of definition, the cross-section, of such 
a column is very nearly 1 sq. mm. 

The International Ampere is the unvarying electric c ur rent which, when 
passed through a solution of silver nitrate in water, “ in accordance with Speci¬ 
fication II attached to these resolutions,'* deposits silver at the rate of 
0*00111800 g. per sec. 

The International Volt is the steady electric pressure which, applied to a 
conductor of resistance 1 International ohm, produces a current of I Inter¬ 
national ampere. 

The International Watt is the electrical energy per second expended when 
an unvarying electric current of 1 International ampere flows under a pressure 
of 1 International volt. 

The centimetre, gramme, and second were selected as the units 
of length, mass, and time, by an International Electrical Congress 
at Paris in 1881, and were defined by them. 

One of the main reasons for adopting an absolute system of units 
originally was the difficulty of constructing standards which did not 
vary appreciably with time. Since then, however, wire resistance 
standards have been developed which are sufficiently permanent for 
their use to act as a better method of maintaining the international 
ohm than by occasionally setting up and measuring the *''mercury 5 ’ 
ohm. Thus it has become the practice of the national standardizing 
laboratories to maintain the international ohm by wire resistance 
standards. 

As also, by 1930, it was clear that the absolute ohm and ampere 
could be determined as accurately as the international units, a 
decision was finally taken in 1946 to abandon the international units, 
reverting to the fundamental units defined in 1908. The date of the 
change-over was 1st January, 1948. 

Following a number of determinations of the absolute ohm and 
ampere by various national standards laboratories during the period 
193*4-1942 the National Physical Laboratory has adopted the 
following conversion factors— 

1 international ohm = 1-00049 absolute ohms 


1 

jj 

ampere = 0-99985 

93 

ampere 

from which, 1 

jj 

volt = 1-00034 

93 

volts 

1 

?? 

watt = 1-00019 

9 } 

watts 

1 


henry = 1-00049 

9 ) 

henrys 

1 

39 

farad = 0-99951 

9 9 

farad 


An appendix to Reference 66 gives “Definitions of the units 
recommended by The International Committee on weights and 
Measures for Legal and Similar Purposes.” 

Legal Standards. For legal purposes it is necessary to lay down 
some simpler, if less accurate, standards than those referred to above. 

It was laid down by an Order in Council (London Gazette, 1949, 
No. 38683, p. 3810) that the legal standards shall be— 

Electrical Resistance. A standard of electrical resistance denominated one 
Ohm, agreeing in value within one hundredth part of 1 per cent with that of the 
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fundamental unit, and being the resistance between the copper terminals 
of the ins tr um ent marked “Board of Trade Ohm Standard verified, 1894 
and 1909,” to the passage of an unvarying electrical current when the coil of 
insulated wire forming part of the aforesaid instrument is in all parts at a 
temperature of 14*9° C. 

Electrical Current. A standard of electrical current denominated one 
Ampere, agreeing in value within one tenth of 1 per cent with the fundamental 
unit, and being the current which is passing in and through the coils of wire 
forming part of the instrument marked “Board of Trade Ampere Standard 
verified, 1894 and 1909,” when on reversing the current in the fixed coils the 
change in the forces acting upon the suspended coil in its sighted position is 
exactly balanced by the force exerted by Gravity in Teddington upon the 
iridioplatinum weight marked A and forming part of the said instrument. 

Electrical Pressure. A standard of electrical pressure denominated one 
Volt, agreeing in value within one tenth of 1 per cent with the fundamental 
unit and being the pressure which when applied between the terminals forming 
part of the instrument marked “Board of Trade Volt Standard verified, 1894 
and 1909 and 1948,” causes that rotation of the suspended portion of the 
instrument which is exactly measured by the coincidence of the sighting wire 
with the image of the fiducial mark A before and after application of the 
pressure and with that of the fiducial mark B during the application of the 
pressure, these images being produced by the suspended mirror and observed 
by means of the eyepiece. 

The legal standards are maintained at the National Physical Laboratory. 

Absolute Measurement of International Units. 1 . Measurement 
of Resistance. In Table II resistance has the dimensions LT~ x y 
in the electromagnetic system. The dimensions are those of a velocity 
and thus absolute measurements of resistance involve the measure¬ 
ment of either a velocity, or of length and time, which determine a 
velocity. Such measurements often involve the measurement of 
inductance and time, since inductance has the dimensions of length 
in the electromagnetic system. 

At l east eight differ ent methods have been used, but only one* 
canhr^ven here. 

\**dtf orenz, Methg fl. This method, originally used by Lorenz in 1873, 
has ’since^Been used for the absolute measurement of resistance, 
sometimes in a modified form, by a number of investigators. 

At The National Physical Laboratory the latest determination 
of the Ohm, by this method, was made in the years 1933-1936 {see 
P. Yigoureux, N.P.L. Collected Researches, 1938, Yol. 24, p. 277). 
Por descriptions of American work on the subject see H. L. Curtis, 
“A Review of the Methods for the Absolute Determination of the 
Ohm,” Journal of the Washington Academy of Sciences, 1942, Vol. 32, 
p. 40, H. L. Curtis, C. Moon and C. M. Sparks, “A Determination of 
the Absolute Ohm using an Improved Self Inductor,” Journal of 
Research of the National Bureau of Standards, 1938, Yol. 21, p. 375 
and H. L. Curtis, “Review of Recent Absolute Determinations of 
the Ohm and Ampere,” Journal of Research of the National Bureau 
of Standards, 1944, Yol. 33, p. 235. 

* Other methods are given in the Dictionary oj Applied Physics, Vol. II* 
in the section, on “Electrical Measurements.” 
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In the original experiments a circular metal disc, mounted con¬ 
centrically inside a solenoid, was driven at a uniform speed of 
rotation. 

A steady current was passed through the solenoid, in series with 
which was a low resistance R , from the terminals of which leads were 
taken to two small brushes, one pressing on the edge of the rotating 
disc and another making contact with the disc near its centre. A 



Fig. 31. Lorenz Method for the Absolute Measurement 
of Resistance 


sensitive galvanometer was included in one of these leads as shown 
in Fig. 31. 

As the disc rotates e.m.f.’s are induced in it, since it is placed at 
right angles to the field of the solenoid. The connections from the 
brushes on the disc to the terminals of R are so made that the 
induced e.m.f. in the disc is opposed by the pressure drop due to 
the solenoid current I in the resistor R. Thus, when the induced 
e.m.f. is exactly equal to the pressure drop, IR , no current passes 
through the galvanometer, which therefore gives no deflection. 

Let M be the mutual inductance between the disc and the solenoid. 

i.e. M = the magnetic flux passing perpendicularly through the 
disc surface when 1 e.m.u. of current flows in the solenoid. 

Thus, the flux cutting the disc when I units of current flow 
through the solenoid = Ml lines. The speed of rotation of the disc 
(together with the current I and resistance R } if necessary) can be 
adjusted until no current flows through the galvanometer. 

Let N rev. per sec. be the speed of rotation for zero galvanometer 
deflection. 

Then e.m.f. induced in the disc = MIN e.m. units of e.m.f. 

Pressure drop in the resistance = IR e.m. units of e.m.f. 

1 and j R being expressed in e.m.u. 

Thus MIN = IR 

R = MN e.m. units of resistance . (70) 


or 
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The value of the mutual inductance M is calculated from the 
dimensions of the solenoid and disc, and from their relative positions, 
using such methods as those described in Chapter V. 


As a check upon this expression from the point of view of the dimensions 
of the quantities involved, consider the dimensions of the product MN. 


[M] = 


Magnetic flux 
Current 


|X* M- T~ x ix *] 

\lA M* T' V*] 


[Lp] 


_ Revolutions _ 

L J Seconds 

\MN } = which are the dimensions of resistance. 


If the resistance R is that of a column of mercury of known dimen¬ 
sions, the resistivity .of mercury can thus be obtained in absolute 
measure, from which the resistance of the international unit of 
resistance in absolute units can be calculated. Otherwise the resis¬ 
tance R may be some resistance whose magnitude, in terms of the 
international unit, is known to a high degree of precision. 

The e.m.f. 5 s in the disc may he thought of as existing in an 
infinite number of radial elements, each cutting through a field of 

flux density equal to-— T .— = where r is the radius of 

^ area of the disc rrr 2 

the disc in centimetres. The e.m.f. across the brushes is thus 
that induced in a radial element of length r cm., moving with a 
mean linear velocity of ttvN cm. per sec., through a field of flux 
MI 

density —~ Thus, from Equation (53), the e.m.f. induced in this 
element (i.e. the e.m.f. across the brushes) is 

. r . tttN — MIN e.m.u. 

' nr 2 


which is the same as the expression given above. 

Precautions Necessary to Ensure Accuracy of Measurement. To obtain an 
accuracy of measurement of the resistance of 1 part in 10,000, both M and N 
must be determined with an accuracy of a few parts in 100,000. 

The speed N may be determined by stroboscopic methods (see Chapter 
XXII) or by a directly driven chronograph, the latter being E. E. Smith’s 
method (see Ref. (1), (5) ). He also incorporated a fly-wheel to ensure uniform¬ 
ity of speed. 

To obtain the necessary accuracy in the value of M. both the disc and sole¬ 
noid must be carefully constructed and their dimensions accurately measured. 
The former of the solenoid is usually a marble cylinder, very carefully machined 
the dimensions being obtained by the use of precision measuring apparatus. 
The winding is of bare copper wire, wound in grooves cut in the cylindrical 
surface. 

Since the effective dimensions of the disc, when rotating, cannot be obtained 
with the same accuracy, the value of M is made as little dependent upon these 
dimensions as possible by suitably choosing the dimensions of the solenoid 
relative to the disc diameter. The disc is usually of phosphor-bronze. 

-The effect of the earth’s magnetic field upon the e.m.f. induced in the disc 
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is made small by arranging the plane of the latter in the magnetic meridian- 
Two measurements are made—one with the current 1 reversed—to eliminate 
this effect. 

To reduce the effects of thermo-electric e.m.f.’s at the brush contacts, 
F. E. Smith used two phosphor-bronze discs of special construction, and two 
solenoids. 


The accuracy of such absolute measurements depends upon the 
precision with which the component apparatus can be made and 
upon that of physical measurements such as those of length and 
time. It also depends on the variation of the dimensions with time. 

Length can now be measured, under the experimental conditio ns 
applying to such work, to within 0-0001 mm. giving an accuracy of 
about one part in a million for the components used in these measure¬ 
ments. Time, or frequency, can be measured to about one part in ten 
million. 

The overall uncertainty in the values determined for the ohm is 
probably not more than 20 parts in a million and the most recent 
comparisons of the results of determinations at various national 
laboratories show a total spread of only 12 parts per million for the 
ohm^nd 4 parts per million for the ampere. 

\ ^^Mbasurem:bxt of Current . The dimensions of current, in 
the electromagnetic system, being fJ(X 1 > the dimensions of 
(current) 2 are LM T -2 if ^ is regarded as non-dimensional. But these 
are the dimensions of force, so th at absolute measurement ^ of current 
i nvolve th e measurement jd:L — 

This force may be exerted in two ways— 

(a) By the current in a solenoid upon a suspended magnetic 
needle—as in a tangent or sine galvanometer. 

(b) By the current in one part of a circuit upon another part of 
the circuit in series with it, and carrying the same current—as in an 
electrodynamometer or current balance. 

Galvanometer methods suffer from the disadvantages that there 
is always some uncertainty about the exact position of the poles of 
the magnetic needle used, and also that the horizontal component 
of the earth’s magnetic field must be separately determined with 
great accuracy before the results of current measurements can be 
interpreted. 

Electrodynamometers measure current in terms of the torsion of 
a suspension wire or of a bifilar suspension, and this is not very 
satisfactory. Methods of measurement which utilize some form of 
current balance are therefore probably the most satisfactory, and 
are most commonly used. 

Tangent Galvanometer Method, If a current of I e.m. units flows 
in the coil of a tangent galvanometer, it can easily be shown that 
the steady deflection 0 is such that— 


Hr 

2t tN 


tan 6 


• (71) 
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where r = the mean radius of the galvanometer coil in centimetres, 
N = number of turns on this coil, 
and H = the horizontal component of the earth’s magnetic field 
(see Fig. 32). 

Obviously the current can be obtained from this expression, in terms 
of the deflection, the dimensions of the coil, and H. 

The following assumptions are made in deriving this expression— 

(a) That the plane of the galvanometer coil lies exactly in the 
magnetic meridian, and is exactly vertical. 



( b ) That the magnetic needle is infinitesimally short. 

( c ) That the needle is suspended at the exact centre of the coil. 

(d) That the axis of the needle is horizontal. 

These assumptions are obviously not all justifiable in practice. 
Again, unless the galvanometer coil has only a single layer, and is 
exactly circular, the value of r may be somewhat uncertain. The 
accuracy of the measurement depends, also, directly upon the 
accuracy with which E is known for the particular place at which 
the measurement is being made. This last is a great disadvantage 
of the method, since it usually necessitates a separate—and highly 
accurate—determination of H , and this is about as difficult a mea¬ 
surement as that of the current itself. Kohlrausch devised a method 
of measuring H and the current simultaneously (see Philosophical 
Magazine , Vol. XXXIX), but the method does not appear to have 
been adopted generally. 
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Corrections can be applied to allow for some of the divergencies 
between practice and theory. Two of these—given by F. E. Smith 
in the Dictionary of Applied Physics , Vol. II, p. 231—are as follows— 
(a) To allow for the fact that all the turns on the galvanometer 
coil cannot be coincident in space, the field intensity at the centre 
of the coil is taken as 


ttNI 


log* 


r 4- d + V(r + d) % + 
r - d + V(r - d ) 2 -f- b 2 


instead of ——— as assumed in the elementary theory of the gal¬ 
vanometer. In this expression 2b = axial length of the coil, 2d 
= radial depth of the coil, both in centimetres. This expression is 
due to A. Gray, and is given in his Absolute Measurements , Vol. II, 
Part I. 

(6) To allow for the fact that the centre of the needle is not 
exactly at the centre of the coil, the correction factor to be applied 
to the field intensity due to the current is 


3 by 2 + <5z 2 — 2 bx z 
1 2 ‘ V 1 


where bx , by, and bz are the displacements of the centre of the needle 
relative to the centre of the coil. These displacements are measured, 
of course, in three, mutually perpendicular, directions, bx being 
measured along the axis of the coil. 

If, however, corrections are to be applied to allow for all depar¬ 
tures from the theoretical assumptions, the method becomes very 
cumbersome. 

Helmholtz modified the tangent galvanometer by adding a second 
coil and placing the needle midway between the two coils in the 
uniform field produced by this arrangement (see Chapter I). The 
correction for axial displacement of the centre of the needle from 
the centre of a coil is thus rendered unnecessary.* 

Rayleigh Current Balance. The principle of this instrument will 
first of all be discussed. If a current-carrying coil is placed with its 
plane parallel to that of another current-carrying coil and in such 
a position that their axes are coincident, a force—either of attraction 
or repulsion—will exist between the coils, depending upon the cur¬ 
rent directions. This force is proportional to the product of the 
two currents in the coils. If the coils are connected in series, so 
that the same current flows through both, the force between them 
is proportional to the square of the current passing. This force 

* The theory of this galvanometer is given in Gray’s Absolute Measurement& 
in Electricity and Magnetism , Vol. II, Part 1, p. 254. 



76 


ELECTRICAL MEASUREMENTS 


can be measured if one of the coils is movable, and is suspended 
from one arm of a balance, the force thus being “weighed 55 ; hence 
the name “current weigher 55 given to such instruments. Lord 
Rayleigh and Mrs. Sidgwick, in their experiments for the determina¬ 
tion of the electro-chemical equivalent of silver, used two parallel 

coaxial fixed coils with a moving 
coil suspended between them, the 
three coils being so arranged relative 
to one another that the force upon 
the moving coil was maximum. 
This arrangement is shown in 
Fig. 33. 

The force acting on the moving 
coil, and measured by the balance, 
is given by 



F 


7 2 dynes 


(72) 


Fig. 33. Arrangement of Coils 
Current 

Balance 


where I is in electromagnetic C.G.S. 
units and is the current in the three 
coils in series. M is the mutual in¬ 
ductance of the coils, and depends 
upon their numbers of turns, and 
upon their dimensions and relative 
positions dx is an element of length along the axis of the three 
coils. The value of M can be calculated from the dimensions of the 
coils by means of formulae given by Gray (Ref. (7) ) or by J. V. 
Jones (Ref. (8j ). 

In the above apparatus, if the three coils are so placed that the 
moving coil is at a distance of half their radius from each of the 

fixed coils, the value of becomes dependent only on the ratio 


radius of fixed coil rT A 

—-t -:-r;. Under these circumstances, also, very little 

radius of moving coil J 

error is introduced by a slight inaccuracy in the axial position of the 
moving coil (see Chapter I). 

Bosscha (Ref. (9)) introduced an electrical method of measuring 
the ratio of the coil radii which does away with the necessity for mea¬ 
suring the mean radii of the coils themselves—somewhat uncertain 
measurements in the case of multi-layer coils. 

The measurement of current in absolute units, by means of the 
Rayleigh balance, thus becomes little more than a careful weighing, 
very accurate measurements of dimensions being avoided. This is 
perhaps the greatest advantage of this form of current balance. 
Other advantages, common to all forms of current balance, are that 
neither measurement of the horizontal component of the earth’s 
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magnetic field, nor a determination of the torsion constants of a 
suspension are required. 

The weighing is usually carried out by observing the change in 
the weights necessary to balance the moving coil when the current 
in it is reversed, this having the effect, of course, of reversing the 
force upon the moving coil. It should be noted that the expression 
for the force, given above, is in dynes; and, since the weights used 
in the weighing will he grammes, the value of g —the acceleration 
due to gravity—must be known. In some forms of current balance 
the accuracy with which g is known determines the accuracy of the 
current measurement. 

Many forms, of current balance have been constructed on this 
principle, and have been used for the determination of the Inter¬ 
national ampere in absolute units.* At The National Physical 
Laboratory the most recent determination of the Ampere was made 
during the years 1930-35 (see P. Vigourleux, N.P.L. Collected 
Researches, 1938, Vol. 24, p. 173). 

In all cases a precision balance of special form is used. Great 
care is necessary in the construction to ensure that the flexible leads 
for the purpose of leading current into the moving coil or coils exert 
no appreciable torque upon the moving system. Other important 
points are the selection of truly non-magnetic material for the 
bobbins of the coils. Marble is perhaps the best material from this 
point of view. Brass is suitable if selected with care. The cooling 
of the coils, also, is very important, water jackets being used for the 
fixed coils and a water-cooled chamber being provided for the 
moving coil. 

DETERMENT a.T XON OF THE INTERNATIONAL VOLT IN ABSOLUTE 
Units. "The value of the international volt in terms of the absolute 
unit of e.m.f. is, from its definition, obtained by Ohm’s Law, using 
the values of the ohm and ampere in absolute measure which have 
been determined by many investigators as stated above. Thus, from 
the adopted value 1 International ampere = 0-099985 e.m.u., and 1 
International ohm = 1-00049 x 10 9 e.m.u., it follows that 1 Inter¬ 
national volt — 0-099985 X 1-00049 X 10 9 = 1-00034 X 10 8 e.m.u. 
^/Standard Resistors. The standard resistor known as the “legal 
ohm,” as representing, for general commercial purposes, the unit of 
resistance, has already been referred to. Since it is considerably 
easier to compare resistances than to determine their value in 
absolute measure, it is convenient to have available standard 
resistors which can be used as reference standards. For general 
purposes, measurements of resistance can be made with sufficient 
accuracy by comparison with such standards. The values of sub¬ 
standard resistors can be determined by comparison with these, 

* Detailed descriptions of these pieces of apparatus are given in the Die* 
tionary oj Applied Physics , Vol. II, pp. 235, etc., and in Laws’s Electrical 
Measurements, p. 90. 
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such sub-standards being used in the calibration of laboratory 
standards of resistance. 

One form of standard resistor consists of a coil of platinum 
silver wire non-inductively wound on a metal bobbin. The wire is 
wound as shown in Fig. 34. In this bifilar method of winding. the 
wire is doubled back on itself before winding. This gives the effect 
of two wires, side by side, carrying currents in opposite directions. 
The magnetic fields due to the two currents neutralize one another, 
giving a very small inductance. 

The coil is ins ulated from the metal bobbin by a lay er of shel laced 
silk which is baked before the wire is wound on. The wire is laid"" 

in one layer in order that the cool¬ 
ing shall be as efficient as possible, 
it being essential that the coil shall 
not be appreciably heated during 
use. After winding, the coil is 
usually shellaced and baked at a 
temperature of about 140° C. This 
serves the double purpose of dry- 
Fig. 34. Bxfilab Weeding ing out the coil and of anneali 

the wire, the latter 1 

sary in order to remove. conditions of strain, -due, to oenorng 
the wir^, and so ensure greater permanence of the resistance of the 
coil. The coil is fixed inside an outer cylindrical metal case, which 
has an ebonite top to which the coil and bobbin are attached, and 
the space between the coil and the outer cylinder is filled with paraf¬ 
fin wax. The terminals consist of long copper rods, hard-soldered to 
the resistance coil, the ends of these terminals being amalgamated. 
In use, the coil is maintained at a constant temperature for some 
hours before measurements are made. This is done by immersing 
the major portion of it in water. 

The Board of Trade ohm is of this form. 

More recent designs for standard resistance coils differ mainly in 
the new materials used for the coil former; e.g. Barber, G-ridley and 
Hall (Bef. 73) have described the construction at N.P.L. of coils 
wound on Perspex discs. The coils are hermetically sealed in 
nitrogen. 

Many other forms of standard resistor have been constructed, 
the most important being those designed and constructed by the 
Standards Laboratories of different countries, such as the German 
Physikalisch-Technische Beichsanstalt, the American Bureau of 
Standards, and the National Physical Laboratory of this country.* 

After experiments with platinum wire and a gold-chromium alloy 
it has been concluded that forms of manganin are the best materials 

* Several forms are described in the Dictionary of Applied Physics, Vol. II, 
p. 700, etc., and in the publications mentioned in Refs. (2), (10), (11), (12), 
(66), (69), (70), (71), (72), at the end of this chapter. 
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for standard resistance coils. By suitable beat treatments and 
mountings, freeing the coils from strain, and by enclos in g them in 
hermetically sealed containers, it is possible to obtain a constancy 
over a year of less than one part in ten million. 

The reference standard of the N.P.L. consists of a group of five or 
more coils of nominal value 1 ohm which have shown the greatest 
relative constancy over preceding years. The average value of the 
group is assumed to have remained constant and values -with an 
accuracy of one part in a million are assigned to the reference 
standards for the purpose of international comparisons. 
v Requirements of Standard Resistors. The most important pro¬ 
perties of resistors which are to be used as standards of reference 
are— 

1. Permanence. The necessity for this property is obvious. In 
order to avoid variation, with time, of the resistance value of the 
finished standard, annealing during manufacture is essential. 
Thorough drying out by baking after covering the wire insulation 
with shellac is also necessary and, if the coil or strip is imm ersed in 
oil for cooling purposes, care must be taken to ensure that the oil 
is free from acid and water, in order to avoid corrosion of the resis¬ 
tance alloy. 

2. Robust construction. 

3. A small temperature coefficient of resistance, in order that the 
correction for temperature variations shall be small. 

4. Small thermo-electric effects, when a current is passed through 
it. 

5"’ Such resistors should also have as low" an inductance as possible 
and should be capable of carrying an appreciable current without 
overheating. 

Low Resistance Laboratory Standards. In the case of low resis¬ 
tance standards such as those used for potentiometer work, the 
currents to he carried are often very large and adequate cooling 
must he provided, this being done by immersing the resistor in 
oil (first grade paraffin oil being often used for this purpose), the oil 
being stirred by a motor-driven stirrer and water cooling being 
provided. A distinction should he made, however, between resis¬ 
tors of this latter class and those which are used for reference 
purposes only, and are not required to carry large currents. These 
low resistance standards are fitted with potential terminals as well 
as current terminals. The potential terminals fix the points on 
the resistor between which the nominal resistance of the stan¬ 
dard is measured. The current terminals, by means of which the 
resistor is connected to the supply circuit, should be at an appre¬ 
ciable distance from the tapping points of the potential leads in 
order that the current distribution shall he uniform, throughout the 
cross-section of the resistance material, before the tapping points are 
reached (see Ref. (13) ). 
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Pig. 35 shows a low resistance standard of the Drysdale-Tinsley 
non-inductive type, designed to carry heavy currents such as may be 
required in potentiometer and other work. In addition to the ordi¬ 
nary current and potential terminals, it has, fitted to the potentjlal 
terminals, mercury contacts for use in a standardizing bridge (see 
Chap. YII). This type of resistor is manufactured by Messrs. 
H. Tinsley & C'o., and is designed for use with either direct or 
alternating currents (up to 1,000 -—’). The resistance material used 



is manganin, silver-soldered to copper rings, which are screwed to 
heavy copper lugs to which they are also soldered with tin-lead 
solder. The manganin resistance strips are in the form of concentrio 
cylinders, through which the current passes axially in opposite 
directions, thus giving a very low inductance. A range of resistors 
of the type shown in the figure is manufactured, having resistance 
values from 0*02 ohm down to 0*0001 ohm. The watts dissipated are 
200 for resistors from 0*02 ohm down to 0*005 ohm and 500 from 
0*001 ohm down to 0-0001 ohm. 
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Mg. 36 shows the construction of air-cooled low resistance 
standards manufactured by W. G. Pye & Co. 

Resistance Materials. It is desirable that a material to be used in the 
construction of standard resistances shouJd possess the following properties— 

(а) High specific resistance, in order that the standard resistor, when 
constructed, may be reasonably compact. 

(б) Permanence. There should be as little variation in resistance with time 
as possible. 

(c) ' It should have a low thermo-electric force with copper. 

(d) Low temperature coefficient, in order that the correction for tempera¬ 
ture variation may be small. 

( e ) It should not easily oxidize, and should be unaffected by moisture, 
acids, etc. 

In addition, it should, if possible, be easily worked and jointed. 

From inter-comparison, over a long period of years, by various investigators, 
of a number of standard coils made up in 1864 by Mathiessen and Hockin, 
on behalf of the British Association, it appeared that platinum was the best 
material from the point of view of permanence though later work has shown 
the superiority of mangaiun. Pla tinum has the disadvantage of a high 
te mperature coefficients—ahou fij^^ per-j cent. per 1° C. Many alloys, such as 

TABLE V 

Properties of Other Resistance Materials 


Material 

Composition 

(approx.) 

Specific 
Resistance 
(microhms 
per cm.* 
cube) 

Tempera¬ 

ture 

Coefficient 
(% per p C.) 

Thermo¬ 

electric 

e.m.f. 

against 

Copper 

(Micro¬ 

volts) 

Remarks 

Therlo 

Copper 71 % 
Aluminium 16*5% 
Manganese 10*5% 
Iron 2% 

47 

(at 20° C.) 

0*0005 

Very low 

Comparatively new mate¬ 
rial. Properties similar to 
manganin. 

Platinum-silver 

1 part platinum, 2 
parts silver 

31*6 

003 

Small 

High temperature coeffi¬ 
cient. 

Constantan 

Copper and nickel 

50 

(at 20° C. 
approx.) 

- 0*001 

40 

•< 

•Cheap ••Easy to work. 
upHigh thermo-electric 
e.m.f. is a disadvantage. 

Eureka . 

Copper 60 % 

Nickel 40% 

As 

for Constan 

tan. 


German silver . 

Copper 63% 

Zinc 22% 

Nickel 15% 

30 

(at 20° C.) 

0*03 

35 

The presence of zinc in 
alloys produces unstable 
properties. 

- - - - ..-. 

Platinoid. 

German silver with 
addition of about 
1% tungsten. 

34 to 

40 

0*02 to 
0*03 

20 

■ 

Tungsten improves the 
permanence. 

Nichrome 


95 

(at 20° C.) 

1 approx. 

0*04 


Used for resistances oi 
rougher class, especially 
at high temperatures- Is 
non-corrosive. 

Platinum 


11 

0*36 


Used in resistance thermo¬ 
metry. 

Iron 


12 

0*4 


Used for resistances when 
its magnetic properties 
and high temperature co¬ 
efficient are unimportant. 



(TF. <?. Pye 

Fig. 36. Am -cooled Low Besistance Standards 



Fig. 37. Besistance- temperature Curve for Drysdalk* 
Tinsley Non-inductive Besistance Standard 
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platirmm-silver, platinum-iridium, German silver, manganin, etc., liave been 
used as resistance materials, and much research, beginning with the work of 
Mathiessen (Ref. (14) ) has been carried out upon the subject. 

Ma nganin . Weston, in 1889, discovered that alloys of copper , ma nganese, 
and' niclSM, have a very small temperature coefficient. He gave the name 
“manganin* to such alloys. Lindeck (Ref. (12) ), Bash, and others, have since 
further investigated the properties of the material, and it has been found that 
the composition—84 jper cent copper, 1 2 p er cent manganese, 3*5 p er cent 
nickel, and 0i5s»per cent iron—has an extremely low temperature™coefficient 
and is most suitable for resistance purposes. 

The temperature coefficient of manganin changes sign as the temperature 
increases, the point at which the change occurs depending upon the iron 
content. 

Fig. 37 shows a temperature-resistance curve for a standard of low resistance 
of the type shown in Fig. 35, such a curve being supplied by the makers with 
each standard supplied. 

A representative value for the specific resistance of manganin is 50 microhms 
per cm. cube at 20° C., and of the temperature coefficient -}- 0*0004 per cent 
per 1° C. at 20° C. The thermo-electric e.m.f. against copper is from 3 to 8 
microvolts per 1° C. 

VFhe annealing of manganin to remove bending strains, as men¬ 
tioned above, must be carried out with the material out of contact 
with air, as oxidation.will otherwise take place, resulting in a high 
temperature coefficient. This is best done by heating the material 
to a temperature of 600-700° C. in an atmosphere of some chemically 
inert gas. although the method often adopted is to subject the 
material to a gradual annealing over a period of several hours at a 
temperature of about 140° C., the material being coated with a 
protecting coat of shellac varnish. 

The disadvantage of this method is that, as discovered by Rosa 
and Babcock, of the Bureau of Standards in 1907, the shellac absorbs 
moisture from the atmosphere, which causes it to swell and this 
stresses the wire, causing appreciable variation of resistance with 
time. 

Current Standards. It is obviously impossible to set up a stan¬ 
dard of current in the same sense that a standard of resistance 
can be set up. Current is defined either in terms of the electro¬ 
chemical equivalent of silver, or in terms of readings obtained when 
the current is passed through some standard instrument such as the 
current balance already mentioned. Arguments have been advanced 
in favour of concretely defining the volt instead of the ampere for the 
purpose of International units. The ease with which any voltage 
can be measured by comparison with the voltage of a standard cell, 
using a potentiometer, and the accuracy with which a standard cell 
can be set up, being two of the advantages of using the volt as one 
of the primary International units. 

Kelvin Current Balance. The current balance as used for the 
determination of the absolute value of the ampere has already 
been described. Lord Kelvin designed an instrument the action of 
which depends upon the same principle which has since “been largely 

4 —(T. 5700 ) 
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used for the accurate measurement of current. Secondary current 
balances are of this type, the instrument mentioned in the definition 
of the legal ampere being a special form of Kelvin balance. 

An instrument of this type has been used for many years in the 
measurement of currents of from 0-1 to 10 amperes. The instrument 
consists of six coils, four fixed and two moving, the latter being 
carried on a beam which can rotate in a vertical plane, like the beam 
of a chemical balance. Instead of a knife edge, as the means of 
pivoting this beam, it is suspended at its centre by two flexible 
copper ribbons, each consisting of a large number of fine wires. 



Pig 38. Arrangement of Colls Jxeevtn Curr en t 
Balance 

These ribbons also act as leads to the moving coils. The latter 
are situated between the two pairs of fixed coils as shown in 
Tig. 38, all six coils being connected in series, the connections being 
such that the currents flow as shown. Under these conditions the 
top fixed coil on the right attracts the adjacent moving coil A, while 
the bottom fixed coil repels A. On the left the top fixed coil repels 
the adjacent moving cod B , while the bottom fixed coil attracts B . 
The total effect is thus to cause an anti-clockwise movement of the 
beam carrying the moving coils. This anti-clockwise torque is 
balanced by means of weights carried by a small carriage which 
runs on a graduated bar attached to the moving beam. This carriage 
is moved by means of cords which pass through holes in the case of 
the instrument. To ensure that the weights shall always be placed 
in the same position on the carriage, the latter is fitted with two 
small conical pins, which fit into holes in the weights. 

To use the instrument, a known weight, whose value is suitable 
for use with the current to be measured, is placed on the carriage, 
and a counterpoise of the same value is placed in the aluminium 
V-shaped trough attached to the right-hand moving coil. The 
carriage is then moved to zero at the left-hand end of the graduated 
scale, and the clamping device, for removing the weight of the 
moving system from the copper ligaments when the instrument is 
not in use, is freed. The moving system should then be balanced as 
indicated by the pointers—one at each end of the beam—which 
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move over small vertical scales attached to the base. A means of 
adjustment is provided to obtain complete balance with zero current 
if this condition should not be obtained without. 

When current hows through the instrument, the anti-clockwise 
torque produced by it is balanced by moving the carriage, with its 
weights, along the scale to the right. If 2 1 cm. is the length of the 
scale, and balance is obtained with a movement of the weight of 
#cm. from zero, then, the moving system being suspended at its 
centre, the total turning moment due to the weights, each of weight 
W grammes (say), is Wl- W{l — x) — Wx cm.-gm. At balance this 
turning moment is equal to that due to the current, which latter is 
proportional to the square of the current. The current I is calcu¬ 
lated from the equation 

1 = . (73) 

where D is the displacement of the moving weight in scale divisions 
for balance, and K is a constant for the instrument which depends 
also upon the weight used. A fixed inspeetional scale for approxi¬ 
mate readings is fitted behind the moving scale, the former being 
graduated in terms of 2\/T>. Four sliding weights and four counter¬ 
poise weights are supplied with the instrument, in order to obtain 
different ranges, the carriage constituting the smallest of the sliding 
weights. These four weights are in the ratio 1, 4, 16, 64. The first 
being the weight of the carriage; the last three are 3, 15, and 63 
times the weight of the carriage respectively. 

Kelvin balances can be used with alternating current as well 
as direct, since, the currents in all the coils being the same (because 
they are in series), all the magnetic fields of the coils reverse direction 
together, thus producing a turning moment which is always in the 
same direction. 

V'Woltage Standards—Standard Cells. The Conference on Electrical 
Units and Standards of 1908 suggested the use of the Weston n ormal 
cell as a concrete standard-of e.m.f. The advantages of the Weston 
cell over the Clark cell, as given by Wolff (Ref. (4) ) may be summar¬ 
ized briefly as follows— 

1. A temperature coefficient of less than -^th that of the Clark 
cell. 

2. Small hysteresis effects attending temperature variations, 
while in the Clark cell such effects are large, particularly in old cells. 

3. Much longer life than the Clark cell, which has a tendency to 
crack at the point of introduction of the negative terminal wire. 

4. In the Clark cell a layer of gas is sometimes formed in the cell 
which interrupts the circuit. This does not occur in Weston cells. 

Both types of cells are essentially voltaic cells of a special form, 
the metals used in them—mercury, zinc, and cadmium—being such 
as can be obtained with a high degree of purity. This is essential in 
a cell whose e.m.f. is to be as permanent as possible. 
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Weston Standard Cell. This cell, patented by Weston in 1892, 
consists essentially of mercury, as the positive element, and cadmium 
amalgam—a solution of 1 part of cadmium in 7 parts of mercury— 
as the negative element. The electrolyte is a saturated solution of 
cadmium sulphate, and the depolarizer mercurous sulphate. To 
ensure saturation of the electrolyte, cadmium sulphate crystals are 
added to it. Lord Rayleigh suggested the H form shown in Eig. 39, 


Cadmium 

Sufphate_ 

Crystals 

Cadmium 

Amalgam 



Cadmium Sulphate 
Solution 


Cadmium Sulphate 
' Crystals 

Mixture of Cadmium Sulphate 
and Mercurous Sulphate 
'Mercury 


'-Platinum Leads'- 
Fig. 39. Weston Standard Cell 


the two limbs of which are hermetically sealed. The connections 
to an external circuit are made by platinum wires sealed into the 
glass. In both Clark and Weston cells it is most essential that the 
mercurous sulphate shall be especially pure, as impurities in it have 
a much greater effect upon the permanence of the e.m.f. of the 
cell than have slight impurities in most of the other chemicals 
employed. 

The voltage of the cell when constructed in accordance with the 
standard specification is 1*01824 International volts or 1*01859 
absolute volts at 20° C. This falls 40 microvolts per degree .Centi¬ 
grade r ise in temperature. 

Clark Cell. This cell, described by its inventor, Latimer Clark 
(Ref. (19) ) was recommended by him as a standard of e.m.f. It has 
been largely used as such, the reasons for its not being adopted as 
an international standard being given in the previous paragraphs. 
It consists of a mercury positive electrode and a zinc amalgam 
negative electrode (10 per cent zinc in mercury). The electrolyte 
is a saturated solution of zinc sulphate, crystals of which are added 
to ensure saturation of the solution. The mercury positive electrode 
is covered with a paste of zinc and mercurous sulphates, together 
with finely divided mercury, in a saturated zinc sulphate solution. 
The mercurous sulphate is for the purposes of depolarization and, 
as in the Weston cell, must be very carefully prepared if instability 
of e.m.f. is to be avoided. Two forms of Clark cell are shown in 
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Fig. 40. The H type shown {a) was designed by Lord Rayleigh, 
while the cell shown in (b) was designed by Kahle, of the German 
Reichsanstalt. 

No specification for this cell was drawn up by the International 
Committee, but a full specification is given in the Dictionary of 
Applied Physics, Vol. II. The e.m.f. of the Clark cell at 15° C. is 
1*4326 International volts, equivalent to 1*4331 absolute volts, the 



law of variation of e.m.f. with temperature being given, in the 
Dictionary of Applied Physics , as 

E t = E 15 - 0*00119 (t - 15) - 0*000007 (t- 15) 2 


between the limits 10° C. to 25° C. 

Lord Rayleigh’s formula for the e.m.f. variation with tempera¬ 
ture, given in 1886, was 


^ <^E t =E 15 .\1~ 0*00077 (t - 15) i 

Precautions when IMng Standard Cells. Great care must be taken to ensure 
that when in use no appreciable current is taken from a standard cell, as the 
e.m.f. is only strictly constant on open circuit. The voltage falls when a 
current is taken from such cells, and although they recover after a time, such 
disturbances are undesirable and may lead to considerable errors in measure¬ 
ment. St andard cells are thus onlwjuafiRJn^uulLmethods ol, meajaairement 
such as in^mealurements"by the potentiometer. A high resistance^ hgUld be 
connected in series with'the standard cell, which profcectFiTBufing'the initial 
manipulations of the apparatus and which, can be cut out when approximately 
balanced conditions are obtained. 

Care should be taken also in moving a standard cell, as any appreciable 
shaking up of the chemicals in the cell tends to produce variations of e.m.f. 

Tor storage purposes a dry position having a fairly uniform temperature of 
about 15° to 20° C. should be selected, in order to avoid troubles from hysteresis 
effects due to temperature variations, and to avoid any possibility of leakage 
currents owing to moisture on the insulating material between the terminals 
of the cell. 

The use of a group of standard cells as a working standard in international 
comparisons of voltage is described in Refs. (66) and (69). 
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Standards of Mutual and Self-Inductance. It has been seen 
previously (Table II) that the dimensions of inductance in the electro¬ 
magnetic system are those of length. Thus standards of inductance, 
both self and mutual, depend for their value upon their dimensions, 
together with the number of turns of wire in them, this latter being 
a mere number which has no dimensions. 

The self-inductance of a coil, or the mutual inductance of a system 
of coils, can be calculated from the dimensions of the coils by the use of 
formulae which have been given by many workers on this subject.* 

In the construction of a primary standard of inductance, whether 
mutual or self, some form must be adopted for which a rigidly 
accurate formula exists for calculation purposes. The design should 
be such as to facilitate the accurate measurement of the dimensions 
of the standard, for, if the formula used is rigidly correct, the errors 
in the calculated value, as compared with the actual value of the 
inductance, will depend very largely upon the accuracy of such 
measurements. There should, also, be no doubt about what lengths 
should be taken as the effective dimensions of the standard. For 
this reason the coils are usually single layer, and are often wound 
with bare wire laid in a screw thread cut in a marble cylinder. 
Other factors influencing the design are that the dimensions should 
be subject to as little variation as possible with time in order to 
ensure permanence of the inductance of the standard, and also that 
the bobbins used for the coils should be absolutely non-magnetic. 

It has been found that marble is the best material for the purpose, its 
advantages being: (a) it does not warp and is unaffected by moisture and 
atmospheric conditions; (6) its electrical resistance is very high, so that it 
serves as an insulator when bare wire is wound on it; (c) its magnetic suscep¬ 
tibility (which would be zero for a completely non-magnetic material) is about 
- 0*97 x 10‘®, corresponding to a permeability of 0*999988, as given by Coffin 
(Ref. (25) ); (d) its coefficient of expansion is only about 0*000004 per degree 
Centigrade; (e) it is comparatively cheap and easy to work, so that any desired 
shape can be obtained. 

It is essential that metal shall be avoided as far as possible in. the 
construction of such coils, as eddy currents set up in metal parts 
may appreciably affect the value of the inductance of the standard. 
For the same reason, standards constructed for use with heavy 
currents, when the conductors must be of large section, employ 
stranded wire to reduce the eddy current effect. Capacitance effects 
should also be avoided as far as possible, and the resistance of the 
windings should be low compared with the inductance. 

Measurements of the dimensions of coils to be used as primary 
standards are carried out by means of a precision measuring ap¬ 
paratus, one form of which is described by Coffin (Ref. (25)). 
\JPnmary Standards of Mutual Inductance. Such standards are 
always fixed standards—i.e. they are of single value. Variable 

* References to publications giving such formulae are given at the end of the 
chapter. 
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standards of inductance will be described in a later chapter. The 
general form of such primary standards is a single layer coil, uni¬ 
formly wound and of circular cross-section, its axial length being 
large compared with its cross-sectional diameter, which forms the 
primary circuit, with a coil of small axial length placed at its centre, 
the latter forming the secondary circuit. The secondary coil may be 
wound on top of the primary coil, so that their cross-sections are as 
nearly coincident as possible, or it may be wound on a separate 
bobbin and placed inside the primary coil, the first form being 
the better from the point of view of ease of construction and 
measurement. 

The flux density (lines per cm 2 ) at the centre of the primary coil is 
cos 6 X = R in lines per square centimetre 

where N is the number of turns on the coil, Z its axial length in 
centimetres, and i the current, in e.m.u., flowing in it. 6j is the angle 
between the axis of the coil and a line drawn from the centre point 
of the axis to a point on the circumference of an end turn of the coil 
(see Fig. 22). 

If the secondary coil, placed at the centre of the primary, has 
n turns, and is of cross-section a sq. cm., the flux linkages with this 
secondary coil per unit current in the primary (which is the mutual 
inductance) is 

nJBa 4 tt Nna 0 

—— ==-=- cos U, 

t l 

47TNna cos 6, 0 . 

or \Jfef =- j -- X 10~ 9 henries (74) 

It should be noted, however, that in the derivation of Equation 
(74) assumptions are involved which are not quite justifiable for 
the purpose of calculation of mutual inductance for standards pur¬ 
poses, and that more exact formulae are applied in practice. The 
above equation gives a fairly close approximation. 

Campbell Primary Standard of Mutual Inductance. The Campbell 
type of primary standard (Ref. (26) ) consists of a primary coil of 
bare copper wire wound under tension in a screw thread cut in a 
marble cylinder. It is a single layer coil and is divided into two 
equal parts connected in series and displaced from one another by 
a distance equal to three times the axial length of one of them. The 
secondary coil, consisting of a number of layers of wire wound in a 
channel cut in the circumference of a marble ring, is placed so 
that it is concentric and coaxial with the primary coil cylinder. 
This coil is situated midway between the two portions of the primary 
coil, and a means of adjustment is provided to enable the coil to 
be brought into the correct position relative to the primary coil. 

With this construction the magnitude of the mutual inductance 
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obtainable is much greater than is possible if both primary and 
secondary coils are single-layered, whilst the difficulty of accurately 
measuring the effective radius of the multi-layered secondary is 
overcome by arranging its dimensions so that small variations of 
radius or of axial position have a negligible effect upon the mutual 
inductance. With the relative positions of the secondary and the 
two portions of the primary coil as stated above, maximum mutual 
inductance is obtained by making the mean radius of the secondary 
coil about 1 *46 times that of the primary coil. This means that the 



Fig. 41. Construction of Campbell Primary Standard 
of Mutual Inductance 

circumference of the secondary coil is situated in the position of 
zero magnetic field when current flows in the primary coil (see Fig. 
41). Thus the mutual inductance will not be appreciably affected 
by small errors in measurement of the secondary coil radius, or. by 
a small departure from the true midway position between the two 
halves of the primary winding. 

The mutual inductance is calculated by J. V. Jones’s formula, 
mentioned previously. 

The data for the National Physical Laboratory primary standard constructed 
on this principle are, as given by Campbell— 

Primary Coil — 

Number of turns . . . . 75 in each half 

Diameter ..... 30 cm. 

Axial length of each half. . , 15cm. 

Distance between inner ends of the 
two halves . 


15 cm. 
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Secondary Coil — 
Number of turns 
Mean diameter 
Axial depth . 
Radial depth . 


4S5 

43*73 7 cm. 
1*00 cm. 
0*86 cm. 


The mutual inductance of this standard is given as 10-0178 millihenries. 


VS6condary Standards of Mutual Inductance. Such secondary 
standards are used as standards of mutual inductance for general 
laboratory purposes. Since they are not absolute standards it is 
not essential that their dimensions shall be determined with great 
accuracy, it being merely essential that they shall have a mutual 
inductance which is as near as possible to the nominal value for 
which they are designed. When constructed they are compared 
with a primary standard, and their mutual inductance is adjusted, 
if necessary, until it is within, say, 1 part in 10,000 of their nominal 
value. Such standards are constructed to have nominal values which 
are either multiples or fractions of the inductance of the primary 
standard. 

Requirements. Since the most important requirement of such 
pieces of apparatus is that their mutual inductance shall remain 
constant under all conditions of use, they should have the following 
characteristics— 

(a) Their inductance should not vary with time to any appreciable 
extent. For this reason the materials used must he carefully chosen 
to avoid warping, and the coils must be firmly fixed in position to 
avoid relative displacement. 

(b) Their construction should be such that the mutual inductance 
varies as little as possible with changes of temperature. 

(c) Their inductance should be independent of the supply fre¬ 
quency as far as possible. To ensure this, the wire used should be 
stranded, each strand being insulated from the neighbouring ones, 
in order to reduce eddy current effects in the wire. The intercapa- 
citance of the windings should he small, also, and the insulation 
should be as perfect as possible. 

Secondary standards usually consist of two coils wound on a 
bobbin of marble or hard, paraffined wood, the coils being separated 
by a flange. The wire is stranded copper, with double silk coverings. 
After winding, the coils and bobbin are immersed in hot paraffin 
wax. When withdrawn and allowed to cool, the wax firmly fixes 
the wires in the coils in position. 

Adjustment to the value of mutual inductance required is carried 
out by carrying one end of one of the coils through a further arc 
of a circle in order to give the effect of a fraction of a turn. Campbell 
(Ref. (27) ) gives a method of adjnstment utilizing a third coil, of small 
diameter, concentric and coaxial with the other two, and connected 
in series with the secondary (Fig. 42). Adjustment is by alteration 
of the number of turns on the small coil, a variation of one in the 
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number of turns on the small coil having the effect of a variation of 
a fraction of a turn on the larger coil. 

Primary Standards of Self-inductance. Although mutual induc¬ 
tances are more generally regarded as the primary standards of 
inductance, owing to the greater accuracy with which their value 
can be calculated from their dimensions, standards of self-inductance 
have been constructed at several of the national laboratories already 
mentioned. Their magnitudes are calculated from formulae pre¬ 
viously referred to, and permanence is ensured by winding the coil 
of bare hard-drawn copper wire under tension in a screw thread cut 
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in a marble cylinder which has been very carefully ground so as to 
be as nearly truly cylindrical as possible. Descriptions of such 
standards at the Bureau of Standards and at the Physikalisch 
Technische Reichsanstalt have been given by J. G. Coffin (Ref. (25), 
and by Griineisen and Giebe (Ref. (28)), respectively. These two coils 
are of inductances 216*24 mh and about 10 mh respectively. 

Secondary Standards of Self-inductance. As in the case of secon¬ 
dary standards of mutual inductance, self-inductance secondary 
standards are constructed to have a nominal value which is usually 
a simple fraction of 1 henry. Such standards are compared with a 
primary standard of inductance and are used as reference standards 
for general laboratory work. 

For the purpose of obtaining the largest possible time constant (i.e. ratio 
inductance \ 

-—-) -when winding an inductance coil. Maxwell recommended the use 

resistance / 

of the relative dimensions given in Fig. 43. An approximate formula for the 
inductance of a coil having these relative dimensions is 
L =z 6TcN 2 r x 10“® henries 
where N = number of turns on coil 

r — mean radius of the coil in centimetres. 

Since r — l-85a 

ll-l7ri\r*a x 10-*henries . . . .(75) 

Later work by Shawcross and Wells (Ref. 51) on this subject showed 
that Maxwell did not consider enough terms in the formula which he used 
in this calculation, and that a coil of shape somewhat similar to that of 
Fig. 43 but having a mean diameter 3a (instead of 3* 7a) gives a slightly 
greater time constant (0*5 per cent greater). 
















UNITS, DIMENSIONS, AND STANDARDS 93 

The formula for the inductance of such a coil (dimensions in centimetres) 


L ■■ 16-83 lV*r X 10~ 9 henries 

L ■ 25-24 N*a X lO' 8 henries . (75a) 

Actually the maximum time constant is obtained by making the mean 
diameter 2-9 5a, but 3a is more convenient and is a sufficiently close approx¬ 
imation. 

Coils for use as secondary standards are wound of silk-covered 
stranded copper wire on bobbins of marble, or of mahogany impreg¬ 
nated with paraffin- After winding, the coils are immersed in melted 



Pig. 43 Maxwell’s Dimensions fob Self-inouctajnce 
Standard 


paraffin wax for some time. Upon being removed and cooled, the 
paraffin wax solidifies and rigidly fixes the coil wires in position. 

The chief cause of non-cyclic temperature coefficient and general 
instability of inductance is always the non-equality of expansion of 
the conductor and the radial dimension ( W) of the former. A design 
for stable inductances with sensibly zero temperature coefficient, 
due to W. H. F. Griffiths, is illustrated in Fig. 44. Members (B) of 
Keramot are supported rigidly by the end cheeks (D) of special 
laminated Bakelite. The conductor (A), of thin strip copper or 
Litzendraht wire, is wound in grooves. The pins (P) form the chief 
locating means for the relative positioning of the B and D members. 
The temperature coefficient of linear expansion of the D members 
varies with the direction of the radius owing to its laminated 
manufacture. 

In order that the resultant temperature coefficient of the dimension 
W shall exactly equal that of the linear expansion coefficient of the 
conductor A, the following condition must be satisfied— 

d'(W + X) - fix = d"(W + Y) -pY 

= d"'(W Z) — pz — ocW 

where 33 ", and 3'" are the measured temperature coefficients of 
expansion of the D members in the radial directions p, q and r 
respectively and the expansion coefficients of the conductor and B 
members are a and f3 respectively, the latter being uniform in all 
directions. 
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From the above expression it is seen that the radial dimensions 
of the pins P x , and P 3 are given respectively by— 



Fig. 44. CoisrsTBucnoisr or Stjxlivak-Giiittiths Temperattxre- 

COMPENSATED SERF-INJECTA3STCE STANDARD 

JST 4 -W,Y 4 -W, and Z-j- W, ensured that the temperature coefficient 
3 of the former may be safely replaced by that, oc, of the conductor, 
it can be shown that the resultant temperature coefficient of induc¬ 
tance is 


where y is a variable, depending upon the ratio of length to diameter, 
which has been enumerated for all possible shapes of coil by 
Griffiths. 

The principle can be applied to multi-layered coils up to 1 henry 
with equal success. The temperature coefficients of true inductance 
are always less than 5 X 10~ 6 per ° C. and can by careful design be 
reduced to 10“ 6 . 

Griffiths* shows how the temperature coefficient of these induct- 

* “Recent Improvements in Air Cored Inductances,” The Wireless Engin¬ 
eer, Vol. XZX, No. 220, pp. 8-19 and No. 220, pp. 56-63. (See also H. W. 
Sullivan, 1954 catalogue.) 
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anees may be affected by frequency within certain bands and 
discusses the effects of humidity, current and self-capacitance upon 
their ultimate stability. 

^Primary Standards of Capacitance. Such standards are capacitors 
whose capacitance can be accurately calculated, by means of an 
exact formula, from their dimensions. Capacitance in the electro¬ 
static system of units has the dimensions of length (Table II). The 
capacitance of absolute capacitors can thus be expressed in terms of 
lengths—i.e. of their dimensions—and it is therefore of prime 
importance that such dimensions shall be very accurately known 
and also that these dimensions shall not vary once the capacitor has 
been constructed/ Owing to the fact that air is the only dielectric 
whose permittivity is definitely "known and which is free from 
absorption and dielectric loss (see Chap. IV), it is always used as 
the dielectric in primary standard capacitors. Three types have 
been used as primary standards, viz. the concentric spheres type, 
the concentric cylinders type with “guard rings’ 7 (see Chap. IV), 
and the parallel plate type with guard plates. Of these, the last is 
perhaps the least satisfactory, as it requires very careful adjustment 
if the calculated value of capacitance is to be accurately realized. 
The necessity for the guard rings and the formulae for the calculation 
of the capacitance of these types will be considered in Chapter IV. 


The disadvantages of air as a dielectric in such capacitors are as follows— 
Its “dielectric strength” (see Chap. IV) is low, wliich necessitates a 
comparatively long gap between plates in order to withstand breakdown of the 
air when a voltage is applied. 

^0 Its permittivity is low compared with solid dielectrics, which fact, 
combined with the long gap referred to above, means that an air capacitor is 
very bulky if the capacitance is to be other than very small. 

Dust particles, settling in the gap between the plates, cans© leakage 
troubles unless precautions, such as thorough drying of the air in the capacitor, 
are taken to avoid this. The minimum distance between plates to ensure 
freedom from dust troubles should be 2 to 3 millimetres. 

Jd^Since there is no solid dielectric between the plates to act as a spacer, 
fcheplates must be rigidly fixed in position by supports of some solid dielectric. 
Very few of such insulating materials are satisfactory for this purpose, owing 
to their tendency to warp and cause displacement of the plates from their 
original position. Fused quartz and amberite are used for such purposes. 


Absolute standards of capacitance were originally developed in 
connection with the measurement of c —the ratio of the electro¬ 
magnetic to the electrostatic C.G.S. unit of quantity—as described 
earlier in the chapter. Rosa and Dorsey (Ref. (30) ) have described 
fully several types of absolute standards of capacitance constructed 
by them for this purpose. 

Standard Air Capacitors for High-voltage Testing. In recent 
years the development of methods of measuring the dielectric loss 
and power factor of capacitors at high voltages (see Chap. IV) has 
led to the construction of several types of standard air capacitors 
for use in making such measurements. 
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These are either of the parallel plate or concentric cylinder type, 
7 guard rings b eing employed in each case in order to'shield the cap- 
Tacitor from external electrostatic influences and tonrender more 
definite the effective area of the electrodes, so that the area to be 
used in calculating the capacitance from the dimensions shall 
be subject to no uncertainty. The air gap betwe en the plates must 
be large in order to withstand the applied voltage, ana tme edges of 
the plates must be rounded in order to avoid brush discharges (which 
wotdd produce a loss of power due to ionization of the air at such 
edges. For the same reason the surfaces of the plates must be free 
from irregularities, which necessitates a very careful grinding of 
these surfaces during the construction. High-voltage capacitors of 
the parallel plate type have been used by various investigators, 
including Shank!in (Eef. (31)), who used a high-tension plate 
suspended from the ceiling by insulating cord, with two low-tension 
plates, one on either side, the latter being provided with earthed 
guard rings. This was used up to 60,000 volts. Rayner, Standring, 
Davis, and Bowdler (Eef. (32)), at the National Physical Labor¬ 
atory, employed a somewhat similar construction, the high-tension 
plate in this case having a rounded edge of 3 in. radius. A full 
description of the capacitor is given by them in the paper referred 
to. Dunsheath (Ref. (33)) has described a parallel plate capacitor 
used by him for the same purpose. 

The concentric cylinder type of capacitor, developed by Petersen 
(Ref. (34)) has been more generally adopted, and is more satisfactory 
than the parallel plate type owing to the difficulty of efficiently 
screening the latter. Petersen’s form consists of a cylindrical low 
tension electrode with a guard cylinder of the same diameter at 
each end. This is surrounded by the high-tension cylinder, which is 
concentric with the inner one and which projects beyond the ends 
of the low-tension cylinder by a considerable length at each end. 
The ends of this high-tension cylinder are bell-shaped. Freedom from 
brush discharge is thus obtained, whilst the screening is efficient and 
the capacitance of the arrangement is easily calculable, within fairly 
narrow limits, from the formula 

C —-\—- ( e .s. units) 

21og.f 

n 1 10 12 • . . , 

or G — - j; X - micro-microfarads 

2 1°g.j 

i.e. C = --—=r micro-microfarads . . . (76) 

1-8 log.j 
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where l is the active length in centimetres of the low-tension elec¬ 
trode, d being its diameter and D the internal diameter of the outer 
electrode. 

Rayner (Ref. (35) ), Semm (Ref. (36)), Churcher and Dannatt (Ref. 
(37) and (50)), and others have used capacitors of this type. Fig. 45 
shows the construction of a standard capacitor designed by Churcher 



Pig. 45. Churcher and Dannatt Standard Am Capacitor 
dor 300 kV. 

and Dannatt for use at 300 kV (r.m.s.). The electrodes are of 
machined cast iron having a specially smooth finish to avoid 
surface irregularities which cause premature breakdown of the 
capacitor when the voltage is applied. The high-tension cylinder 
is suspended inside the low-tension cylinder from separate supports, 
and is insulated from the latter by a Micarta tube. 

An accuracy of 0*2 per cent in the calculated capacitance of the 
capacitor was aimed at in the design. The average breakdown 
voltage is 310 kV (r.m.s.). 
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The original paper (Ref. (50) ) should be referred to for details. 
Rig. 45 is draw to scale, but much detail is omitted in order to 
show the main features more clearly. 

Compressed-gas Capacitors. Rig. 46 shows the construction of 
the compressed-gas capacitor for a maximum working voltage of 
250 kV (r.m.s.) as manufactured by Metropolitan-Vickers. The 
main features are the high-tension electrode A, consisting of a steel 
tube fitting tightly inside a Micarta tube, the latter being long 
enough to give the necessary insulation to ground for the working 
voltage. Co nn ection from the electrode to the top plate B is made 
through a spring contact. The high-tension terminal, with domed 
head, is fitted to the centre of a stress distributor C (used for volt¬ 
ages above 150 kV), which is secured to the top plate by small screws. 

The low-tension electrode is supported on a central post term¬ 
inating in the cap D, which acts as a guard ring, this being insulated 
from the effective part of the electrode by an insulating collar. 
The lead from the electrode, which is screened throughout its length, 
is brought down to a screened terminal box. 

The capacitance of the capacitor is 50/^tt F., and its loss angle is 
less than 0-00001 degree. The gas used may be either air or nitrogen 
and it must be clean and dry. The working gas pressure is 150 lb. 
per sq. in. gauge reading. 

^Secondary Standard Capacitor. Capacitors for use as secondary 
standards are calibrated capacitors whose dimensions need not be 
accurately known since the magnitude of their capacitance is not 
calculated from their dimensions. It is essential that they shall have 
a capacitance which does not vary with t ime, and therefore care must 
be exercis ed in ^ selecting materials which will not , warp and so alter 
the di mens ions. The plates, also, must be rigidly fixed in position, 
and, if possible, there should be no appreciable expansion of them 
with moderate increases of temperature. The insulation should he 
very efficient and the construction such that leakage is avoided. 
Sharp edges must also be avoided in order to eliminate troubles from 
brush discharges within the capacitor. Air is used as the dielectric 
in such capacitors, in order that they shall be free from dielectric 
losses, and the leads to the terminals are made as short as possible, 
to reduce the I 2 R loss to a minimum. A cover, to prevent the 
accumulation of dust between the plates, must be provided, and it is 
desirable also that the air should be dried before entering the interior 
as moisture is conducive to leakage. 

By the use of a number of plates instead of merely two, as in the 
primary standards, much greater capacitances can he obtained 
without excessive bulk. Capacitances up to about 0*02 ju,E are 
obtainable compared with those of the order of 100 to 200/xjlcF in 
the case of primary capacitors. 

Glazebrook and Muirhead (Ref. (38) ) designed a secondary stan¬ 
dard air capacitor for the committee of the British Association in 




Fig. 46. A SSOaV CoacpjaiflgfiEr»-aA9 CAPAOitfoa 
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1890. It consisted of twenty-four concentric brass tubes, the thickness 
of whose walls was about -g-V in. Twelve of these tubes were supported 
in a vertical position by a conical brass casting, the outside surface 
of which formed a series of twelve steps over which the tubes fitted 
and to which they were screwed. This casting, with its tubes 
attached, was carried by three ebonite pillars about 3 in. high. The 
other twelve tubes were fitted to a similar stepped brass casting, 
which was carried by the outside case so that these tubes hung 
downwards in the air spaces between the other twelve cylinders. 
The terminal of the insulated cylinders was in the form of a brass 
rod passing through a central hole in the upper brass casting, and 
insulated from it by an ebonite plug, this rod being screwed into the 
bottom brass casting. The internal air was dried by a small dish of 
sulphuric acid placed inside the case. The capacity of this capacitor 
was about 0*021 microfarad. 

Giebe (Ref. (47) ) in 1909 described a modified form of the above 
capacitor constructed by him, and also a plate type which he found 
to he superior to the former and which is shown in Fig. 47a. It 
consists of a large number of thin, circular plates of magnalium—a 
magnesium-aluminium alloy—with a space of about 2 mm. between 
successive plates. In one form there are 71 plates in all—35 con¬ 
nected to one terminal and 36 to the other. Hague* gives a full 
description of this capacitor. 

Messrs. H. W. Sullivan, Ltd., manufacture a range of standard 
air capacitors in which the insulation between the two conducting 
systems consists of small pieces of silica-quartz, a material having 
very low dielectric loss. Their long-period permanence is 1 part 
in 20,000 and the temperature coefficient less than 1 part per 
100,000 per degree centigrade. This extraordinarily low temperature 
coefficient is brought about by a method of compensation described 
fully by W. H. F. Griffiths (Ref. (63) ). These fixed standards of 
capacitance have a special terminal system to eliminate errors of 
stray lead capacitance. The two main terminals of the condenser 
remain connected to the testing apparatus and the exactly stand¬ 
ardized capacitance is inserted by means of a strap (see Fig. 47b). 

The Capacitance Increment Standard (H. W. Sullivan, Ltd.) 
introduces into a calibrating circuit, by a rotary motion of a variable 
air capacitor, four very accurately known capacitances of, say, 
100, 200, 300, and 500 /jl/u F. or 10, 20, 30, and 50^ F. These cap¬ 
acitances are inserted strictly as circuit increments and may thus 
be used as a very accurate means of calibrating variable capacitors 
by either direct or substitution bridge methods. 

Recent improvements in precision variable air capacitors (silica 
insulated) have been responsible for stabilities which are now meas¬ 
ured in parts in a million. In the Sullivan and Griffiths instrument 


A.C . Bridge Methods , 2nd Edition, p. 122. 
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the capacitance accuracy is 1 part in 10 4 and it is made to be un¬ 
affected by variable stray electrostatic fields in the vicinity of the 
terminals and connecting leads by a special screened lead device. 
Power factors of 0*00001 or less are maintained up to frequencies of 
10 5 or 10 6 c/s, and the temperature coefficient is compensated by 
means of a bi-metallic method also due to W. H. F. Griffiths (Ref. 

laboratory Standards of Capacitance. The secondary standards 
described above are unsuitable for general laboratory purposes. As 
laboratory standards, capacitors having a solid dielectric instead 
of air are nsed. The dielectrics used for these°pSrposSsare‘m^g !i and 
n aramned -pape r, the former being the better. Roth of these 
materials have a p ermittivity greater, t ha n tha,t_oiL air (mica 3 to 8, 
paper 2 (about) ), lincT therefore give a greater capacitance for a 
given size than when air is the'dielectBpr^ TEevhave also high 
resistivity and dielectric strengt h, both of which characteristics are 
necessaJyTorTEe'^m^oseiorwhich they are used. Fixed value 
standards from 0*01 to 1*0 juF. and single and multi-decade standards 
up to 5 flF. continuously subdivisible down to 1 fjtfjt F. have a direct 
reading accuracy of 0*01 per cent.' Extraordinarily low power factors 
of 0-00005 are obtained on the higher capacitances. Temperature 
coefficients as low as 0*001 per cent per °C. are obtained and the 
internal inductance and series resistance are reduced to such low 
values that frequency corrections of both capacitance and power 
factor are unnecessary up to quite high frequencies even for an 
accuracy of 0*01 per cent (15 kc/s for 1 juF., 200 kc/s for 0-01 jllF.). 

P araffined pape r capacitors are not so reliable as the mica type, 
and Sre*iToFsuitable as standards for precision work. They have a 
greater dielectric loss (and therefore power factor) than mica cap¬ 
acitors, the power factor as stated by Grover (Ref. (40) ) for a range 
of them varying from 0-0017 to 0-017. Grover also found the 
frequency variation to be of the order of 4 parts in 1,000 for a 
frequency range of 50^ to 1,000^, the capacitance decreasing with 
increase of frequency. The manufacture of paper and other cap¬ 
acitors is described by Mansbridge (Ref. (41) ). 
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CHAPTER III 

CIRCUIT ANALYSIS 

Iisr alternating current circuits generally, and especially in net¬ 
works, the symbolic (j) notation is of great use in simplifying the 
calculation of the various quantities involved. For this reason it 
will be considered here before proceeding to work in which such 
calculations are necessary. 

Fig. 48 shows a vector representing (say) a voltage, which, ex¬ 
pressed in the usual trigonometrical notation, is given by 

v = Vmacc sin (cot + a) 

This vector could otherwise be defined by stating its resolved com- 



Fig. 48. Rectangular Co-ordinates or a Vector 

ponents in the horizontal and vertical directions—i.e. along axes 
OX and 0 Y. Thus 

v = V max cos a (horizontally) -f V max sin a (vertically) 

The commonest of the symbolic methods employs this means of 
expression, the horizontal component being written simply as V max 
cos a and the vertical component being distinguished by placing a 
letter j in front of it. Thus, symbolically, the vector is expressed as 

[V] = Vmax cos a + jV max sin a = V max [eos a -}- j sin a] 
or [F] = a -f jb 

where a and b are its horizontal and vertical components, the brac¬ 
kets [ ] indicating that the notation is symbolic.* 

* The fact that a quantity is expressed symbolically may be indicated also 
by a dot placed under the symbol, thus— E I etc. 
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In the same way, the vectors shown in Tig. 49 can be represented 
symbolically as 

lV 1 ] = a+jb 
[V 2 ] = -c+jd 
[F a ] = -e-jf 
[V i ] = h-jh 

respectively, the directions OX and OY being positive and directions 
OX' and 0 Y' negative. 



Fig. 49. Symbolic Fig. 50 

Representation 


Actual Value of the Operator “ j In Fig. 50, the vectors OA , 
OB, 00, and OD are all of the same magnitude V. Expressing them 
symbolically, we have 

OA = F 
OB = jV 
OC = - F 
OB = - jV 

From this it appears that the multiplication of a vector F, such as 
OA, by j means that it is rotated through 90° in an anti-clockwise 
direction. Then, multiplying OB by j, we rotate it through another 
90° to OC . Thus, 

OA xj x j ~ 00 

j 2 r = - f 
j 2 = -1 
j = V^T 


or 

i,e. 
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The operator “j” is thus an imaginary quantity, and can be treated 
as having the value \/- 1 in all calculations in which it occurs. 

Addition of Vectors. Vectors are added by adding together their 
horizontal and vertical components separately. Thus the sum of 
vectors [FJ = a + jb and [FJ = c jd is [F] = [a + o) -f- 
i(b + d) and its phase angle relative to the horizontal axis OX is 



tan -1 ( — — \ . The actual magnitude of V is 's/(a + c) 2 + (6 + d ) 2 . 
+ c ) 

Subtraction of Vectors. If a vector [F x ] = a -f- jb is to be sub¬ 
tracted from a vector [F 2 ] —c+ jd, then the resultant is 
[F] = [FJ-tFj] = c +jd-(a +jb) 

— o-a + j (d-b) 

its actual value being 

\/(c- a) 2 + {d-b) 2 

and its phase angle 

—P) 

Multiplication of Complex Quantities. The product of two complex 
quantities [FJ = a -+• jb and [F 2 ] = o -j- jd is 

[F] = (a+ jb) (c -F jd) =ac + j {be + ad) -f j 2 bd 
= ac-bd + j (be + a<2) 

= A + jJB 

where A and B are the horizontal and vertical resolved co mponents 
of the product [V]. The numerical value of F is obviouslyV^+iS 2 . 
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As an example, an impedance expressed as [Z~[ = r 4" when 
multiplied by a current [I] = I h + gives a voltage 

m = (/*+#.) (r + i*) 

= (Ihr - f,*) +i U v r + 7*0:) 

To find the numerical value of F, 

7* = (hr-I^r + (//■ + i» 2 

= (A 2 + I v ‘) (r 2 + a!*) 

Thus V = (Vlj* +1?) (Vr 2 + V) 
and since V/ A 2 + 7? = /, we have 
V = /Vr 2 ■+■ 

which is, of course, the result which would be obtained by trigono¬ 
metrical methods. Fig. 51 illustrates this example. The triangle 
OAB is the c< impedance triangle,” giving the symbolic expression 
r -f- jx for the impedance, while OG and OB are the current and 
voltage vectors respectively. 

Division of a Vector Quantity by a Complex Quantity. If a vector 
quantity a + jb is to be divided by a complex quantity c + jd the 

,. . . a -f- jb 

quotient is —■—4-_. 

c+jd 

Rationalizing the denominator, we have 

_ (a +jb) ( c-jd) __ ac + j {be-ad) ~j 2 bd 
L J ~ (c+jd)(c-jd) 

_ (ac + bd) -f j (be - ad) 

— c 2 4- d 2 

_ ac + bd t . (be — ad) 

~ c 2 + ¥ c 2 + cP 
= U +j .D 

where O and D are the resolved parts of the resultant vector. 

The numerical value of V is, as before, given by V — V<7 2 -j- Z> 2 . 
Other Forms of Representation. Exponential Fokm. This is 
really an extension of the trigonometrical form of expression. It 
was seen that a vector quantity could be expressed in the form 

[VJ = V (cos a -\-j sin a) 

If the angle a is in radians, sin a and cos a can be expanded as 
below— 


sin a = 


cos a = 


a - 

1- 


£? . £L 5 _ 2! I 

J3 + (5 |7_ + 

?! 4 . 

[2 ^ J4 |6 ^ 
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=■7^1+ jo 


rr® 

;S+-..)+i(a-^ 


Substituting J 2 for — 1 in the above ve liave 


-d 


Pa 2 Pa 3 

i+;«+ J 1 f +«#• + 


i 4gl , i!^ 5 . 


or [F] = TV* 1 , 

since the series is the expansion of g* 3 , where e is the base of natural 

V 

logarithms. Thus, if a current I is given by — where the voltage 
[F] = FV a and the impedance \Z\ — Zsrf, then 

T [F] __ 7®** __ FeHa-0 

L J [2] “ 2s# “ £ 


This is illustrated in Tig. 52. 

Polar Form (1). This form of representation, suggested by 
Prof. Diamant (Trans. Am. I.E.E ., 

Vol. XXXV, p. 957), has not been 
very generally applied, but is never¬ 
theless useful in some types of 
problems. 

In this method, the vector quan¬ 
tity [ V] = V (cos a -f- j sin a) is ex¬ 
pressed as VJ m where J represents 
an operator which, when applied 
to a vector, rotates it through an 
angle of 90°. In this respect it is . 52 . Exponential Form 

similar to j. The index m is the ratio of Representation 

of the angle which the vector makes 

with the horizontal axis to one right angle. Thus, in the vector V 



mentioned above, m = expressing the angles in circular measure. 
TTjh 

If m is positive, the rotation is anti-clockwise, and if negative the 
rotation is clockwise. The 3-phase voltage vectors shown in Pig. 58 
could be expressed in this form as 


[E{\ = EJ° 
[# 2 ] = EJ+i 
[ E 8 ] = EJ-% 



no 
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Since m = a = m ~ and the vector F can he written 

7T12 2i 

[F] = F ^eos m ^ j sin m ^ 

= F^eos^ + 

= F(0+j.l) 

= F (j m ) = FJ m 

Thus j and J have the same meaning. 

Pnr.au. Form (2). Another form of representation which is fairly 
frequently used is Vja meaning that the vector is of length V and 
is rotated in an anti-clockwise direction, so that it makes an angle 
of a with the horizontal. This form is merely conventional. Using 
this mode of expression, the three-phase vectors referred to in the 
previous paragraph can be expressed as 

[*i] = tf/o 

[g 2 ] = E /120° or E 

[E s ] = E j- 120° or E j~~ 


J sm ■ 


from De Moivre’s Theorem 


The product of two vectors \E{\ = EJoc and [ E 2 ] = E z jP may he 
expressed as 

E = EJSJol + ft 


and the quotient of two such vectors as 

Application, of the Symbolic Method to Alternating Current 
Problems. The application of the rectangular form of representa¬ 
tion to problems in a.c. circuits can be illustrated hy means of 
examples. Several different types of circuits and problems are given 
below. 

Example 1 (Simple Series Circuit). A sinusoidal voltage of r.m.s. value 
100 volts and frequency 50 cycles per second is applied to the circuit shown in 
Fig. 53. Calculate the current in the circuit and find its phase relative to that 
of the applied voltage. 
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The impedances in the circuit can be expressed symbolically 
Impedance of E 1 = 3 

„ L x = jco = / x 314 X 0-0159 = 5/ 

„ = 4 

» L 2 = jcoL 2 - yx 314 x 0-0477 = 1-7 

” ° X coO ” 314 x 318 = - 1C!j 

[Note. The negative sign in the capacitor impedance is explained by 
considering the current as a horizontal vector, when the voltage drop across 
the capacitor will be vertically downwards (since it lags 90° in phase behind 

J/Sfclds. 

I 3 ohms '0769hu. ■. 4 ohms '0477hu. 

—waw,- imw -—11-wwv— 

I *1 4 */ *2 4 

App/ied 

vb/tage •700 rofts 


the current). Thus, if the current is expressed symbolically as 1, the voltage 
drop (given by current X impedance of capacitor) is— j —p, i.e. the impedance 

_ o’ 

i3 ^- ] 

The total impedance of the circuit is the sum of these symbolic expressions. 
Thus 

[Z] = 3 + 4 + 6j + 15/- 10/ 

- 7 + 10 / 

Then 7 2 4- 10 2 - 149 

Z r= VI49 = 12*2 

and the current is — 8*22 amp. 

If the current vector is horizontal, so that 
[I] = 8-22 + 3 * 0 
the voltage is 

V] = [IP] = [8*22 + j . 0][7 + 10j1 = 57-54 + 82-2/ 

82-2 10 

The voltage thus leads the current by an angle such that ta n<f> = ^ == — 

It is, of course, the angle of the impedance triangle. 

Example 2 (Series-Parallel Circuit). A sinusoidal voltage of x.m.s. value 
100 volts and frequency 50 cycles per second, is applied to the circuit shown in 
Fig. 54. Calculate the current in the main circuit and the currents in the two 
branch circuits. Take the voltage vector as horizontal, so that [F] = 100 

4- / • 0. 

*v 

Impedance of = 8 

tt L ± — jcjoLi — 314 x 0-0477/ — 15/ ^ Total impedance 

c - zl- zm - ■ 20i [ “ 8 "^' 

” Cl ~ coO, ~ 314 X 159 UJ J 
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Impedance of 2? a — 10 

„ L x = jcoL i = 314 X 0*0636/ = 20/ 

Impedance of i? a = 7 

-/ __ rl io * 


} Total impedance 
- 10 4- 20 j 


= 




314 X 318 


- = - 10 / 


Admittance of branch I 


Admittance of branch IX 


Total impedance 
= 7 - 10/ 

3 0 - 20/ 


10 + 20 / 10 2 - 1 - 20 * 

= 0-02-0*04/= [Tj] 

1 7 + 10/ 

7 - 10/ 7 2 -f- 10* 

= 0*047 + 0*067/= [Y 2 ] 


~c-W—''SMS'-j [■ 


lOohrrrs '0636 ha . 

_ajwa _/xrmn. J 


100 uolts 
f f=*50*^' 


c, 



Fig. 54. Serees- p 


i Circuit 


Total admittance of the two 
branches in parallel 

Total impedance of the two 
branches in parallel 


- [FJ + [FJ - 0*067 4 0-027/ 

1 0-067 - 0*027/ 

0*067 +0 *027/ “ 0-067 2 4* 0-027 2 


= 12-8-5*16/ 

Thus the total impedance of the complete circuit is 
8 — 5/-j- 12*8-5*16/ = 20*8- 10*16/ 
and the current 2 in the main circuit is given by 

100 100(20-8 + 10-16/) 
20*8 2 + 10-16 2 


I = 


1*9 


20*8 - 10*16/ 

= 3*88 + 1*9/ 

Its numerical value is therefore +3-8S 2 + 1*9 2 

= 4*32 amp. 

and its phase relative to the applied voltage is tan" 1 

0*00 

imaginary term in the expression for the current is positive). 
The voltage drop across the two parallel branches is 

(3*88 + 1*9/) (12*8 — 5-16/) = 59*46 + 4*3/ 
59*46 + 4*3/ 


leading (since the 


Current in branch I — 


10 + 20 / 
(59*46 + 4- 


- 20 /) 


10 2 + 20 2 


1-37 - 2*29/ 
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Its numerical value is 4 2*29 2 — 2-67 amp. and it lags behind the 

2-29 


applied voltage V by an angle tan - 


1-36* 


Current in branch II = 


59-46 -f 4-3 j 

7 - loy 


= (59-46 + 4-3j)(7 4 IQ?) _ 9 ,, , 4 ~. 

72 + 10 2 -514 4 

Its numerical value is \/2-5 1 2 4 4-2 3 = 4-88 amp. and it leads the applied 

4-2 

voltage by a phase angle tan -1 

Adding the two branch currents gives 3-88 4 1*%* which is the original 
expression for the current in the main circuit. 

Application of Symbolic Method to a Network Problem. Pig. 55 
shows Wien’s arrangement of Maxwell’s method of comparing a self 
inductance with a capacitance by means 
of a bridge network. V.Gr. is a vibration 
galvanometer used as a detector for fre¬ 
quencies within the commercial range. 

The conditions for balance with this 
network are that 

L 


as can be seen from the following. 

At balance, when no current flows 
through the galvanometer circuit, 

% 2j Fig. 55. Wien Bridge 
= —= Network 



where Z y , Z 2 , Z 3 , and Z& are the impedances of branches I, II, III, 
and IV respectively. 

A. ] = Ti + j(oL 
\Z^\ = R 2 

A] = R* 

Total admittance of branch IV 


™ " K + 


_1_ 
~L 

coC 

jcoC 


R. 


= Wi + jo>C 


Total impedance of branch. IV 

1 B s 

“[*■«] 1 +jcoCR 4 


= [ZJ 



114 


ELECTRICAL MEASUREMENTS 


B t 4 jojL 
R» 


(1 4 " jcoCR 4 ) 


\1 4 jcoCR 4 J 

Cross-multiplying, 

R-jR 4 4 jcoLR 4 = R 2 R 3 "l - ^TtJR^coCR 4 
Equating real and imaginary terms, we have 
R X R 4 — R 2 R 3 

and *cqLB 4 — jR 2 R 3 coCR 4 

from which L = R 2 R 2 C 

Thus R]R 4 = R 2 R 2 = g 


The symbolic method can be used, also, to calculate the current 
in the galvanometer circuit when the bridge network is out 

of balance. In Tig. 56 the 



Fig. 56 

vanometer circuit is (X 4 Y - X) 


network is represented simply 
by impedances, and the cyclic 
currents (used by Maxwell to 
simplify network calculations) 
X, X 4 F, and A , are assumed 
to how in the three meshes as 
shown. 

Z 5 is the impedance of the 
galvanometer circuit, Z 6 that 
of the alternator branch, and V 
the alternator voltage. 

Then the current in the gal- 
= Y. Using Kirchh off’s second 


law—that the algebraic sum of the potential differences in any closed 
circuit is zero— we have 


Mesh I. 


Z x X + Z,(- Y) 4 Z 2 (X-A) = 0 

= 0 


lesh II. 

Z 3 (X 4- Y) 4 F 4 (X 4F-i)4V = 0 
r X(Z 2 4 Z 4 ) 4 Y(Z 3 4 Z 4 4 Z 5 ) — AZ 4 = 0 

lesh III . 

Z 2 (A-X) + Z 4 (A-X-Y) 4 Z e A — Y 
r - X(Z 2 4 Z 4 ) - YZ 4 4 A(Z 2 4 4 Z e ) = V 


Thus the three equations, from which Y is to be obtained, are— 

X{Z x -YZ 2 )-YZ 5 ~AZ 2 -0 — 0 . (i) 

X(Z 3 4 Z 4 ) 4 Y(Z 3 4^4 Z 5 ) — AZ 4 — 0 = 0 • (ii) 

X(Z 2 4 Z 4 ) - YZ 4 4 A(Z 2 4 Z 4 4 F e ) - F = 0 . (iii) 
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expressing the equations in the form most suited to the solution by 
the method of determinants. Then, from the algebraic theory of 
determinants, we have 

Y 



Z x + 

-z t 

0 1 


^3 + ^4 

-z t 

0 1 


~ (^2 + ^ 4 ) 

Z 2 -j- + Z§ 

1 

- V i 



-Zs 

-Z t 




Zg ~f~ z i + z$ 

-z 4 



— (^2 ^ 4 ) 

-Z, 

Z^ ”f" ^4 +• 


expressing the determinants by A^ and A respectively, we have 

= — so that Y — —■ 

A A 





V(Z 1 Z 4 -Z z Z) 



+ ^2 

-Z% 

-Zt 

! 


^3 + ^4 

Zg 4 - z 4 + z a 

-Z 4 



~ (^2 + ZJ 

-Z* 

Z 2 -\- z±~\- 



which is the expression for the galvanometer current. The numerical 
value of this current can he obtained, in any particular case, by 
substituting in the above equation the sym¬ 
bolic expressions for the impedances of the 
various branches. 

Network Containing a Mutual Inductance. 

Fig. 57 shows the connections of Heaviside’s 
mutual inductance bridge for the determina¬ 
tion of a self-inductance in terms of a mutual 
inductance. R 1} JR 2 , -R 3 , and are non- 
inductive resistances, while L 1 and L 2 are self 
inductances, there being, in addition, mutual 
inductance M between the alternator circuit 
and branch IV. The inductance Z 2 forms the 
secondary of this mutual inductance. 

The treatment of a problem when mutual 
inductance is present is somewhat different from that used in the 
previous network. 

Since, at balance, the voltage across the detector branch is zero, 
the volt drops across branches I and IV are equal. Thus, 

i'(Ri +jcoL 1 ) = (_ft 4 + ja>L 2 )i" 

-j- jcoMi . . (i) 



Fia. 57 . Heatisibb 
Bbidge 


5 —(T.5700) 
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The mutual inductance term jcoMi represents the voltage induced 
in arm IV" by a current of i in the alternator branch. The conven¬ 
tion Ls employed that this voltage is in the opposite direction to the 
current i, i.e. in the same direction as the current i ". 

We have also that 

i = i' + i" 

and, since no current flows in the detector branch, the current in 
arm II is also i' and in arm III is i". Thus 

R 2 i' = R s i" 

Substituting for i in equation (i) 

i'(Ri -f jcoL ± ) — (i ? 4 4 ~ jcoL 2 )i" -j - joyM{i r 4~ i") 
or i'(Rt 4 - jcoL x -jcoM) = (R 4 jcoL 2 4 - 
R 

Substituting i' for i" 

V {R\ 4“ jwUi —jcoM) = (R 4 4~ jcoL 2 4~ jcoM) ~~ i' 

A + jcoL ± -jcoM = 4 - jco£ 2 g* + 3™ M ^ 

Equating real and imaginary terms we have 



Fig. 58. Three-prase 
Voltage Vectors 


Ri = or RlIis = R * Ri (78) 
Also, 

jcoLj^-jcoM = jcoI - 2 ^ + JcoiH ~ 

Xt 3 Xl 3 

from which 

^3(A“ -®f) “ ^2(^2 + df) (79) 

Application of the Symbolic Method 
to Polyphase Circuit Calculations. 

The full consideration of such prob¬ 
lems is both outside the scope of this 
work, and is too lengthy for inclusion 
here, but the application of the sym¬ 
bolic notation to one three-phase 
circuit problem will be considered. 


Eig. 58 shows a balanced system of three-phase voltages E l9 E 2 , 
and E s . When in the phase positions shown, these can be expressed 


symbolically as 


[EJ = [E 4 -jO] 

[E 2 ] = [- E cos 60° 4- jE sin 60°] 
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= E[- 0*5 + 0-866J] 

[P 3 ] = [-E cos 60° -jE sin 60°] 

= E [-0-5 - 0-866J] 

The symbolic sum of the voltages is, of course, zero. 

Fig. 59 shows a three-phase network with alternator phase volt¬ 
ages E x , E 2 , and E z , having positive directions as shown. I l9 I 2i and 
/ 3 represent the phase (and line) currents, and z 2 , and % the line 
impedances. P, Q , and S are the mesh currents, and Z Xi Z 2 , Z z are 
the phase impedances, including the impedances of both alternator 
and load phases and the line impedances. 

Then, whether the system is balanced or not, the following 


Alternator 2/ Load 



equations hold, all the quantities being expressed in symbolic 
notation. 


Mesh P. 

E x — Z X {P — &) — Z 2 {P -Q)~E 2 = 0 

Mesh Q. 

e 2 - Z 2 (Q - P) - Z,(Q -S)~E z = 0 


Mesh S. 

E 3 -Z,(S-Q)-Z 1 (S-P)-E 1 = 0 

Substituting line currents for mesh currents, we have 

E x — Z x I x -f- Z 2 I 2 — E 2 == 0 
E 2 — Z 2 I 2 + Z 3 I 3 - E z = 0 


E z -ZJ z + Z x h-E x = 0 
E x — E 2 ==: Z X I X — Z 2 1 2 
E 2 — E 3 == Z 2 I 2 Z z I z 
E z — E x — Z z I z — Z x Ij 
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EKminating I 2 and / 3 by the use of the relationship / x + / 2 + Z 3 = 0, 
we have 


E 1 — Eq ^ E x — E% 


Zo 


'■ ( i+ i + d 


h ■■ 






(z, + z 2 + zj Z ' iZl (z, + Z 2 + z 3 ) 

, «!- E z 


z% + 


ZiZ 2 

~z7 


+ 


-^1 + + 


^ 1^3 


( 80 ) 


Expressions can be found for I 2 and / 3 in the same way. 


Example. The three-phase star-connected load shown in Fig. 60 (a) is con¬ 
nected to a three-phase system having a line voltage of 440 volts. Assuming 
the line voltages to be unaffected by the unbalanced load, calculate the current 
flowing in the branch containing the capacitor. The supply frequency = 50 
cycles per sec. 



Fig. 60 (6) shows the phase relationships of the three line voltages. 

Then E 12 = E 1 — E z , E 23 = E 2 — E 3 , E 31 ~ E z — Ej 

where E 2 , and E z are the phase voltages of the supply as used in the ex¬ 

pression for J z in the above paragraph. 

From the figure 

[^ 23 ] = “ ^40 cos 60 — j. 440 sin 60 
= - 440 (0*5 -f 0-866;) 

[-^ 31 ! = ~ 440 cos 60 -f~ j . 440 sin. 60 
= - 440 (0*5 — 0-866;) 
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The impedances of the load branches are— 


[Zll = 5 - ; 


jlQ 6 


= 5 - io/- 


314 X 318 
[^ 2 ] = 6 4- 314 X 0-0159/ = 6 -f 5/ 
[Z S J = 3 + 314 x 0-0477? = 3 -f 15? 


Then [I t ] = 


E x — E % 


+ 


Zi + Z,+ N* 

■^2 


ra = 


440 


. , n , (6-iQfl(0 +«) 

5 - 10, + 6 + + -3+T5J 

440 (0*5 — 0*866/) 

440 440 (0*5 — 0*866/) 

9-78 - 10*57/ + 28 - 4*1/ 

= 440 [0*069 -f- 0*023/] 

= 30*4 -f- 10-1/ 


Thus the numerical value of l x is V® 0 * 4 * -f 10-1 2 = 32-1 amp. and it leads 
JE lt by a phase angle tan" 1 

The application of the symbolic method to alternating current 
bridge networks is fully dealt with by Hague (Ref. (1) ), and the 
application to general three-phase networks is given by Dover 
(Ref. (2) ). As the matter in this chapter is necessarily brief, these 
works should be consulted by readers desiring fuller information 
on the subject. 

Symmetrical Components. The method of calculation referred to 
as that of “Symmetrical Components 3 ’ involves, and is an extension 
of, the symbolic methods already described. It is especially applic¬ 
able to the solution of problems in connection with unbalanced 
polyphase networks, and simplifies the calculation when it would 
be very difficult, if not impossible, by other methods. The most 
usual polyphase system is, of course, the three-phase, and the 
symmetrical components method will he discussed here with 
reference to such a system. 

The method, which was largely developed by C. L. Tortescue 
(Ref. 8), involves the analysis of an unbalanced system of three- 
phase vectors into three systems which are each balanced but 
which have different phase sequences. These are referred to as the 
positive-sequence, negative-sequence , and zero-sequence systems respect¬ 
ively and constitute the symmetrical components of the three 
original unbalanced vectors. In other words, each of these vectors 
is split up into three components, each of which forms part of a 
balanced system. 

Fig. 61 shows positive-, negative-, and zero-sequence systems 
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of 'vectors in diagrams (i), (ii), and (iii). It must be clearly under¬ 
stood that all vectors are assumed to rotate in an anti-clockwise 
direction in accordance with the standard convention. The sequence 
is determined, not by any differences in direction of rotation, but by 
the order in which the vectors pass any fixed position. Thus, in 



Fig. 61. Symmetrical Components 


the positive sequence this order is a , 6, c, whereas in the negative 
sequence it is a, c, 6. The three zero-sequence vectors are in phase 
with one another so that they pass any fixed position together. 
All three systems of vectors are balanced, so that E aX , Ebi and E eX 
are all equal in magnitude as are E a2 , E b2 and E c2 , and E a0 , E b0y E c0 * 

In diagram (iv) of Fig. 61 the three vectors E al9 E al , and E a0 of 
diagrams (i), (ii), and (iii) are added veetorially to give vector E a , 

* The notation used here is that commonly adopted in published work on 
the subject of symmetrical components. 
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as are E bl , P &2 , P& 0 and E cl , E^, E c0 to give E b and E c respectively. 
It will be noticed that the result is an unbalanced system of vectors 
E a , E bJ and E c . Conversely, the imbalanced system E ai E b , and E c can 
be split up into, or replaced by, the three balanced systems shown in 
diagrams (i), (ii), and (iii), these three diagrams being supposed to 
correspond to the same instant of 
time, so that they may be superposed 
in one diagram to show the correct 
phase relationships between the 
nine vectors. 

We must now consider the mathe¬ 
matical treatment of symmetrical 
components. For this purpose we 
introduce a vector or operator a 
which is comparable with the oper¬ 
ator j already used, except that the 
multiplication of a vector by a 
rotates it through an angle of 120° 
in an anti-clockwise direction instead 
of by 90° as does multiplication b yj. 

Referring to Fig. 62, OP represents a vector V (or V + j . 0), while 
0P 1 is the vector aV and OJP 2 the vector a 2 V. 

Obviously 

0P 1 = aV = - 0-5 Y + j • 0-8667 
= (-0-5 + j .0-866)7 
and OP 2 = a 2 V = - 0-57 - j 0-8667 
= (— 0*5 - j“ 0-866)7 
so that a — — 0*5 + j 0-866 

and a 2 — - 0-5 - j 0-866 

Again, if we multiply vector OP 2 by a we rotate it a further 120° 
to OP , so that 

= OP = 7 or a 3 = 7 
Summarizing, we have therefore, 
a = - 0-5 + j 0-866 
a 2 = - 0-5 — i 0-866 
a z = l 

a* = a 3 . a = - 0*5 + j 0*866 
and so on. 

Et is important to note, also, that 

I -f- a 4- a 2 = 1 - 0*5 + j 0-866 - 0-5 -j 0-866 = 0 ^ 

Adopting the exponential notation of page 108, a is the unit vector l.J 3 
or l.£^ l20 ° so that any vector when multiplied by a, becomes 

The vector OP may be written in this notation as Ve 3 ‘°, OP x as 
Ve jl * 00 , and OP 2 as F^' 2400 . ' 



Pig. 62 


* 1, a and a 2 are the cube roots of unity. 
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Using the operator a in relation to the symmetrical components 
of Fig. 61 we have, for example, E cl — aE al and E bl = a 2 E ait 
so that we obtain the following equations— 


jjy al = UJJ al 

E b i = ® 2 E a 
E el = a E a 


Positive-sequence 

system 


Eb 


■ a E a , 


E*> = a 2, E a 


E n 


E b n — 


Negative-sequence 

system 

Zero-sequence 
system 


Hence the three unbalanced vectors E a> E b , and E c may he ex¬ 
pressed hy the symbolic expressions below— 

E a = E a0 -f- E al 4- E a2 = E a0 -h E al -j- E a2 . . (i) 

Ejf — E b 0 -f- E bl 4- E h2 = E a0 4~ ct 2 E al 4- u,E a 2 . . (ii) 

E c = i£ c0 4- E c i 4- -^c2 — -^ao + a -^ai + a 2 E a 2 . . (iii) 

The symmetrical components l£ a0 , j£ al , and E aZ may be derived, in 
terms of the three unbalanced vectors E a , E ly and E ei from these 
equations as shown below. 

Positive-Sequence Components. Utilizing the values obtained in 
equations (i), (ii), and (iii) we have for the sum of E a> aE b , and a z E 0 

E a 4“ a E b 4“ u 2 E c = E a0 (1 4~ a 4~ & 2 ) 

■4* E a i (1 4 -f a?) 4~ Ea2 (1 4~ fl2 4* & 4 ) 

— 3 E al since a 4 = a, a 3 = 1 

and 1 -{- a -|- a 2 = 0 


Hence 


E 


al — 


E a 4 ~ cbE-fr 4 - 


Negative-sequence Components . Again, from (i), (ii) and (iii) 

i7a 4" a2 Ei 4~ “= -^ao (14^4 a; 2 ) 

4- E al (1 + a* + a 2 ) 

4- El a 2 (1 4~ a s 4- a 3 ) 

— 3F a2 

jjt __ E a 4- a 2 Eb + aE c 

jjj a2 — - 


Hence 


Zero-sequence Components . Adding (i), (ii) and (iii) we have 
E a 4“ E b 4 ~ E c = 3 E a0 4~ E al (1 -f- a z -j- a) 

~h E a2 (14^4 a2 ) 

E a + E h + J®, 


E„ 


■■ = -Bco 



CIRCUIT ANALYSIS 


123 


The zero-sequence components are thus each equal to one-third the 
vector sum of the three unbalanced vectors. 

These statements and equations may, from the use of the symbol 
E throughout, be taken to apply to voltage vectors, but they apply 
in exactly the same way to current or impedance vectors. 

From the above, two important facts are immediately apparent. 
First, if a system is balanced, the zero-sequence and negative- 
sequence components are both zero, since we may write E b = aSE a 
and E c = aE a from which 


E a o = 


Eg + Q*jgq 


Eg (1-j-g-f- a?) 


En» = 


_ Eg + a^Eg 4 g 2 E a _ E a ( 1 + a + a 2 ) 


The positive-sequence components are equal to the balanced 
vectors themselves since 


E a 4 a?E a 4 a % E a 
3 


A = E 


Again, although three vectors may not constitute a balanced 
system, yet if their resultant is zero (i.e. if the vector sum E a + E h 
-f- E c is zero) the zero-sequence components must be zero since 
E a0 — (E a + E b -f- E C )J 3 = 0. It follows, therefore, that in a mesh- 
connected system there are no zero-sequence components of voltage 
and in a star-connected three-wire system with an insulated neutral 
point there are no zero-sequence components of current. 

It must be realized that in the few pages of available space here 
no more than a brief introduction to the method of symmetrical 
components can be given. For fuller treatment, including the 
application of the method to the calculation of networks upon 
which there are faults, for which purpose it is particularly suited, 
the reader should refer to the works mentioned at the end of the 
chapter. 

Before concluding, however, the application of the method will 
be illustrated by an alternative solution of the problem given on 
page 118. 

Example. Let E a , E b , and be the voltages, line to neutral, applied to 
the impedances 1, 2, and 3 in Fig. 60. 

Then 

E a = (5 — 10?) I x = (5 - 10?) [I a0 4 lax 4 
E b — (6 4 5j) 1 2 = (6 4 Sj) [Ao -f- Im 4- Ibnl 

E c = (3 4 15?) I s —(3 4 1 5j) ll c0 4 I a 4 J.J 

where I l9 I 29 and l z are the three line currents, expressed in symbolic notation. 
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and I a0 , I al , I a2 , etc., their symmetrical components. Since there is no fourth 
wire the zero-sequence components i o0 , I b0 , and l c0 are zero, so that we have 

E a = (5 - 10/) [I 0 -b/ o2 ]. (*) 

^-(6+ 5j) [I bl 4 I b2 l = (6 + 5/) [a*I al + aI o2 ] . . . (y) 

E c = (3 + 15/) [I el + I c2 ] = (3 + 15/) [aJ al 4 a 2 / a2 ] . . . (z) 

Now, from the vector diagram of Fig. 60 

E a — E b = 440; E b — E e = a* . 440; E e -E a = a. 440 

From (x) and (y), by subtraction, giving a and a 2 their known values, 
E a ~~E b = I al [3*66 - 2-3/] 4- I a2 [12-34 - 12-7 j] = 440 

Again, from (y) and (z) 

E b -E e = I al [15-84- 2*8/3 *4 *«* [- 18*84 4 12-8/] 

= o 3 .440 = - 220 - 381/ 

And, from (z) and (x) 

E c ~-E a = J al [- 19*5 4- 5-1/] 4 I a* [6*5 - 0*1/] 

= a . 440 = — 220 4- 381/ 


Only the first two of these equations are needed to evaluate I al and I a2 . 
First eliminating 4ii by multiplying the first equation by [15*84— 2-8/] and 
the second by [3*66 — 2*3/] and subtracting, we have for I a2 


and 


I a2 = 12-6 -f 18*8/ 

440- [12-34- 12-7/]J a2 
al 3*66 -2-3/ 


17-8— 8-5 


Then 

A = Jai 4 I a2 - 30-4 -f 10-1/ 
which is the same result as previously obtained on page 119. 


We may proceed to find I z and I 3 as follows— 
I z = oPIcii 4 - al a2 
= — 38-86— 9-55/ 

X 3 — clJ a x 4 E 1 ! a2 

= 8-46 — 0-55/ 


Graphical methods of determining the symmetrical components 
of three unbalanced voltages or cuirents are discussed fully in 
Chapter XIII of the book by Wagner and Evans mentioned in Ref. 
(7). The measurement of such quantities is also dealt with in 
Chapter XTV of the same book. Specially constructed meters for the 
analysis of unbalanced voltages and currents into their symmetrical 
components are described in a paper by T. A. Rich (Ref. (11) ). 
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CHAPTER IV 

CAPACITORS, CAPACITANCE, AND DIELECTRICS 


General Considerations. In Chapter I capacitance was defined with 
reference to a number of conductors having different charges and 
being at different potentials. Self- and earth-capacitances were also 
discussed. Before proceeding to develop formulae for the capacit¬ 
ances of various common arrangements of conductors encountered 
in practice it may be well to give these matters a little farther 
consideration. 
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Fig. 63. System of Charged Con-dtjctors Near to 
Earth 


Fig. 63 shows a general system of conductors in air, situated at 
various distances from earth and from one another. If all these 
conductors are at the same potential above earth, varying quantities 
of electric flux will pass from them to earth, these fluxes depending, 
in each case, upon the size and shape of the conductor, and upon 
its position relative to earth—i.e. upon the “earth capacitance” of 
each conductor. No flux will pass from one conductor to another, 
since they are all at the same potential above earth. The quantities 
of positive electricity existing upon the various conductors will be 
different, since their earth capacitances are different and their 
potentials the same. 

Suppose the capacitances of the various conductors to earth are 
given by C k , C B , C c , etc. Suppose now that the conductors are 
charged to different potentials V A , V B) F c , etc., above earth. In this 
case, not only will some flux pass from each conductor to earth, but, 
in addition, flux will pass between any one conductor and each of 
the others in the system. Each of these inter-conductor fluxes will 
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be proportional to the difference of potential of the conductors 
between which it exists, and its direction will, of course, depend upon, 
which of the two conductors concerned is at the higher potential. 
If conductor i is at a higher potential than any of the other con¬ 
ductors, fluxes will flow from it, which may be represented by 
f±o ^ad> an< ^ so 013 5 the second suffix letter indicating, in each case, 
the conductor to which the particular flux radiated from A flows. 
If B is at the second highest potential, the fluxes radiating from it 
are-t/? BA , ip BC , yj BB , etc., and for conductor C, - ^ OA . - y> CB , etc., 
assuming it to be the third highest in potential. As stated above 
there will be, in each case, an earth flux which may be represented 

by y> B > Vo etc - 

It may be supposed that a portion of the total charge of each 
conductor is associated with each of the fluxes radiating from that 
conductor. These portions of charge will, of course, be proportional 
to the corresponding fluxes, and therefore will be proportional to 
the differences in potential between the pairs of conductors. Repre¬ 
senting these portions of charge, in the case of A by Q aB , 
etc., and in the case of B by Q bA , Q to0 , etc., and so on, we have for 

the total charges on the various conductors 

Qs = C A V A + C ae (F a - F B ) + C A0 (V A - F 0 ) + C AB (V A - F d ) + . . . 

Q* = c B v B + c 1 B (F B - f a ) + c BC (F B - f c ) + cur,- F B ) +. . . 

Qc = 0 c r c + c A0 (V 0 - r A ) + c BV (V 0 - r B ) + c ob (F 0 - v D ) +. .. 

(81) 

Thus, if there are n capacitors, each one has n component capa¬ 
citances, including its earth capacitance. 

In most cases in practice we are concerned with two (or it may be 
three or four) conductors, which are so near together, compared 
with their distances from other conductors and from earth, that the 
capacitances due to the latter can be neglected. Thus, in the case of a 
capacitor having two plates, A and B , near'together, it is only the 
capacitance which is considered, and this is spoken of as the 
capacitance of the capacitor. In the cases considered in the following 
pages earth capacitances and inter-capacitances with conductors 
other than those forming the arrangement under consideration, will 
be neglected unless otherwise stated. The earth capacitance, and 
intercapacitance with other conductors, may, however, be of con¬ 
siderable importance if the capacitor is of small capacitance and large 
dimensions. In the case of capacitors of capacitance A* microfarad 
and over, earth capacitances are usually negligible. 

Capacitance of Various Systems of Conductors* 1 . Capacitance of 
an Isolated Spherical Conductor. Suppose the spherical con¬ 
ductor to be perfectly insulated and at an infinite distance from all 
other conductors. Let its radius he R cm. and let the medium 
surrounding it have permittivity k. 
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If a charge of Q units of electricity be given to the sphere, the 
intensity of the electric field at any point outside it is the same as it 
would be if the charge were concentrated at the centre of the sphere. 
Thus, the intensity at any point P, distant x cm. from the centre of 
the sphere, is, from Equation (1), 

» Q 


and the potential of the sphere is given by 


= / —2 
v/r 


The capacitance of the_ Q /Q<n 

isolated sphere = Qj K R 

If the sphere is in air, its capacitance in electrostatic c.g.s. units is 
equal to its radius P, expresed in centimetres; or, in air, 

R 


2. Capacitance of a Sphebical Conductob Inside a Con¬ 
centric Hollow Conducting Sphere. Let the radii of the inner 
and outer spheres be R x and R 2 cm. respectively, the latter being 
the radius of the inner spherical surface of the outer sphere. Let- 
k be the permittivity of the medium between them. 

If a charge of -f- Q units be given to the inner sphere a charge of 
- Q units will be induced on the inner surface of the outer sphere. 
Since, as shown in Chapter I, the intensity at any point inside a 
hollow charged conductor is zero, the intensity at any point between 
the two spheres will be that due to the inner sphere only. Taking 
any point P, distant x cm. from the centre of the inner sphere, and, 
as before, considering the charge on this sphere to be concentrated 
at its centre, we have, for the intensity at P, 

T7t _ Q 


The potential difference between the spheres is given by 




* The potentials and capacitances here and in the rest of the chapter are 
expressed in e.s.c.g.s. units hut can be expressed in m.k.s. units if k q , the 
permittivity of free space, is inserted (see Ch. II). 

f This conversion to farads—by dividing by 9 X lO 13 —will be omitted in 
the rest of the chapter. 
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• V= Q(±-±\ 

«\Zx R*) 

Hence, the capacitance of the arrangement is 
n — Q. — _ Q _ kBjR 2 

K \^i -^2/ 


(83) 


3. Capacitance Between Two Spheres at a Relativesy 
Great Distance Apart. In this case each sphere will have its own 
“self-capacitance,” and also a mutual capacitance with the other 
sphere. Suppose that the two spheres have equal and opposite 



Fig. 64. Two Chabged Sphebes 


charges, and are at a relatively great distance apart, and infinitely 
distant from all other bodies.* 

Under these conditions, if the charges upon spheres A and B are 
+ Q and — Q units, and their potentials V 1 and then the cap¬ 
acitance between the spheres is 


C = 


Q 

Vx-V s 


Let the spheres have radii B x and B 2 cm. respectively, and let 
their distance apart be D cm. in air (see Rig. 64). Then the potential 

at the centre 0 k of sphere A due to its own charge is ■— If the 

second sphere is distant from sphere A, the potential at 0 A due to 

the charge on B is - ~ 



Q 

D 


By similar reasoning 


V 2 


_Q , Q 

r 2 *~d 


* The capacitance of a system of two charged spheres in the general case 
has been fully investigated by Russell (Ref. (12) ). 
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Thus the capacitance between the spheres 

Q Q 


or 


C = 


C = 


F a - F 2 ~ Q Q (-Q 


R-iR % D 


-H 


R« 


+ 


Bi' 


.2 + i 

Z> ^ 


+ iJ 2 ) - 2iJ x if 2 

If the medium is not air but has a permittivity /c, then 
^ __ k. R X R 2 D 


(84) 


4 - R 2 ) - 2R 1 R 2 
If the spheres are equal 
kRD 

° 2 (E~R) 

where R is the common radius. 

Russell (loc. cit.) gives the capacitance of the two spheres in parallel , i.e. when 
connected by a thin wire so that they are at the same potential as 

*»-(*+*-*%*) .... (85) 

(in air), losing the symbols as above. If the spheres have equal radii R, then 
2RD _ 2 k RD 

“ bTs. or - dTR 

when, in a medium of permittivity k. 

For two equal spheres close together , the capacitance between the spheres is 
given approximately by 

a -f( l + ®)( 1 - a704 + WI + ins) • • < 86) 

electrostatic e.g.s. units in air, where i? is the common radius and a; the 
nearest distance between them (= D — 2 R). 

4. Capacitance Between Two Conducting Plates. Consider 
two equal conducting plates, placed parallel to one another, and at a 
distance D cm. apart, this distance being small compared with the 
dimensions of the plates, so that the fringing effect at the edges of 
the plates can be neglected. Let the area of each plate (one side 
only) be A sq. cm., and let the charges on the plates be + Q and 
- Q electrostatic units. 

Prom Chapter I the intensity at a point between the plates is 
where a is the density of the charge and equals . Then the 

K * jOL 

potential difference between the plates is 

m D 


-r 


4c7tQ 

kA 


. dx — 


4ttQD 

tc.A 



CAPACITORS , CAPACITANCE , DIELECTRICS 131 


Thus C — — — . 

lhus, o — v — ^ Q£) j KA - ^ D 


- (87) 


Suppose that instead of there being only one dielectric in between 
the plates, there are several parallel layers of dielectrics of thick¬ 
nesses D 1) D 2 , J> 3 , etc., and having permittivities k 13 k 2 , k 3 , etc., 
respectively, as in Fig. 65. 


Plate Area A 


Surface 1— 
Surface 2^ 
Surface 3^ 









Plate Area A 


Fig. 65. Dielectrics est Series nsr a Plate 
Capacitor 


Then potential difference between surfaces (1) and (2) is 


- 


while that between surfaces (2) and (3) is 
it _ 4 ”Q n 


and so on. Thus, the total potential difference V between the 
parallel conducting plates is 

V = Vl2 + ^23 + ^34 H~ • * • 

= + + ^ + . . \ 

A \ K ± k 2 k 3 ) 

and the capacitance between the plates is therefore 

C _Q _ ± _ 

V~ . /A . D. , D a , \ 


7^1 -^2 

Kl K 2 


K 3 


Effect of Additional Plates. If two more similar plates are added, 
one of which is connected to each of the existing plates (Fig. 66), 
and the same dielectric placed between them, then the effective 
area for the whole capacitor thus formed is 3^L, and the capacitance 

is thus increased to 

4crrD 
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In general, since the use of N plates creates xV — 1 spaces (each of 
width D cm.) the capacitance of such a capacitor with N plates is 


C = 


k.(N-1)A 
4:17 JJ 


(89) 


By this means the capacitance of a plate capacitor can be made 
large whilst using plates with only a comparatively small surface 
area. 

Although these formulae must be considered as approximations, 
if the plates are close together they are sufficiently accurate for most 



practical purposes, even though the capacitor may he in the vicinity 
of other conductors. 

5. Capacitance Between Two Long, Parallel Conducting 
Cylinders. This problem can he resolved into two separate cases, 
namely: (a) when the cylinders are at a distance apart which is 
great compared with their diameters; (b) when they are compara¬ 
tively close together. 

In the former case it is considerably easier to calculate the capa¬ 
citance between them than in the latter. This case will be considered 
first. 

Case (a). 

Fig. 67 represents two long parallel conducting cylinders, perpendicular to 
the plane of the paper, each of diameter d cm. placed at a distance D cm. apart 
in air, D being great compared with d and the cylinders being at a great 
distance from all other conductors. 

Let -f- Q and - Q units be the charges per centimetre axial length on A. and 
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5 respectively. In this case it may be assumed that the charges are concent 
trated at the axes of the cylinders. 

From Equation (4), the intensity at P, distant cc from cylinder A, due to 
20 

this cylinder is which is the force (in dynes, if Q is in electrostatic units and 

x in centimetres) upon unit charge placed at P. This force is in. the direction 
AB. Similarly, cylinder B would exert a force (of attraction) upon unit charge 
2Q 

at P of r=-- dynes, also in the direction AB. Thus the total force upon unit 

JJ — x 

charge at P is 2Q (— -f- dynes i* 1 direction AB. The potential difference 



Fig. 67. Pas alt,el Cylinders 


between the cylinders—which is the work done in moving unit charge from the 
surface of one cylinder to the surface of the other—is 

^ a 


Q. + ^4^) ] = 2Q [log, a: - log, (Z> - a 


2 D-d 
— 4<2 log, — 


i.e. potential difference between the cylinders 
F = 4Q log e 


. (90) 


,*. The capacitance between the cylinders per centimetre axial length 

Q l 


If the permittivity of the medium between the cylinders is /c, then, 
of course, 


10 13 log x 


■(“-0 


farads per cm. length 


or, the capacitance per mile of two such parallel cylinders in air is 


10 s log. 


'(“-*) 


farads 
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If D is great compared with d, 

C = - - ^ ara< ^ s P er 


Case (6). When the cylinders are comparatively close together 
the treatment of the problem differs from that of Case (a), owing to 
the fact that the charges of -ff Q and - Q cannot now be assumed to 
be concentrated at the axes of the cylinders. The charges must 
now be taken as concentrated along other axes, parallel to and in 
the same plane as the axes of the cylinders, but displaced so that the 
distance apart of the axes along which the charges are assumed to be 
concentrated is now less than the distance D. To derive an expression 
for the capacitance in this case the distribution of the electrostatic 
field between the cylinders must first be considered. 

When the cylinders are at a great distance apart, as in Case (a), 
the lines of force of the electrostatic field radiate from the cylinders 
uniformly in all directions, each line cutting the surfaces of the 
cylinders perpendicularly. Since the potential of a point along any 
one line of force decreases as the distance of the point from cylinder 
A is increased, a number of equipotential surfaces exist which are 
in the form of cylinders concentric with the cylindrical conductors, 
the lines of force cutting all of these cylinders perpendicularly. 

If the cylindrical conductors are comparatively close together 
these equipotential surfaces are still cylinders, but they are not 
concentric with the surfaces of the cylindrical conductors whose 
capacitance is to be determined, nor are they concentric with one 
another. 

It can be shown* that the equations of the traces of these cylin¬ 
drical equipotential surfaces in the plane of the paper are r ± = Mr, 
where r L and r are the distances of any point on one of the circular 
traces from the traces X and Y of the axes along which the charges 
+ Q and - Q may be assumed to be concentrated and from which 
the lines of electrostatic force radiate (these lines of force being 
circles, as in Tig. 68), and M is a constant which differs for different 
traces. Ey giving M different values a series of circular traces is 
obtained, as shown in the figure. When M — 1 the trace is a straight 
line, this being the trace of a plane the potential of all points on 
which is zero. 

Now, since the surfaces of the cylindrical conductors, are equi¬ 
potential surfaces, the equations of whose traces in the plane of the 
paper are given by the above relationship (r x = Mr), it follows that 
the traces X and T are not coincident with the axes of the conduct¬ 
ing cylinders, but are displaced as shown in Tig. 68. 

Calculation of Capacitance. To calculate the positions of the axes whose 
traces are X and Y, proceed as below. 


* See T. i 1 . Wall’s Electrical Engineering , p. 46. 
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Let the points X and F be displaced inwards from the centres of the two 
circles which are the traces of the cylindrical conductors A and B by a distance 
m in each case, and let their distance apart be l. Then l — D — 2m. 



Fig. 68. Electrostatic Field Between- Charged Parallel 
Cylinders which are Near Together 


Since the surfaces of the cylindrical conductors are equipotential surfaces, 
the equation r x — Mr holds for their traces. Consider the point P (Pig. 69) 
on the trace of cylinder Iona line through X perpendicular to the line X Y. 



Then = m 2 -f XP 2 , and XP = M(PY), since for point P, r x = XP 

and r = PY. 

Also l 2 -f- XP 2 = PF 2 

, D-l 

and m — — 

For the point S, 

ri = XS=~-ma,ndr = SY=l-(j-m^ 
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Sine© for all points on. the circular trace of 'A 
r t = Mr 


we have - — m 


= M [■-« — m ^ J for point S 


Now Z» -f Z ? 2 = PP 


-(!-«) 


1 (»’ 


(f- TO ) 


«)■-- 

i— d —I 

2 ~™ 


D — l 

Substituting m = — 5 — and solving for Z we have the solution 
£ 

i « yX) 2 -d 2 

If <£ is small compared with JD, we have Z = Z), as in Case (a). 

Thus, to calculate the capacitance between the cylinders, the treatment is 
exactly the same as that of Case (a), except that the charges -f- Q and — Q 
per centimetre axial length are considered concentrated along parallel axes 
whose distance apart is now l instead of D. 

We have then, for the intensity of field at a point such as N (Fig. 69) distant 
x from X. 

X l - X 

and the potential difference between the cylinders 

r-*-(!-”*) 


\ X l-xj 


= 4 Q log. 




V — 4Q log, 


VD 2 — d 2 and 2m = D —l 

iQ i og , r pgzr - (a - D n 

Be \_VD*-d* + (d-D) J 
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Thus capacitance per centimetre axial length is 

1 


(7=| = 


, , f V D i - d , 2 - ( d-D)~ 

° 8 ‘ [VD ! -d ! + (d - D)_ 


Rationalizing and simplifying, we have 

1 


C = 


VD 4- Vd 2 - d 2 l 

41 °g. [-3-J 


If the permittivity of the medium between the cylinders is k, we 
have 


or 


G = 


G = 


4 fog. 


K 

(jd + 

d 

1-95 


10 ■l, 8 , J (P+y^?) 


. (93) 


farads per mile of double 
conductor in air 


These capacitances are given in farads pe,r mile , since the arrange¬ 
ment of two long parallel conducting cylinders is chiefly met with in 
overhead transmission lines where the most useful unit of length is 
the mile. Formulae for the general case of two parallel cylindrical 
conductors have been given by Russell (Ref. (13) ). 

6 . Capacitance between Two Coaxial Cylinders. An im¬ 
portant case of this arrangement in practice is, of course, a concentric 
cable. 

Consider two long conducting concentric cylinders, the diameter 
of the inner one being d cm. and the inner diameter of the outer 
one being D cm. Let + Q and - Q units be their charges per centi¬ 
metre axial length. The lines of force of the electrostatic field will 
be radial, and the equipotential surfaces will be cylindrical and 
coaxial with the two conducting cylinders. The intensity of the 
field at some point at a radial distance of x cm. from the common 

2G 

axis of the cylinders will be — if the dielectric separating the 
cylinders is air. x 

Thus the potential difference between the cylinders is 


% 


2 Q 


dx 


= 2 <2 £ 


tog, 


D 


J 


V = 2Q log, ^ 
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The capacitance per centimetre length is 

O _ Q _ 1 

c ~ V-D 


The general expression for a length l cm., the dielectric having 
a permittivity k is 

C = — .(94) 


21 °S'J 


• farads per mile 


10 s log 10 J 

7. CAPACITANCE OF A SINGLE STRAIGHT CONDUCTOR PARALLEL TO 
Earth. Method oj Electric Images. This method is based upon the 
imagination of an “image” of a conductor placed above the earth’s 
surface, this image being of the same size and shape as the conductor 
considered and lying as far beneath the surface of the earth as the 
conductor considered is above the surface. The earth’s surface is 
thus in the plane of zero potential for these two conductors—con¬ 
sidering the image as being in actual fact a conductor placed at a 
distance 2 H from the original one, H being the height of this original 
conductor above the earth. 

Since the earth’s surface is at zero potential, the electrostatic 
field from the charged conductor above 
q the earth, to the surface of the earth, 

has the same distribution as the field 
Oon uctor WO uld exist between the conductor 

Ji and the zero potential plane, in the case 

of two conductors placed at a distance of 
2H apart. 

v Earth Pi or. 70 shows the trace of a evlindrieal 

conductor A lying parallel to the earth s 
surface, and at a height H cm. above the 
A earth; A' is its image. If conductor A 

has a charge of + Q nnits per cm. axial 
, length, then the potential difference 

_ : m a % e between it and conductor A', which is 

'A* supposed to have — Q units per cm. axial 

Fig. 70. Cylindrical length, is from Equation (90) 

Conductor Parallel to ATT _ a 

Earth 27 = 4Q log* . 

where d is the diameter of the conductors and is assumed small com¬ 
pared with H. V is the potential of A above that of the earth, and 
is also the potential of A' below earth potential. 


~Q...^ ma S e 


Fig. 70. Cylindrical 
Conductor Parallel to 
Earth 



CAPACITORS, CAPACITANCE, DIELECTRICS 139 


Thus V = 2Q log, 4 ^- r ^ 


and the capacitance per centimetre length of one conductor to earth 
is 




K 


2 log„ 


4H-d 

d 


■ ( 95 ) 


where the dielectric has permittivity k. 

The capacitance per mile of one conductor to earth in air is 
therefore 




3*39 


10 8 log! 


4H-d 


farads per mile 


If d is small compared with H (as is usually the case when an over¬ 
head line is considered) then 

^ 3*89 3*89 - , ... 

G — -farads per mile 


10 8 log 10 -j- 


10 8 log 10 


2 H 


where r is the radius of the conductor in centimetres. 

If d is not small compared with H , the calculation of capacitance 
must he based upon Equation (92) instead of Equation (90) as above. 

8 . Capacitance Between Two Long, Straight Conductors, 
Parallel to the Earth and to One Another. Consider two long 
cylindrical conductors M and N parallel to earth and to one another, 
their diameters being d cm. and their distance apart being D cm. Let 
H be their height above earth and let M' and N' be their images 
(Fig. 71). Suppose d small compared with H. 

Let M and N have charges of + Q and — Q per centimetre axial 
length respectively and M' and N' charges of — Q and -f- Q units 
per cm. length respectively. 

Consider a point P on the horizontal line joining the centres of 
M and N and distance x cm. from M. The intensity at P is due to 
all four conductors M, N, M', and N'. Thus intensity at P in the 
direction MN is— 


Due to M . 
Due to N . 
Due to M '. 


• (?) 

• m 

/_ 19. A — z!9 « 

• ( PM' COS V4H 2 + a; 2 ' V4W- + a: 2 


— 2Qx 

= 4 W + a: 2 
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Due to A T/ . 


2Q 


V (D - x) 2 -f 4ii 2 


cos fij 

-2Q (D - x) 
(D - x ) 2 + 4# 2 


Resultant intensity at P is 

2<3 2Q 2Qx 2Q (D - x) 

aT + D~^x " 431*+ a* (JD - xf 4- 4JS 2 



Forces acting off 
unit -f charge 
placed at P 

Due to _ P Due to 

M /T" 


r3) 


Fig. 71. Two Charged Pajraxxee Cont>tjctors Near 
to Earth 


and the potential difference between M and N is 

2 Q 2 Qx 2Q (D - 


fD-r 

-f < 


2Q 

a; 


■«) 


D - x 4cH 2 + x 2 (D - x ) 2 -f +H 2 


where r is the radius of the conductors. 
Integrating, we have 

D — r , , 4zH 2 -f- r 2 


= 2 Q |~ 


2 log. 


log. 


r ' 4H 2 -f (D - 

If j 0 is great compared with r, 

F = 4C log, 2 + 23 log, 

The capacitance between the conductors is 

1 


rf _ 3 . 

6 ” F ' 


D 477 2 

41og4+2 1og e3 ^- 


Z> 2 




(96) 


( 97 ) 
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1 


4 log, 


D 


( ™ \ 
\Vm* + i>v 
1-95 


per cm. length in air 


1A81 D 2 H 

10 8 log 10 — ( - v - 


- farads per mile 


i + DV 

The capacitance of two parallel cylinders which, are at a great 
distance from earth was previously found to he 

1*95 1-95 x , 

■ farads per mile 


10 8 log 10 


2 D 


10 s log 10 ^ 


D being great compared with r. 

_r 


. 


\C 2 V 


Tl 


n: 

— ' | fe ^3 -- J< - ^ 


:q* Cz 


(a) (b) 

Fig. 72. Capacitors tnt Series antd nr 


2 JjL 

Thus the proximity of the earth introduces the term . - 

in the denominator, as shown above. 'V4:H 2 -j- 

The capacitance of a system of three or more conductors, parallel 
and near to the earth, can be found by similar methods (Refs. 
(1), (5), (8) ). 

Capacitors in Series and Parallel, (a) Series. If a number of 
capacitors are connected in series, as in Fig. 72 (a), a potential differ¬ 
ence of V being applied between the outer terminals, there will be 
potential differences v v v z , v 3 , etc., between the different pairs of 
plates. 

Let the capacitances of the capacitors (neglecting earth capacit¬ 
ances) be <7 ls C 2 , C Zi etc. If a quantity of electricity Q units is given 
to the system of capacitors by means of a current which flows for a 
short t im e through them until they are charged to the total potential 
difference F, then 

Q _ Q __ Q 

Vl ~c;, v2 ~ c 2 V3 ~C S 


and so on. 
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If C is the capacitance of the whole system, the potential difference 
for which is V , then 




Thus, since V = % -f- v 2 -f- v z 

Q-9. + « + 9- + 

C ~ <7, ^ C z T O s ^ " ‘ ' 

I _JL+J_+JL + 

C ~ C ± ^ C 2 ^ C 3 ^ • • ' 


(98) 


(6) Pabaixee. If a potential difference V is applied to a number 
of capacitors connected in parallel (Fig. 72 ( b ) ), then the potential 
difference across the plates of such capacitors is, in each case, F, 
but the quantities of electricity given to the capacitors are now 
different for the different capacitors. If these quantities are Q 1} 
Qz, Q& etc., then 

^ or Ci = v A 


v 2 = -fr or Q 2 — v.fi 2 

and so on. 

But v l = v 2 = v 3 = . . . = V 

and the total quantity of electricity 

Q — Qi + Q 2 Qz H - * • • — CV 

where C is the total capacitance. 

Thus CV — CjVj -j- C 2 v 2 *+* C s v 3 -f- . . . 

= V(C ± + <7 2 + 63 “h • • •) 

•** C = -f- C 2 + C$ + - - . . . . (99) 

Two-core Cable. In the case of multi-core cables generally, the 
earth capacitances of the cores cannot be neglected. A two-core cable 
consists essentially of two long parallel conductors embedded in 
some insulating material, the whole being enclosed by an earthed, 
conducting cylinder, as in Fig. 73(a). 

This arrangement is equivalent to the system of capacitors shown 
in Fig. 73 ( 6 ). If the cores are represented by A and B, then C AB is 
the capacitance between cores and C A and C B the earth capacitances 
of the two conductors. We thus have C L and C B in series with one 
another this series circuit being in parallel with C AB , the equivalent 
arrangement being represented in Fig. 73(c). The capacitance of C A and 
C C 

C B in series is — A , and when this is connected in parallel with 
W ~r t/B C C 

C AB the total, or working, capacitance is C AB +■ — A- 

-f- C B 
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Three-core Cable. The capacitances which exist in the ease of a 
three-core cable are shown in Pig. 74 (a), in which C\ is the intercore 
capacitance, and C Q the earth capacitance. Diagram ( b ) shows the 



QaCb 


) 


equivalent circuit of such a cable when used on a three-phase 
system of line voltage E. 

To facilitate calculations of the charging current per line it is 




Fig. 74. Capacitance oe a Tehee-cope Cable 


usual to resolve the system shown in diagram ( b ) into either an 
equivalent mesh system, as in diagram (c), or an equivalent star 
system as in diagram ( d ). In the first case, the three capacitances C Q 
are replaced by three imaginary capacitances connected in mesh. 
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in parallel with the inter-core capacitances C 1} and having snch values 
that the charging current per line is the same as that for the actual 
cable. The magnitude of C m is thus determined as follows— 

The voltage to neutral (i.e. the voltage across each capacitor C 0 ) 
is Ej'yJZ and the charging current taken by each C 0 is (E/y/S) . co C 0 . 





Fig. 75. Cabile Cajpicitastce Measurements 


In diagram (c) the current taken by each capacitor C m is E . co C^ 
and the line current on this account is thus a/3* E . co C m . 

For equivalence this line current must be equal to (E/\/Z) . co C 0 . 


Thus, 


or 


a/3 - E . coC m 


C 


m 


_E_ 
~~ a/3 

“ 3 


coC Q 


Hence the total equivalent mesh system consists of three groups of 

C 

C ± each in parallel with C m , i.e. three capacitances <7! +- 0 

connected in mesh. ^ 
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Diagram (d) shows the equivalent star system, in which the cap¬ 
acitors C ± are replaced by three capacitors (7 3 , each in parallel with 
C 0 and of such values that the line currents are the same as for the 
actual cable. 

To determine the value of C s — 

E 

Current taken by each capacitance C s = . coC t 

Now, current taken by each capacitance (diagram ( b)) is Ea>C t , 
and the line current on this account == ^3 . EcoC-j,. 

For equivalence 

jp 

* coC s = \/3 EcoC 1 or C 3 = 3G X 


So that the total equivalent star system consists of three groups 
of capacitors in star, each consisting of C 0 and C z in parallel, i.e, 
three capacitances of C 0 + 3 C l9 

Measurements of Three-core Cable Capacitances. The values of the 
capacitances C 0 and C 1 for a given length of cable may be determined 
by means of two tests. First, the three cores are connected together 
and the capacitance between them and the sheath measured (see 
Fig. 75 (a) ). The measured capacitance is obviously 3C 0 . 

The second test may be of the capacitance between two cores, 
the third being connected to the sheath (Fig. 7 5 (b) ) or between 
two cores connected together, and the sheath and third core con¬ 
nected together (Fig. 75 (c) ). 

In the former case the capacitance obtained by the measurement is 


C 0 -f~ C% 
2 



In the latter case the measured value is 2C 0 + 2C X . 

The first test obviously enables C Q to be determined and this 
value, substituted in either of the expressions obtained above for 
the two alternative methods of carrying out the second test, renders 
G\ calculable. 

Distributed Capacitance. In the foregoing paragraphs it has been 
assumed in all cases that the surfaces of the conductors considered 
have been assumed to be equipotential surfaces. 

There are many important cases in practice when this is not so, 
and in these cases the calculation of capacitance cannot be carried 
out by the simple methods used above. In wire-wound solenoids we 
have capacitance between adjacent turns, and layers, and all the 
conductors in one layer are obviously not at the same potential. 
The earth capacitances of the turns in the coil also are not all the 



146 ELECTRICAL MEASUREMENTS 


same. In suck coils ve have what is referred to as “distributed 
capacitance. 5 5 

The effect of suck distributed capacitance is, in many cases, small 
for low-frequency work, and an equivalent circuit, which represents 
suck a coil sufficiently accurately for most purposes, can then be 
obtained by ass umin g the coil itself to be free from capacitance but as 
having a simple capacitor connected in parallel with it, and also 
having simple capacitors connected between parts of the coil and 
earth. The latter represent the distributed earth capacitance, while 
the former represents the distributed inter-turn capacitance. 



£-©OOOOOOOOO 

|=eoooooooooo^ 



% ^ (DOOOOOOOOOO 

--etoOOOOOOOOOC 

1 as 

h- L 


Electrostatic F/eJct 
between Turns 
'(shown /or a Tew 
tarns only) 


Fig. 76. Capacitance or a Two-laye4Solenoid 


If such a coil is to be used for very high frequency work, e.g. 
radio frequency work, such approximate methods of representation 
are not justifiable, since the distributed capacitance of the coil may, 
at such frequencies, become of more importance than its inductance. 

Capacitance of a Two-layer Solenoid. Fig. 76 represents a solenoid 
of circular section, having two layers of insulated wire wound con¬ 
tinuously so that, in effect, the layers are connected together at one 
end as shown. If a steady potential difference V is applied to the 
ter minals (cm') of the coil, then the potential difference between 
layers will vary from V at the left-hand end of the coil to zero at 
the right-hand end, and the electrostatic field between adjacent 
turns will thus decrease from a maximum to zero, moving from left 
to right. Morecroft (Principles of Radio Communication , Chap. II) 
calculates the internal capacitance of such a coil by treating it as, 
essentially, two coaxial conducting cylinders, whose capacitance, if 
the layers of wire are close together compared with the diameter of 
the coil, is given by the formula for flat plates, assuming at first that 
the cylinders are equipotential surfaces. 
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Thus, (7 : 


where C is the capacitance when the potential 


difference is the same throughout the axial length of the cylinders, 
A being the area of each cylindrical surface, k the permittivity of 
the medium, and D the distance between the layers. 

If R is the radius of the section of the solenoid (assumed the same 
for both layers, since their distance apart is small) and L is their 

axial length, then A = 2ttRL and C — yr=- or capacitance per 
icB 20 

centimetre axial length is . 

Actually the potential difference between layers varies along the 
axial length from V to zero. Assuming this variation to be according 
to a straight line law, we have 
Energy stored in axial length dx 

__ c . v 2 kR v 2 j 

dW = — — 22) • 2 • dx 

where v is the potential difference between layers at any point of 

Y v 

axial distance x from the left-hand end (Pig. 76). Since j- = 
we have v — (I - j\ V and 


k.R V 2 
2D 2 


/. Total energy stored is 


(>-*)■* 

?(*-!)■ 


i _ _ kRV2L 

L - 12D 


Thus, if C' is the distributed capacitance (ine.s.u.) to be calculated 


V 2 

V 2 _ kRV 2 L 
C 2 ~ 12 D 


. (IOO) 


Morecroft ( loc. cit.) gives the distributed capacitance for a solenoid 

of N layers as 4 IN— IV . 

C - Cq X 0 ( XT I * * • • 


6 — (T.5700) 
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where C 0 is the capacitance between the outermost and innermost 
layers. 

Breit (Physical Review, XVIII, p. 133 (1921) ) gives the capacit¬ 
ance for a short single-layer solenoid in air as approximately 0-07Z 
e.s.u., where Z is the length of one turn of wire on the solenoid. 

Shielding and Guard Rings. In making measurements involving the 
use of capacitors it is often desirable—and in some cases absolutely 

necessary—to shield pieces of 
apparatus from the effect of 
electrostatic fields which are 
external to the apparatus itself. 
This is done by surrounding the 
apparatus by an earthed metal 
screen which may be of thin 
aluminium or copper sheet, or 
in the form of a wire mesh. 
Charges which may be induced 
in this screen pass to earth and have no effect upon the apparatus 
inside. 

Guard rings are used in order to overcome the difficulty of calcu¬ 
lating accurately the capacitance of a capacitor which has a fringing 
electrostatic field at its edges. The distribution of such fringing 
fields is somewhat uncertain and this renders exact calculations of 
capacitance difficult. 

In calculating the capacitance of a parallel plate capacitor in a 
previous paragraph it was assumed that the effect of the field at the 
edge of the plate could he neglected. The simple formula obtained 
is rendered much more accurate by the use of a guard ring as shown 
in Fig. 77. The guard ring consists of a metal plate of the same 
thickness as the plate A which it surrounds, and from which it is 
separated by a narrow and uniform air gap. This ring is usually of 
the same outside dimensions as the opposing plate B of the cap¬ 
acitor, and is, in use, at the same potential as the plate A which it 
surrounds. Under these conditions the electrostatic field between 
the plates is perpendicular to the plates even up to the extreme 
edge of plate A , the fringing field being now transferred to the 
edges of the guard ring. The effective area of the plates to be used 
in the capacitance formula is now taken, of course, as the area of 
plate A. 

A formula which corrects for the width of the air gap between plate A and 
the guard ring (which gap should be of zero length if no correction is to be 
used) has been given by Maxwell and is 

£ + 3 • D +t-22d ( X + A) e - s - • • < 102) 

where the plate A (assumed circular) has a radius R cm., D being the distance 
between the plates in centimetres, and d being the width of the air gap, the 
dielectric being air. 


r d ,d 

ir [ Radius "*] r Guard 
i i p/sttA r 

ffate B 

Fig. 77. Gtjajrd Ring 
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When no guard ring is used, the edge effect can be taken into account in the 
calculation of capacitance by a formula due to KirchhofF. This formula is 


C = 


22 * 

4D 


-f 


12 167rJR(I>-f *) ) 

sssL i> i l0 *-5*-H 

+ <!°g e ( 2 + 7 )] • 


• (103) 


where R is the radius of the circular plates of the eapacitor, t being the thick¬ 
ness of the plates and D the distance between them, the dielectric being air. 


In cylindrical capacitors the guard ring takes the form of two 
cylinders* of the same diameter as the cylindrical electrode to which 
they are adjacent, and placed one at each end of, and coaxial with, 
this electrode. They are connected together and are, in use, charged 
to the same potential as the electrode between them. Their use 
was described in Chapter II in connection with high voltage air 
capacitors. 

^Dielectrics. The broadest definition of a dielectric is, simply, 
“an insulator.” More precisely, a dielectric is some medium in 
which a constant electrostatic field can be maintained without 
involving the supply of any appreciable amount of energy from 
outside sources. The term “dielectric ” is applied when an insulating 
material is used to separate two neighbouring conductors such as 
the plates of a capacitor. As will be seen later, dielectrics increase 
the capacitance of a system of conductors as compared with the 
capacitance of the same system of conductors existing in vacuo. 
No dielectrics are at present known which, when placed between 
two conductors, decrease the capacitance between them. 

Three very important quantities in connection with any dielectric 
are— 


(a) Its “dielectric strength.” 

( b) Its “permittivity” or “dielectric constant.” 

(c) Its “dielectric loss angle” or power factor. 

^-f^DiEriECTBic Strength. This may be defined as the ability 
of a dielectric to withstand breakdown when a voltage is applied 
to it. All insulating materials should, of course, have a very high 
resistivity, so that only an extremely small current flows through 
them when a voltage is applied. This is, however, an entirely 
different property from dielectric strength. If a gradually increasing 
voltage is applied between, say, the opposite faces of a slab of an 
insulating material, the material becomes electrically strained, the 
electrostatic field in it increasing in intensity with increasing 
voltage. Eventually a value of the field intensity is reached at 
which the material “breaks down,” i.e. the material is punctured 
and is rendered useless for insulation purposes. This effect is ob¬ 
served in the case of all insulating materials, although the magnitude 
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of the field intensity, or “potential gradient,” for which it occurs 
differs for different materials. In liquid or gaseous dielectrics the 
breakdown is only temporary. 

The dielectric strength is expressed in volts per millimetre or 
per centimetre, or in kilovolts per centimetre, etc. 

The true or intrinsic dielectric strength of solid materials can be 
measured only if all discharges in the ambient medium are eliminated 
and if the heating effect of the applied field is negligible. Such 
intrinsic strengths are difficult to measure, but have been obtained 
for a few good dielectrics and lie in the region of 5 X 10 6 V/cm. 
When the dielectric strength is measured in the conventional manner 
between disc or sphere electrodes the breakdown is due to intense 
local concentration of stress at the end of ionic discharges outside 
the material, and values from 5 to 50 times lower than the intrinsic 
value are obtained. It is these lower values which are quoted in 
Table VII. The dielectric strength so measured is dependent on the 
geometry of the electrodes, upon the nature of the ambient medium 
(air or oil) and upon the thickness of the specimen, but no exact 
laws can be quoted. If the time of a test is prolonged to days or 
weeks in order to represent the useful life of the material, still lower 
values of breakdown strength are obtained which depend either on 
the erosion of microscopic holes through the material by ionic 
bombardment or on electro-chemical changes in the structure of the 
insulation. In low grade materials failure may be due to thermal 
instability, resulting from the heat liberated by dielectric losses. 

When the applied voltage is alternating, the frequency of the 
supply affects the dielectric strength and, also, since the maximum 
value of the voltage is responsible for the breakdown, the wave-form 
of the voltage, as well as its r.m.s. value, is important. The shape 
of the electrodes by means of which the voltage is applied is impor¬ 
tant, since the distribution of the electrostatic field depends upon 
this shape, which therefore affects the dielectric strength. The true 
dielectric strength is the strength at breakdown when the electro¬ 
static field is uniform. 


Potential Gradient. In practice the potential gradient is an im¬ 
portant matter. Consider the case of a single-core cable with a 
conducting outer sheath. Trom page 6 we have for the field 
intensity at a point, between two coaxial cylinders, and at a distance 


x from their common axis E — — where Q is the charge on the 


inner conductor per centimetre axial length. Since the potential 
between two points is given by fEdx, E is the potential gradient at 
any point. If R 1 is the radius of the core, and R 2 the internal radius 


of the sheath, the potential gradient at the surface of the core is 

20 20 

— 5 -, and at the internal surface of the sheath ; the gradient 

KT-tVj kK 
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in between these points varying as shown in Fig. 78 (a). Now, if the 
dielectric between the core and sheath consists of only one material, 
of permittivity k, which is capable of withstanding, without break- 

20 

down, the maximum stress —= 7 - at the core surface, then the outer 

layers of dielectric, approaching the sheath, will not be economically 
used. 

Graded Cables. To effect a more economical utilization of the 
dielectric between the core and sheath, several different dielectrics, 



Figs. 78. Potential Gradient in Sing-le-core Cables 


of permittivities k 13 k 2 , k 33 etc., are used, these being arranged so 
that their permittivities are in descending order as the radius 
increases. Cables insulated in this way are referred to as “graded” 
cables. Obviously, if the dielectric used could be varied continuously 
so that k varied inversely as the radius x, an absolutely uniform 
potential gradient could be obtained, between core and sheath, as 
shown in the dotted line in Fig. 78 ( 6 ). Actually the potential 
gradient varies in the manner shown in the full-line curve. 

In the previous work the potential difference between two coaxial 
cylinders of radii R 1 and R 2 was found to be 


V = 



R 2 

Rx 


Q = 


Vjc 


from which 


(104) 
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Substituting this value for Q, we have for the potential gradient 
at any radius x 

o Vk- V 

4 . ~ W = - —a • - (105) 

2 log, gS x log, 

when only one dielectric, of permittivity k, is used. 



Another method of obtaining a uniform potential gradient be¬ 
tween two coaxial cylinders is by the interposition of metal inter¬ 
sheaths (oonsisting of cylindrical sheets of metal foil coaxial with 
the two conductors) in the dielectric, between the charged con¬ 
ductors. As an example of the use of such intersheaths, a “ Con¬ 
denser Bushing 55 will be considered. 

Condenser Bushing. This is a type of bushing which is commonly 
used for the terminals of high voltage transformers and switchgear. 
Fig. 79 shows a conductor A which is charged to some high voltage 
V. This conductor is insulated from the flange B (at earth potential, 
say), by a condenser bushing consisting of some dielectric material 
with metal-foil cylindrical sheaths of different lengths and radii 
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embedded in it-, thus splitting up what is essentially a capacitor, 
having the high tension conductor and flange as its plates, into a 
number of capacitors in series. The capacitances of the capacitors 
formed by the metal-foil cylinders are given by the equation 


Z being the axial length of the capacitor and R 1 and R 2 the radii of 
its cylindrical plates (assumed to be of negligible thickness in the 



Fig. 80. Effect of Dielectric Thickness Upon Potential 
Gradient in a Plate Capacitor 


case of the metal foil). If these capacitors all have the same capa¬ 
citance, since Q is the same for all (being the charge per centimetre 
axial length of the high, tension conductor), the potential differences 
between their plates will be equal. They can be made to have the 
same capacitance by suitably choosing the axial lengths of successive 

R 

sheets of foil together with the ratios of their radii —. If the radial 

spaces between successive sheets of foil are made equal and the 
lengths adjusted to make the capacitances equal, the potential 
gradient in the dielectric is uniform, but the edges of foil sheets lie on 
a curve, thus giving unequal surfaces of dielectric between the edges 
of successive sheets. This is undesirable from the point of view of 
flashover by ‘‘creeping” along the surface. If the differences be¬ 
tween the lengths of successive sheets are made equal, the radial 
potential gradient is not uniform. A compromise between the two 
conditions is usually adopted. 

Effect of Varying Thicknesses of Solid Dielectric upon the Potential 
Gradient Between Parallel Plates. Fig. 80 shows the effect upon the 
potential gradient of varying the thickness of a slab of solid dielectric 
which is situated between the plates of a parallel plate capacitor. 



154 


ELECTRICAL MEASUREMENTS 


one plate being charged to a potential V volts and the other being 
at earth potential. The remaining space is air. 

If a is the surface density of charge on the plates and k the per¬ 
mittivity of the solid dielectric, we have— 

Intensity in solid dielectric = = E D 


Intensity in air space = 4 77-0 — E A 

Thus kE b — E A 

Also, if d is the thickness of solid dielectric 


or 


E d . d + E a (D - d) = V 
Substituting for E D we have 

Lr d + E AD - d) = V 

K 

V 


E a = 


-i'-i) 


T> 


(106) 


Thus, increase of d increases the potential gradient in the air space, 
as is shown in Fig. 80. Also, if k is much greater than 1, the poten- 

V 

tial gradient in the ah* space approaches the value ^ , which 

means that, in this case, the whole of the potential drop is across the 
air space. 

The high potential gradient so produced is very likely to cause 
breakdown of the air in the case of a thin film of air included between 
a solid dielectric and a conducting plate. The air then becomes 
“ionized,” and the insulation will ultimately fail due to damage by 
ionic bombardment. 

The dielectric strengths of the most important insulating materials 
are given in Table VII under the conditions of the conventional one- 
minute dielectric strength test. The electrodes used in carrying out 
tests of dielectric strength are usually fiat plates with rounded edges 
or smooth spheres of large diameter. In either case a fairly uniform 
electrostatic field is obtained. 

Permittivity . This quantity is defined as the ratio 

The capacitance of a capacitor having the material 
considered as its dielectric 

The capacitance of the same capacitor with air as 
the dielectric 


Strictly, the capacitance in the denominator should be that 
obtained when a vacuum exists between the plates, since the 
permittivity of a vacuum is unity, while that of air is about 
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1*0006. Most gaseous dielectrics have permittivity of the same 
order as that of air, while solid and liquid dielectrics have values of 
k varying from about 2 upwards, as shown in Table VII. 


TABLE VII 

Properties of Dielectrics 


Dielectric 

Approx. Dielectric 
Strength 

Volts/mm. 

Permittivity 

Power Factor 
( / = 50 c/s. except 
where noted) 

Bakelite .... 

20,000-25,000 

5-6 


Bitumen (Vulcanized) . 

14,000 

4-5 


Cotton. Cloth (varnished) 

3,000-4,000 

4*5-5*5 

0*2 

Ebonite .... 

10,000-40,000 

2 -S 

0-01 

Empire cloth 

10 ,000-20,000 

2 


fibre. 

5,000 

4-6 


Glass (plate) 

5,000-12,000 

6-7 

0*006 (f = 800-1,000) 

Guttapercha 

10 ,000-20,000 

3-5 


Hard rubber (loaded) 

10,000-25,000 

3*5-4*5 

0-016 

Marble .... 

6,000 

8 


Mica (Muscovite) . 

40,000-150,000 

4*5-7 

0-0003 

Mycalex .... 


6-7 

0*002-0*005 

Paper (dry) .... 

4,000-10,000 

1-9-2-9 

0-005 

Paraffin wax 

8,000 

2-2 

0-0003 (/ = 800-1,000) 

Polystyrene .... 


2*5-2*7 

0*0002 

Polythene .... 


2-3 

0*0001 

Porcelain .... 

9,000-20,000 

5*5-6*5 

0*005-0*01 

Shellac .... 

5,000-20,000 

2*3-3 8 

0-008 

Silica (fused transparent) 


3-8 

0-0001-0*0003 

Slate ..... 

3,000 

6-7*5 


Steatite .... 


4-1-6-5 

0-002 

Mineral insulating oil 

25,000-30,000 

2-2*5 

0*0002 

Water . 


40-90 

(decreases with 
increase of 
temperature) 



Note. Owing to the different qualities of the various materials and to the 
variations in results according to the conditions of the test (e.g. frequency, 
and temperature) the above figures must be regarded as approximations only. 
The properties of dielectrics, including many of the recently introduced plastic 
materials are given in Refs. (39) to (44). 

Dielectric Loss and Power Factor. If a steady voltage 
V is applied to the plates of a perfect capacitor a “charging current” 
flows from the supply for a short time and gives to the capacitor a 
certain quantity Q of electricity, which is sufficient to produce a 
potential diff erence between the capacitor plates of V volts. When 
this potential difference has been attained, the current ceases to 
flow, the quantity of electricity Q, which has been supplied, being 
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given by Q = CV where C is the capacitance and is, of course, de¬ 
pendent upon the permittivity of the dielectric. In a perfect 
capacitor, therefore, the dielectric has only one electrical property, 
namely that of permittivity. It is found_thjajLwith.a 

( ‘^ 3ie5ctrics the c urrent d 

Vliat c ease 
ve, 

ljy^ove r_a long period of 

tim^asThown in Fig. 81. This 
means that dielectrics have 
other properties beyond that of 
permittivity. 

A very small “conduction 15 
current will, of course, flow 
through the dielectric because 
of the fact that the resistance 
of the dielectric, though very 
high, is not infinite. This does 
not explain, however, the phe¬ 
nomena observed in most dielectrics, since the current is at first 
larger than that due to plain conduction and also it is not a constant 
current, but dies away gradually. 

This second phenomenon is referred to as “absorption” and 
dielectrics in which it occurs are said to be “absorptive.” All 
dielectrics are absorptive to some degree. If an absorptive capacitor 
after being charged, is discharged, the discharging connection being 
removed after a short time, it is found that the potential difference 
between the plates gradually rises again, i.e. the capacitor charges 
itself. This is known as the “residual” effect. Absorption is explained 
by assuming that there is a viscous movement of the molecules or 
ions of a dielectric when the plates between which it is situated are 
charged. In charging such a capacitor there are rapid electronic and 
molecular movements which correspond to the initial charging 
current. Thereafter there are slower molecular and ionic movements 
which correspond to the absorption current. Finally, there is a 
steady flow of ions which corresponds to the true conduction 
current. 

The capacitance of a capacitor may thus be divided into two com-' 
ponents, viz. the “geometric capacitance” and the “absorptive 
capacitance.” In measuring the capacitance of a capacitor on direct 
current, the time of charging is thus very important. The shorter the 
charging time (provided this is long enough to charge the capacitor 
to the potential difference applied), the nearer the measured capa¬ 
citance approaches the “geometric” capacitance. Fig. 82 shows the 
variation of the quantity of charge with time in an absorptive cap¬ 
acitor. The measurement of resistance of dielectrics must also be 
carried out, having regard to the time of application of the p.d., since 



Fig. 81. Charging Current 
in an Imperfect Capacitor 
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the current in a perfect capacitor of capacitance C farads is 
i — coC . V max cos cot 

Its r.m.s. value is coC.V amps, where V is the r.m.s. value of the 
applied voltage. Owing to the dielectric loss, the current in capacitors 
used in practice leads the voltage by some angle which is slightly 
less than 90°, as in Fig. 84 ( b ). The angle <f> is the “phase angle” of 
the capacitor, the power factor being cos <j>. The angle <5, which 
equals 90— cf >, is called the “loss angle.” Obviously the power 
factor may also be expressed as sin <3. 

In a perfect capacitor <j> — 90°, and therefore S = 0. The dielec¬ 
tric loss in an imperfect capacitor is given by IF cos cf> or IV sin <5 
where I and V are r.m.s. values of current and voltage. Thus the 

loss in a perfect capacitor is 

IV sin <5 = 0, since <5 = 0 
A capacitor having dielectric loss can 
be represented, at any single frequency, 
by a perfect capacitor in parallel with 
a resistance as in Fig. 85, but the value 
of the equivalent resistance in general 
varies with frequency. The current I 
in the capacitor can be split up into a 
current I r in the resistance branch, in 
phase with the voltage, and a current I c in the capacitor branch, 
leading the voltage by 90°. These components are shown in Fig. 
84(6). Then 

I c = caCV = 1 cos <5 

where C is the effective capacitance of the capacitor, 

.’. C — -4=7 cos 3 
co V 



R 


It** 

—wvwv— 


l c 

; c 

— II — 



Fig-. 85. Symbolic 
Representation of an 
Imperfect Capacitor 


The dielectric loss P — IV sin <5 


= V sin <5 X 


VcoC 
cos <5 


= V 2 o>C tan <5 watts , . . (107) 

if C is in farads and V in volts. \ 

The works referred to at the endlof the chapter should he consulted 
by those who wish to carry the study of dielectric loss further. Refs. 
(15), (16), and (40) give the effect of frequency and of temperature 
upon dielectric loss. W. H. F. Griffiths* has investigated the 
question of losses in variable air capacitors. 


* Experimental Wireless and The Wireless Engineer , Vol. VIII, No. 90, 
March, 1931. 
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Measurement of Dielectric Loss and Power Factor, Tlie two groups 
of methods of measuring dielectric losses which have been used are— 

(a) Wattmeter methods, 

(b) Eridge methods. 

The cathode-ray oscillograph has also been applied to such 
measurements and is still used to investigate the dielectric properties 
of non-linear materials which would give no balance in a bridge 
circuit. One example of such a material is barium titanate. 

(a) Wattmeter Methods. These are now very seldom used and 
will be described here only briefly. 



Fig. 86. Wattmeter Method of Measuring Dielectric 
Loss and Power Factor 


Fig. 86 shows the connection diagram for a dynamometer watt¬ 
meter when used for this purpose. Owing to the very small power 
loss and low power factor (usually less than 0-01) the wattmeter 
must be very sensitive. A “null” method of use is preferable, the 
wattmeter reading being made zero by adjustment of the variable 
inductance L in the pressure coil circuit; this brings about a 90° 
phase difference between I c and I v . 

Since the loss angle d } of the capacitor 0 under test, is very small, 
as is also the angle (3, we may write 

+ . BY BV 

ta n ^ == _ = __ a Ppros . 

= T^c = mGr ‘ approx - 

(3 = tan~ 1 a>C r r c 
a = tan -1 — , so that. 

<j> = 90 - a + ft 

= 90 - tan" 1 ^—1 -f tan -1 coCr c 


Thus 

Again 
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The power factor of the capacitor is cos cf> and its loss angle 

<5 = a-0. 

Obviously, in addition to the value of the variable inductance X, 
the values of the inductance l v and resistance r v of the pressure coil 
circuit, of the resistance r c of the current coil and C and co must be 
known. 

Rosa (Ref. (18) ) has described several null methods of measure¬ 
ment of dielectric loss using wattmeters. 

Electrostatic Wattmeter Method . This method has been used by 
many investigators. Fig. 87 ( a ) shows the connections for the method 



Fig. 87. Dielectric Loss Measurement by Electrostatic 
Wattmeteb 


as used by Rayner (Ref. (20)). Fig. 87 ( b ) gives the equivalent diagram 
showing the instantaneous potentials v Jf v 2> etc., at various points; 
r is a non-inductive resistance. 

The moving vane of the electrostatic instrument is connected to 
a tapping point on the high voltage winding of a transformer from 
which the supply is obtained. 

The sample of insulating material whose dielectric loss is to be 
measured, is connected as shown and is provided with a guard ring 
which is earthed. 

From the theory of the electrostatic wattmeter given in Chap. XX, 
it can be shown that the mean torque of the wattmeter is propor¬ 
tional to 




7 * 2/2 

2 


where P = dielectric power loss 


I = r.m.s. value of the current 


Then, if K is the constant of the instrument and D is the deflection, 
we have 

f ?*2/2 

- {P + rP-)-—=KD 


from which 


p = n^D 

r 2 
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If the tapping point on the transformer winding is adjusted so 
that n = 2, the second term becomes zero, and we have 

p_2KD 

r 

This avoids the correction for the powej>-loss in the resistance r. 

The voltage used by Rayner in hi^nfeasurements was 10,000 volts. • 
Bbidge Methods T he^ -^cherm^ bridge method is now 
me most widely used of all metEocfe'"of measuring dielectric loss 
and power factor. All bridge methods consist essentially of a 



g Transformer p 
o High Voltage \?‘sf 

. io Winding \Ss\C 2 (Standard 

Sg J Y// Air Capacitor 

3K f/f 'ZZ*. ^\Y\ with Guard King) 

-- Screens 


Fig. 88. Coistn^ctiosts or Schering Bridge 


Wheatstone bridge network, the battery supply being replaced by 
an a.c. supply at either power frequency or some higher frequency. 
The detector used depends upon the frequency, a vibration galvano¬ 
meter being used for power frequency work and telephones for work 
at higher frequencies, the latter being often of tbe order of 800 to 
1,000 cycles per second. 

Fig. 88 gives the connections of the Schering bridge, which can 
be used with high or low voltages. C 1 is the capacitor whose power 
factor is to be measured, R 1 being an imaginary resistance repre¬ 
senting its dielectric loss component. C 2 is a standard air capacitor, 
of the type described in Chapter II. R 2 and R 4 are non-inductive 
resistors, the former being variable. C 4 is a variable capacitor 
Earthed screens are provided in order to avoid errors due to inter- 
^e^ffacitance between the high and low voltage arms of the bridge. 
Instead of earthing one point on the network as shown in the figure, 
the earth capacitance effect on the galvanometer and leads is elimin¬ 
ated by means of a “Wagner^arth 55 device (Ref. (22)), which will be 
described in a later chapter.JV.G. is a vibration galvanometer of a 
special design suited to th€"purpose. This must have a higi^eurrent * 
sensitivity, since the impedances of arms 1 and 2 of tH?bridge are 
usually very high. For the same reason, this method of measure¬ 
ment involves only a small power loss. Since the impedances of 
branches 3 and 4 are usually small compared with those of arms 1 
and 2, the galvanometer and the resistances are at a potential of 
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only a few volts above earth even when a high voltage supply (of the 
order of 100 kilovolts) is used, except in the case of breakdown of 
one of the capacitor arms I and II. 

In use, the bridge is balanced by successive variation of R s and 
C A until the vibration galvanometer indicate^ zero deflection. Then, 
at balance, 




R_ 
' ' R. 


- cos 2 (3 


AT "^4 

C 2 . ^ approx. 


( 109 ) 


since 3 is small, and 

tan 6 = R^co .Ci . . . . (110) 

where ca — 2tt X frequency 

S = the “loss angle 3 ’ of the capacitor, sin jVgiving the 
power factor 

C x = the effective parallel capacitance of the test capacitor 
C 2 = the capacitance of the standard capacitor 

Theory. Consider first the impedances of the four arms of the bridge num¬ 
bered I, II, III, and IV in Fig. 88. 

Arm I. Consider this arm as consisting of the effective parallel capacitance 
of the capacitor whose power factor is to be obtained, in parallel with a 
resistance R 19 as shown, the latter representing its loss component. 

Total admittance of arm I ==* i + 

( coCj 

— + JOJC-L 

Impedance of arm I = 


Arm II. 
Arm III. 
Arm IV. 


■g- + jmC 
Impedance = 72 a = z 3 


Impedance = 


Impedance = 


1 -f ja)O t JR A 



Under balance conditions 

R, 


-0 

coC 2 


1 + jcoC^R^) 




-3 

ooCiRi 


(1 -f joC A R A ) 


1 4 * 3 <r>CJ 4 R 4 , 


Rationalizing, we have 


Rz( 1 +■ aPCfRf) 
Equating real terms 

R . 


-3 

c 0 G 2 R 4 
C 4 R i 


(1 4/toOA) 
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Now, from Fig. 89, which shows the vector diagram for the capacitor 
(C 1 and R x in parallel) when a voltage E is applied to it, 

cos<5: E<o0 ' 

Vl + “^> 2 


cos 2 <5 = 


1 -f (oKffRf 





Fig. 89. Vector Diagram for G x and Jt x ent Parallel 



Fig. 90. Vector Diagram for Schering Bridge 
Balance Conditions 


•Substituting cos 2 <5 in the equation of real terms obtained above, we have 
cos 2 d __ GjJR 8 
(o 2 G x z Ri C 2 

r C 2 cos 2 <5 

** 1 ~ c oHJjCAB* 

From Fig. 90, showing the complete vector diagram for the bridge network 
under balance conditions, 

tan <5 = = coC* JR 4 
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(which is the expression previously stated), and also 

J_ 

R x _1 

coC t c oC±R\ 

1 


tan S — /-f — 


eo(7 4 i? 4 = 
22* = 


0 ) 0^2 

1 


o>2C7 1 a 4 i? 1 

Substituting i? 4 in the expression for Cj gives 


<v 


-R 8 


cos 2 <5 


as previously stated. 

^imperfect Capacitor as a Series Circuit. An alternative method to that of 
representing an imperfect capacitor diagrammatically as a perfect capacitor 
C 19 in parallel with a resistance jR 19 is to represent it as a perfect capacitor C a 
in series with a resistance i? a . 

The impedances in the two cases are 

= S i + dKv& - “ the paral,el representati011 


and 


R, - 


o 

in the series representation. 


By equating the real and imaginary terms in the two impedances we obtain 
the relationships 


and 


R* = 


G, = 




1 + ctfOSRS 
1 + co*C x *R* 
co^R^ 


The vector diagram of Fig. 90 needs, perhaps, some explanation. 
Vector 0A represents the voltage applied to the bridge from the 
supply transformer. OB is the volt drop V ± across arm II which, 
when no current flows in the vibration galvanometer branch (i.e. 
under balance conditions), is equal in magnitude and phase to the 
volt drop across arm I. Vector OC is the volt drop V 2 across arm III, 
which, is equal in magnitude and phase to that across arm IV. The 
vector sum of OB and OC obviously gives the total bridge voltage 
OA . The current I x flowing in arms I and III is represented by vector 
OE , while 0G- represents the current / 2 flowing in branches II and 
IV. OF and OK represent the component parts of current I x when 
split up between the capacitance C x and resistance R 2 . In the same 
way OL and OH represent the components of the current / 2 when 
similarly split up between R 4 and C 4 . 

The magnitudes of some of the vectors, e.g. OC , are exaggerated 
for the sake of clearness. V 9 will, in reality, be very small compared 
with V x and V. 

A direct-reading Sehering bridge for the measurement of permit¬ 
tivity and power factor of solid dielectrics at 1,600 cycles per sec. 



CAPACITORS , CAPACITANCE , DIELECTRICS 165 

and voltages of 100-200 is manufactured by Messrs. H. W. Sullivan, 
Ltd. This covers a range of capacitance up to 1,000 fi/aF. 

The Cambridge Instrument Co. manufacture both low- and high- 
tension Schering bridges. 

Muirhead and Co., Ltd. make a Schering Bridge, with a Wagner 
earth attachment (see p. 231) which is intended for the measurement 
of power factor and permittivity of insulating materials in accor¬ 
dance with the recommendations of British Standard Specification 
No. 234. 

A portable high-voltage Schering bridge made by H. Tinsley and 
Co. has with it a screened, loss-free air capacitor of 100 /upF (within 
± \ per cent) and is for use at 11 kV. It may be used up to 150 kV 
using a compressed-air capacitor of nominal capacitance 100 /u/IF 
having a power factor > 0-0001 at 50 cycles per sec. This requires 
an air pressure of 250 to 300 lb. per sq. in. 

L. Hartshorn (Ref. (45) ) adopted the Schering bridge to the 
measurement of very small capacitances (below 1 ji/ul?) and the 
Hartshorn form of the bridge is the best method of measuring 
the permittivity and dielectric loss of sheet materials. R.S. 234 and 
B.S. 903 give detailed specifications for its use for this purpose. 

A very full discussion of the Schering bridge, in its various forms, 
is given in Hague’s Alternating Current Bridge Methods . 

Dielectric Loss Measurement by Cathode-ray Oscillograph. The 
construction of the cathode-ray oscillograph is dealt with in Chap. 
XV. Tor the present purpose it is sufficient to know that it consists 
of a vacuum tube having, at one end, a filament which gives off a 
stream of electrons in a thin beam, or pencil, when the tube is in 
use. This beam passes two pairs of parallel plates, set at right 
angles to one another, and is deflected by potential differences 
applied to these pairs. A continuous path will be traced out by the 
beam on the fluorescent screen of the tube if the p.d.’s are alternating. 
This path will be a straight line if the p.d.’s are sinusoidal and are in 
phase but will be an ellipse if they are not in phase. The area of 
this ellipse is maximum—for any given maximum values of the two 
potential differences—when they are 90° out of phase with one an¬ 
other. Under these conditions, the semi-axes of the ellipse give the 
maximum values of the two potential differences to scale. The elec¬ 
tron beam, having negligible inertia, can immediately take np a 
deflected position which is proportional, at any given time, to the 
deflecting force. 

When used for dielectric loss measurements, a potential difference 
proportional to the applied voltage is applied to one pair of plates 
and one proportional to the integral of current through the dielectric 
to the other pair. This is obtained in the form of the p.d. across a 
relatively larger capacitor in series with the sample. 

It will be shown below that the area of the ellipse traced out by 
the electron beam is then proportional to the power loss in the 
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dielectric. If there is no power loss—as in the case of an air cap¬ 
acitor—the p.d.’s applied to the plates are in phase with one another 
and the path traced out is a straight line. 

A record of the ellipse traced out in power loss measurements can 
be obtained photographically. 

J. P. Minton (Ref. (23)) used a cathode-ray oscillograph for 
dielectric loss and power factor measurements. The full circuit 
arrangements are given by Hartshorn (Ref. (16) ). 

Fig. 91 shows a simpler arrangement than that of Minton which. 



Fig. 91 Fig. 92 

or Dielectric Loss by C.R. Oscillograph 

nevertheless, will serve to illustrate this method of dielectric loss 
measurement. 

C s is the dielectric sample and C a loss-free capacitor of much 
greater capacitance than C s . The resistor JR, shown dotted, may be 
used, if desired, for compensating the loss angle of C s . The C.R. 
oscillograph plates X and Y are connected as shown. (If the voltage 
on C s is low, an amplifier will be needed between C and the Y plates 
since the method is inaccurate unless the voltage on C is much less 
than that on C s .) 

In the theory of the method which is given below it is assumed that 
the^ resistor R is omitted. The vector diagram may then be drawn 
as in Fig. 92 which shows the voltage V 2 across C s , the current I s 
through both C s and C and the voltage V 1 across the latter. 

The power loss in C s is V 2 I S sin <5. From the vector diagram, if 
v 2 = ^2 max sin cot then v z = V lmax sin (cot — d). 

The deflection produced Tby the Y plates is proportional to v ± and 
we may write 

y deflection = x . V t max sin (cot — <5) 

= cc . —sin (cot —* 5) 
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Also, the a? deflection = £ . F 2 wacc sin twi 
where ce and fi are proportionality constants. 

Now the area of the ellipse traced out on the oscillograph screen is 

A ~ j y . dx 



Factor - cos 9 Unity Power Factor 

3. 93. Forms of Oscillograms Obtained with: Cathode 
Rat Oscillograph 


(where T is the periodic time) 

= *3*2 2? sin (cot — <5) cos cot. dt 

= . Ism^hjo a x (2 m t — d) + Sill 6] dt 

c 2 Jo 

. . CX.6 T XT ' Si 

i.e. A = . 1 S V 2 .smd.— 


m 2-17 

since T = — 

a) 

Thus the area of the ellipse is proportional to V 2 I S sin 5 which is 
the dielectric loss. 
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CHAPTEB V 

INDUCTANCE 


^Self-inductance. Whenever the number of lines of magnetic force 
linking with a circuit changes, an e.m.f. is induced in the circuit; 
this e.m.f. is given by 

.64 

dt 


: - N ■ 


where e = induced e.m.f. 

N = number of turns with which the flux links 

64 — rate of change of the interlinking flux in lines per 
dt second 


The negative sign indicates that the direction of the e.m.f. is such 
as to oppose the change in the flux. 

If, now, the change in the flux is due to a change in the current 
flowing in the circuit itself (by which current the inter-linking 
magnetic flux is produced) and if, also, the reluctance of the path 
of the magnetic flux is constant, then 

<f> SBB M 

where i is the current in the circuit. 


or 


Thus, e = -Nk ^ 
at 

di 

e = - NJc — x 10" 8 volts 
dt 


Since h — ~ , the above expression can be written 


or 


e 


e 


- i X 10 _8 ^~ volts 

- L volts 


where L is the “coefficient of self-induction” or, simply, the “in¬ 
ductance” of the circuit. Obviously L is constant for any given 
circuit, only if h is constant—i.e. when no magnetic material is 

present. If i is expressed in amperes, ~ is in amperes per second, 

and 7c is the flux produced by 1 amp. flowing in the circuit. Then L 
is in henries. 
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It follows from the above that the inductance of a circuit, in 
henries, can be expressed in words as 

Number of turns x flux produced per ampere 

IQS 

(When, as in an a.e. circuit, the flux per ampere is not constant, a 
better definition for the inductance is given by the induced voltage 
divided by the rate of change of current.) 

^Mutual-inductance. If two coils are close together and unit 
current flows in one of them, then the number of “linkages” with 
the other coil, of the magnetic flux due to this current, is called 
“ the coefficient of mutual “induction,” or simply the tc mutual- 
inductance” between the coils. By “linkages” is meant the pro¬ 
duct of lines of force and the number of turns on the coil. 

di 

If the current in coil 1 varies, its rate of change being then 
the e.m.f., e 2 , induced in the second coil is given by 


e 2 


- M 


dt 


where M is the mutual-inductance. 

If i x is in amperes, and M is the number of linkages with coil 2, 
per ampere in coil 1, divided by 10 8 , then 

■ dii 


— M volts 
dt 


( 111 ) 


If the current i 9 flows in coil 2 instead of coil 1, then the e.m.f. 

di 

induced in coil 1 when the rate of change of current in coil 2 is 


is given by 


- volts 

dt 


it being assumed that M is the same in each case. 

To determine the direction of the induced e.m.f. in coil 1 consider 
the current in coil 2 to be increasing; then a self-induced e.m.f. 
will be produced in coil 2, the direction of which is in opposition to 
the direction of the current. Since the same flux which induces 
this self-induced e.m.f. is also inducing the e.m.f. in coil 1, this 
latter e.m.f. will also be in a direction opposing that of the current 
in coil 2. If the circuit of coil 1 is closed, a current will flow, due to 
the induced e.m.f. and in the same direction. This current reduces 
the interlinking flux and thus reduces the self-inductance of coil 2. 
Hence there is a mutual action between the coils. 

Mutual-inductance is measured, like self-inductance, in henries. 

A mutual- inductance of 1 henry exists between two circuits when 
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a rate of change of current of 1 amp. per second in one circuit induces 
an je.m.f. of 1 volt in the other circuit. 

^/Relations Between Self- and Mutual-inductance. Suppose that 
two coils, having respectively N x and N 2 turns, are so close together 
that the whole of the flux produced by a current in one coil links 
with the other. Let this flux be <$> when the current in coil 1 is i x . 

Then the self-inductance of coil 1 is L x = N x i and the mutual 


inductance is M = N 2 t- — L t . 

h A! jy A, 

Similarly, if i 2 flows in coil 2, its self-inductance L 2 = — ~ 

„ , 7 <f>' N x T ** 

M = N 4- = -^4. 


and 




Nn r -U-t r 

W ± ^ = F a L * = M 

M* = L X L, 

M = VLj7 2 . 


. ( 112 ) 

As stated above, this relationship is true only when the whole of 
the flux from one coil links with the other. In practice this condition 
is not fulfilled, although if the coils are very close together it is 

very nearly so. The ratio — ■ —= is called the coefficient of coupling , 

vLjAg 

and is of importance, especially in radio work. If this ratio is nearly 
unity, the circuits are said to be ‘‘close coupled,” while if it is con¬ 
siderably less than unity they are said to be “loosely coupled.’* 
^ylSelf-inductances in Series. If two coils, of self-inductances L x 
and L 2 henries, are connected in series and the mutual-inductance 
between the coils is M , then if the flux, produced by coil 2, linking 
with coil I, is in the same direction, at any instant, as the self- 
produced flux of coil 1, then the effective self-inductance of coil 1 
is L x + M. In the same way the effective self-inductance of coil 2 
is L 2 + M, provided the self and mutual fluxes are in the same 
direction, at any instant. Thus the total self-inductance of the circuit 
is 

L = L x -j— L 2 —{— 2JH 

Expressing this generally, to include the case when the mutual 
and self-produced fluxes are in opposition at any instant, we have 

L = L x + L 2 ± 2M . . . (113) 


Eigs. 94 (a) and (6) show two coils connected in series, and with 
the directions of current in them such that their magnetic effects are 
(a) cumulative, ( b) in opposition. 

In the first case, L = L x -f- X 2 -{- 2 M, and in the second case 
L = L x -j- L 2 — 2 ML. 
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1. Inductance o! Two Long, Parallel Cylinders. Consider two 
long, parallel cylinders X and Y, each of radius of cross-section 
R cm. and carrying currents of I amp., in opposite directions as 
shown in Fig. 05 (a ). Let the distance between the axes of the cylinders 



be D cm., and the surrounding medium be air. Suppose, also, that 
the material of which the cylinders are made is non-magnetic. 

The flux, produced by the currents, and to which the inductance 
is due, is composed of two parts which must be treated separately. 



(a) Cb) 

Fig. 95. Inductance of Two Long Parallel Cylinders 


These are (a) the flux surrounding the two conductors, and (b) the 
flux which exists inside the conductors themselves. These will be 
considered in order. 

(a) The magnetic intensity at a distance r cm. from a conductor 

. 7 . 21 

carrying I amperes is 

Thus, the total intensity of field at a point _P distant l cm. from 

21 21 

cylinder X and (D - Z) cm. from Y is -j- the addition 
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of the intensities due to the two cylinders separately being because 
the currents in them are in opposite directions. The resultant 
intensity is downwards, as shown in the figure. Since the medium 
between the cylinders is air, the flux density B at P is also equal to 
2 1 21 

10 1 + 10(Z> - Z)* 

Thus, the flux in a ring of very small radial width dl and axial 
length 1 cm., the ring being of mean radius l cm. and concentric 
with cylinder X (see Fig. 95 ( b ) ) is 

8x1x1 "Bpl+ra ]' 8 


The total flux between the cylinders per centimetre axial length is 




dl 


= -T 

io L 


= i0 los ‘ R 


log. I - log. (D - Z) J 
D-R 


or — log, -g if R is small compared with D. 

The flux surrounding each wire is one-half the total flux, i.e. 

16 ^ ■^ nes P er cm * ax i a l length 

i . . . IN’ o. of turns x flux per amp. ,, 

Smce inductance m henries =----— the 

10 8 

inductance of one conductor per centimetre axial length due to its 
external flux alone is 

l°g. ^ henries 

(b) In considering the flux existing inside each conductor, assume 
that the current is distributed uniformly over the cross-section of 
the conductor. This assumption is justified if the supply frequency 
is low. At high frequencies, the current flows almost entirely in the 
outside “skin” of the conductor and in this case the flux inside the 
conductor is negligibly small. The expression for inductance derived 
below, together with most of the succeeding expressions, gives 
therefore the “low-frequency” inductance. Blight modifications. 



INDUCTANCE 


175 


due to the negligible internal flux, are required to convert them to 
expressions for “high-frequency” inductance. 

It is convenient to consider the conductor as being made up of 
a very large number of filaments, all parallel to the axis and each 
carrying a small fraction of the 
total conductor current I (see 
Pig. 96). 

Consider an elemental ring of 
radius r and radial width dr as shown. 

Then the current enclosed within 
this ring 


_ nr* _ _ r*_ j 

r ~ x V 2 



Radial Thickness 
of Ring dr 


-Elemental Ring 
of Filaments 


Fig. 96. Chrebnt Distribution 
in a Cylindrical Conductor 


and the intensity of the magnetic field at radius r within the con¬ 
ductor is 

2I r 


B r = 


lOr 


the permeability of the conductor material being unity. 

The flux in the elemental ring, of axial length 1 cm., radius r, and 
radial width dr, is B r dr X 1 

= ~ r dr lines 
lOr 

This flux does not surround the whole conductor current, but only 
the current I r . Referring it to the whole conductor, we have 
,, 2I r J r 2 
^= 10 ~r drX R> 

by multiplying by —the inverse ratio of the numbers of filaments. 


Thus 


d<f> 


2Ir 2 


2Ir z 


10rR 2 X R 2 dr 10i2* 


dr 


The total flux of the inside of the conductor, referred to the whole 
conductor, 

%R 2 7r 3 , 21R* I.. 

10 R* dr ~ 4 x 10-B 4 20 lmes 


Ul, 


For one conductor the inductance L is 


flux 


amp. X I0 8 


W 5 jL JL w — -f. J- 

10 g<s R ^ 20 10 ge R ^ 20 


I x 10 8 


10 8 
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-(2Io 8 ^ + l)xlO-.»£™ 


per cm. axial 


The inductance per mile of one conductor is thus 

D 


■ 0*0804 + 0*740 log 10 millihenries per mile (114) 


2. Single Straight Wire Parallel to Earth 

Let the axial length of the wire — l cm. 

„ „ radius of wire = B cm. 

„ „ height of wire above earth = H cm. 

Assume the wire to be of non-magnetic material and that the radius 
of the wire is small compared with its length. Then, using the 
method of images, imagine that an exactly similar conductor, 
running parallel to the overhead one, is embedded in the earth at 
a depth H cm. immediately below the latter. If the embedded 
conductor carries the same current as the overhead one, hut in the 
opposite direction, then the distribution of the magnetic field will 
be the same as that of the single overhead conductor existing alone. 

The distance between the overhead and imaginary embedded 
conductor is 2 H. We may, therefore, from the results of the previous 
paragraph, state the inductance of the overhead conductor as 

L = 0*0804 -j- 0-740 log 10 — millihenries per mile 
replacing D by 2H. 

The inductance of a single straight cylindrical conductor, distant 
from earth and other conductors, is given by 

L = 21 ^log„ ^ — 0*75 ^ millihenries 

where l ~ length of wire in centimetres 
B = radius of wire in centimetres 

it being assumed that the material of the wire is non-magnetic and 
that the surrounding medium is also non-magnetic. 

If the wire is of magnetic material the inductance is given by 

L — 21 ^log e ~ - I + ^ millihenries . . (115) 

where jj, — permeability of the material of the wire. 

3. A Single Circular Turn of Round Wire. The inductance for 
continuous current and low frequencies is given by Rayleigh and 
Niven’s Formula (Ref. (1) ), i.e.— 

L = 2ttD ^1 +^j log. ^ + 1' 75 ]x 10- 9 henries (116) 

where JD = mean diameter of the turn in centimetres 

d — diameter of cross-section of the wire in centimetres 
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It is assumed in this formula that the circle is complete, i.e. 
there is no gap in it, and that the wire is of non-magnetic material. 

If a gap of length, g cm. is left in the circle, then 

X 10“ 9 henries . (117) 

If, instead of one circular turn, we have a circular coil of circular cross-section 
and N turns, the self-inductance of the coil is 

£ = 2[(l + !og e *§ + JL. - 1-75] 

X 10" 9 henries . . . (118) 

where d is now the diameter of the section of the coil. The formula for a single 
turn is obviously a special case of the coil when N = 1. 

For high frequencies the formula, given by Grover (Ref ( 2) ) for a single 
turn, is 

Iu = 27r D [(l-£^2) lo S« “ 2 J X 10~ B henries . . (119) 


4. Mutual-inductance Between Two Concentric Circles. The 

mutual-inductance between two concentric circles can be calculated 
by integration, using the equation 


j-j idl - 
H = —=■ sin ( 


Fig. 97 (a) shows two concentric circular wires of radii and r 2 , 
the outer of which carries a current of i e.m. units. If the dux 
threading the inner circle, due to the current in an element dl of 
the outer circle, is calculated, then the total flux threading the inner 
circle, when i units of current flow in the outer, can be found by 
integrating over the whole circumference of the latter. The mutual 

inductance is then given by ~ where cj> is the total flux linking with 
the inner circle. 1 

It can be shown by integration* that the flux linking with the 
inn er circle when a current of i e.m. units flows in the outer is 


477T-, 


j IO *-^Vr 2 j 


if 7*1 — r 2 is small and assuming the medium to have unit permeability. 
Thus, the mutual inductance between the circles is given by 

477 ^ ( 8 r x ) 

the radii and r 2 being expressed in centimetres. 

If, instead of being circles of one turn only, the coils had a number 


M : 


henries 


See Drysdale and Jolley, Electrical Measuring Instruments , Vol. I. 
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of turns, these turns being assumed to be coincident in space, then 

M = N,N a |log e - 2 j henries . (120) 

where = No. of turns on outer coil 
A 7 2 = „ „ inner coil 

The length r x - r 2 may be expressed as the distance between the 
circumferences of the coils. Since the assumption that the turns 
on the coils are coincident in space is not usually justified even as an 
approximation, a length R called the ‘‘geometrical mean distance,” 




first introduced by Maxwell, is used instead of r x - r 2 . The mutual 
inductance is then given by 

M — | ] °g“ - 2 j henries . (121) 

“ Geometrical Mean Distance” may be defined as follows. Consider 
a point P external to a circuit. Let d l3 d 2 , d 3 , etc., be distances from 
P to various points on the circuit. Then, if an infinite number of 
these distances be taken, the “geometrical mean distance 35 R is 
given by 

R = etc., where 

or log, R = limit n _ >co - 27 log, d 

71 

The factor R is used in many of the formulae for the calculation of 
both mutual- and self-inductance. In the case of self-inductance, 
R is the G.M.D. of the circuit from itself, or, in the case of a multi¬ 
turn coil, of the turns from each other. 

To find the self-inductance of the coil of N x turns, using Equation 
(121), with the correct value of R we have 

r 4 ttNj* (. 8r x 0 ) , . 

L = r ' | lo s« wnkrp ~ 2 f henries 


( 122 ) 
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The G.M.D. of a circular area from itself is 0-7788 p where, in this 
case, p is the radius of the cross-section of the coil (assumed circular). 

This expression, if compared with the expression given previously 
(Equation (118) ) for the self-inductance of a similarly-shaped coil, 
will be found to give the same result in any particular case, provided 
p is small compared with r. 


Example. Calculate the self-inductance of a coil of mean diameter 20 cm., 
having 10 turns, whose cross-section is circular and of radius 1 cm. (Fig. 97(6)). 
Then, using Equation (122), we have 


(i) L = 


4tu X 100 X 10 

To^ 


log, 


80 


e 0-7788 X 1 


= 0-000033080 henries 
(ii) Using Equation (118), 

2tt X 100 X 20 [(l + 


L = 


10* 


+ 


8 X 400 
4 


) lo s« 


8 X 20 


24 X 400 

_ 4000* T 801 1 

- 105“ L.800 X 4 3828 + 

= 0-000033150 henries 


-1-75 


2 

i henries 


2400 


-a 


Table V gives some of the more important geometrical mean 
distances. 

Some exact expressions for the geometrical mean distance in 
several cases are given by Butterworth {Dictionary of Applied 
Thy sics, Vol. II, p. 391). Tor the calculation of geometrical mean 
distances, see Befs. (3), (4), and (12) at the end of the chapter. 


If two circles are coaxial, but not concentric, and if the difference r x — r a 
between their radii is not small compared with their radii then the formula 
(Ref. (11)) is 


_ 4*vy a sVryj r 

- io» t ft L 


. , 3 15 

1+ 16“-T024' 


; a 3 - 


where a ■ 


’■ V",; 1 , 


O , 1 S1 2 

16 ° 2048 a 


+ 


247 

6(128)' 


*•••]{ 


35 
128 2 

henries 


•] 


(123) 


This equation may he -written 

M — M 0 V r x r 2 

where M 0 equals multiplied by the expression in brackets. 


7>i 


Nottage (Ref. (5) ) gives a table of values of M 0 for different values of 
where D-, and D 0 are the least and greatest distances between the circles 

4 jr^ ~f) 

(see Fig. 98). M 0 varies from zero, when ~ = X, to 50-16, when jy = 0*01. 

If the circles have approximately equal radii, and the distance between them 
is small compared with their radius 

M = w( log *x -2 ) henTies 

where d is the distance (in centimetres) between the circles. 


(124) 


7 —(T.5700) 
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5. Mutual Inductance Between Two Coaxial Circular Coils of 
Rectangular Cross-section of Winding. From the previous para¬ 
graph an approximate formula can be derived for the mutual 
inductance between two coaxial circular coils of rectangular cross- 
section, i.e. 


M = — 1 ' j q 9 ~ ~ henries . . . (125) 

where M 0 is the mutual inductance between the two central turns 
of the two coils and can be obtained from Equation (123). N ± and 
N 2 are the numbers of turns on the two coils. 

TABLE VIII 

Geometrical Mean Distances 


Shape of Circuit 

Geometrical Mean Distance (i?) 

Interpretation of 
Symbols Used 

Line from itself 

Rectangular area 
from itself . 

Circular area from 
itself . 

Annular ring from 
itself . 

R = 0-2231 31 

R = 0-2235 (a -f 6) (approx, expression) 

R « 0-7788r 

i ^ i m , (3 - m 2 ) 

jog, R - log„ r l - log e {m 2 _ 1)2 + _ 1 J 

l * length of line 

a and b = sides of 
rectangle 

r = radius of circle 
r x = external radius 
r 2 = internal radius 
r i 

tfl sas: *— 

Ellipse from itself . 

log c R = log e “ 5 - 0-25 

r 2 

a and 6 = semi-axes 
of ellipse 

Two parallel straight 
lines 

log e (D 2 + P) + 2 j tan 1 — - | 

l = length of lines 

D <= distance between 
lines 


The accuracy of this formula is of the order of 1 per cent in most 
practical cases. 

Rayleigh's Formula. This is a more exact formula than the above, 
since it takes into account the dimensions of the cross-sections of 
the coil windings to a greater degree. 

Referring to Fig. 99, let the mutual-inductance between a circle 
of radius r ± with centre X , passing through point a v and a circle of 
radius r 2 , centre Y, passing through o 2 , be given by Mo 2 %. There will 
be, in all, eight such mutual-inductances—four referred to coil 2 and 
four referred to coil 1. a l3 b lt cq, and d x are the mid-points of the sides 
of the section of coil I of which section o 1 is the centre point. The 
points a 2 , b 2) c 2 , d 2 , and o 2 are similarly situated on the section of 
coil 2. 
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Then, by Rayleigh’s formula, the mutual-inductance between the 
coils is given by 

Jkf = — ^31 0 ^ 0,2 “f - 3Io-J>% *~r Mo& -f- 3Io x d 2 -j- 3Io 2 cl^ -1- Ho^b-^ 

—{- 3Io 2 c-^ Hh Mood^ — 23I^j . • (126) 

where M 0 is the mutual-inductance between the two central circles 



Fig. 98 



Fig. 99. Mtjtttal-intjttctance 
Between Coaxial Coils 


of the coils (through points o l and o 2 ). The mutual-inductances 
Mo^, etc., can be calculated as indicated in the previous paragraph.* 
If instead of one of the coils being, as above, external to the other 
and displaced axially from it, one of the coils is inside the other at 
its centre, the coils being still coaxial, the mutual-inductance can 
be calculated as below. This case refers particularly to the mutual- 
inductance used in ballistic galvanometer work for calibration 
purposes, where a small coil is fixed inside a long circular solenoid 
as in Mg. 100. 


Let l = length of long solenoid in centimetres 
B = radius of long solenoid in centimetres 
r = radius of internal short solenoid 
N x — 2 STo. of turns on outer solenoid 
N 2 = JSfo. of turns on inner solenoid 
If a current of I amp. flows in the outer solenoid, the magnetic 
field strength at its centre is given by 
477 N-J.1 Q 

. E = To-t Goad 


* Other methods of calculation of the mutual-inductance between two such 
coils, due to Lyle, and Nottage are given by the latter (Bef. (5) )- 
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_ 47T JSf-yl 

~ io ““r 


i 


JttNJ 


10 


/ 


* 2 + J 


This also gives the value of the flux density at the centre, since the 
core is air (ju — 1). Thus the flux threading the small solenoid is 


ggjvyr 

V * 1 + ? 


X 7rr 2 = <f) 


Colli 



The mutual-inductance is thus henries 

10 8 / 


or 


2tt z N‘ 1 N 

1 ° 9 V /jB2 + i 


(127) 


This is, however, only an approximate expression for the mutual 
inductance, since the strength of field H only refers to the centre 
point O of the solenoid and its intensity varies both axially and 
radially. 


Corrections. If the internal coil had negligible axial length, the mutual 
inductance, corrected for radial variation of field strength, would be obtained 
by multiplying M (above) by the expression (Ref. (12)) 


1 


3 JR 2 r 2 
8 (*■+?> 


5 23V 2 

64 (- + D‘ 



Correction for the axial length of the internal coil is obtained by subtracting 
a quantity, given by the following expression, from the mutual-inductance 
(Ref. (12) ) 


_ 5 /| £ 

9*V 5 i 


N X N S 


M 


(i-i v? 

\2 2 y 5 2) 


-M 


(i + 

\2 + 2 V 5 2) 


'5s\ [ 
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where S = length of internal short coil 
andikf 


— ^ indicate the mutual-inductances 


il 1^/3 (l , 1 ^ /S S\ 

(2 2^5*2) (2^2 V 5 ' 2) 

between two circles, of radii 22 and r, at distances apart of 


G-Wl-f) and G + Iv? • I) respectiveiy - 


As the above two corrections (for axial and radial variation of field) tend 
to neutralize one another, the difference between the final value of the mutual- 
inductance and the approximate value originally obtained is usually quite 
small—of the order of 1 in 1,000 for usual dimensions of a mutual-inductance 
for ballistic galvanometer calibration. 


If both -4 and — are equal to V3, and if the ratio is small, the corrections 
It r 


become unnecessary (Ref. (17) ). 


The mutual-inductance when the short coil, instead of being 
situated within the long coil at its centre, is situated at the centre 
but outside , is obtained by the same method as above, but It and r 
are interchanged. 


Example. Calculate the mutual-inductance between two coaxial circular 


coils, given that— 

Length of long coil = 80 cm. 

Radius of long coil = 4 cm. 

No. of turns of long coil =500 
Length of short coil =6 cm. 

Radius of short coil = 3 cm. 

No. of turns of short coil =150 


Small coil placed inside, and at the centre of, the larger coil. 
2tz 2 X 500 X 150 X 3 2 


Then 


M : 


10® 


v 


42 _j_ 


80 2 


332, 


= henries, or 332 microhenries (very nearly) 


6. Self-inductance of Circular Coils of Rectangular Cross- 
section of Winding. Consider a single-layer coil of axial length 
Z cm. and radius of cross-section r cm., having N turns, with 

a current of I amp. flowing in it. If - is great, the magnetic intensity 
47 t NI r 

within the coil is — . —=— . If no magnetic material is present, this 

JLl j L 

is also the flux density within the coil. Thus the flux inside the 
solenoid is ^ X rrr 2 , and the inductance is 

JLi) L 


47T 2 N 2 r 2 

10 9 Z 


henries (approx.) 


(128) 
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This may also be written 
JS 2 

L=z Ton ( a PP rox -) 

where £ = the total length of wire on the coil = 2rrNr. 

These formulae must be regarded as approximate only, since the 
expression of the magnetic intensity is only true for an infinitely 
long solenoid. In practice, the whole of the flux produced does not 
link with all the turns, and this reduces the inductance of the sole¬ 
noid. hTagaoka (Ref. (7)) has given the values of a factor by which 
the above expression may be multiplied in order to take into account 
the dispersion of the lines of force. This factor varies according to 
the ratio of length to diameter of the coil. 

Equation (128) may be written 

_ 7T 2 W 

L - ion 


d being the diameter of the coil. Introducing Nagaoka’s factor K, 
we have 


r J 7T 2 N 2 d 2 


.K . 


. (129) 


which is considerably more exact than the previous equation (128). 

If the wore on the solenoid is closely wound, so that adjacent 
turns are touching, this expression gives results which are sufficiently 
accurate for most purposes. A correction is necessary if the turns 
are widely spaced. Fig. 101 gives the values of the factor K for 
different ratios of length to diameter of coil. The curve refers to a 
single layer coil or to a coil whose depth of winding is small compared 
with its diameter. 

Ooursey (Ref. (8)) has given values of a second factor K l9 for use 
when the depth of winding on a coil is appreciable. This factor 

varies with the ratio —. and also with the ratio 
mean diameter of coil 

^. Q ^ , „ CQ ^ — # The inductance formula, when K-. is used, 
depth of winding A 

becomes 


N 2 d 2 

L — (K - K x ) henries 


(130) 


A full table of ISTagaoka’s factors is given by ISTottage (Ref. 5), 
where other tables for the calculation of the inductance of special 
coils are also given. For Coursey’s curves and further tables for 
such calculations, see Refs. (5), (6), (8), (9), (10). 

Fig. 102 gives values of Coursey’s factor (K - K x ) for various 
ratios of depth of winding to mean diameter of coil, and of length 
of coil to depth of winding. 



. „ _ Mean Diameter 

Scale for Curve H Ratio. 


1-0 2-0 3-0 4-0 5-0 6-0- 7-0 8-0 3-0 




Pig. 102. Curves of Coubsey Factors 
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Equations (129) and (130) are especially suited to long, circular 
coils whose depth of winding is small compared with their mean 
diameter. The assumption is made, in these formulae, that the 
distribution of the current over the cross-section is uniform. 

Based on formulae derived by Rayleigh and Riven, Lyle, and 
Spielrein, Grover (Ref. 9) gives the formula 

_ N*dP 

L " 2 x 10 9 

d being the mean diameter of the coil. P is a factor depending upon 
the ratios of the various dimensions of the coil and the values of 
P for different coil dimension ratios are given by Grover ( loc. cit .). 

This formula is more suited to the calculation of the inductances 
of short circular coils of rectangular cross-section whose depth of 
winding is comparatively large compared with their mean diameter, 
although it can be used also for the calculation of inductance in the 
same cases as Equation (130) with very little error. 


Example. Calculate the inductance of a circular coil, of 500 turns, having 
a rectangular cross-section of winding. Given— 

Axial length of coil =10 cm. 

Mean diameter of coil = 5 cm. 

Depth of winding of coil = 1 cm. 

(i) “Using the Coursey curve (Fig. 102) in conjunction with equation (130), 

l b 1 

Ratio 7 = 10. Ratio = - = 0-2. 
o a 5 


From the curve (K - K ± ) = 0*701 

0*701tu 2 X 500* X 5* 
L 10° X 10 


4,325 

10 ® 


henries ox 4,325 microhenries. 


(ii) TTsing Equation (131), 


From Grover’s table, the value of P corresponding to these ratios is 6*92. 
Hence 

^ 50O 2 X 5 X 6*92 


2 x 10 9 


4,325 

10 fi 


henries, or 4,325 microhenries, as before. 


Correction for Thickness of Insulation. As mentioned above, the formulae 
given take no account of the insulation between turns on the coil. For accu¬ 
rate calculations a correction for this insulation must be applied, although it 
is usually quite small. 6*283 

This correction is made by subtracting the quantity — dN(A-\-B) henries 
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(Ref. (5) ) from the calculated inductance, where d and K are as above, and A 
and JB are constants depending upon the relative thickness of insulation and 
number of turns on the coil respectively. Values of these constants are given 
by Nottage (lot. cit.). 


(7) Self-inductance of Flat Coils. By “flat” coils are meant 
those whose axial length is small compared with their mean diameter 
and depth of winding. 

SpieJrein gave the formula for such flat or “disc” coils of circular 
form as 


L = 


N*dQ 
2 x 10 s 


henries 


(132) 


where N == No. of turns on the coil 

d = mean diameter of the coil 


and Q is a factor which can be calculated from the expression 
(l + I 6-96957 - £3 30-3008 log 10 1 + 9-08008 

4 (|) 2 L + 1-48044/S* -f- 0-33045/S 7 + 0-12494/S 9 


where b = depth of winding 


p = the ratio 


inner radius of coil 
outer radius of coil 


A table of values of the factor Q are given by Grover (Ref. (9)) 
for different values of If the axial length of the coil is appreciable 
Equation (131) (previous paragraph) applies. 


To Correct for Insulation Thickness. In the case of a flat spiral wound with 
metal strip or ribbon of rectangular cross-section, the quantity 

Nr(A x -f B x ) henries (Ref. Grover, loc. cit.) 


is added to the calculated inductance. 

N = No. of turns on coil 
r = mean radius of coil in centimetres 

v + 1 


A x : 

B x - 


log e 

->[ 


V+ r 
N-l 


N 


i d Sli 


+ 


N-3 

N 


<5 14 -b * 


' N Sln ~\ 


y ~ D w ^ ieTe w ~ a:x i a l length of strip 

D = distance between adjacent turns 

t 

T = r=r where t — thickness of strip 
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Tbe factors 6^, <5 13 , etc., are given in tabular form by Grover for different 
values of r and v. 

8. Self-inductance in Other Cases, (a) Coils Wound on Poly¬ 
gonal Formers. Grover (Ref. (10) ), in a Bureau of Standards 

paper on this subject, gives a 
method of calculating the in¬ 
ductance of coils of this general 
form by obtaining, in each case, 
the “equivalent radius” of the 
coil, and then treating it as a 
circular coil having this radius. 
The formulae for calculation of 
the equivalent radii are some¬ 
what complex, and reference 
should be made to the original 
paper for information on the 
subject. 

(b) Toroidal Coils. These are 
coils whose axis and cross-section 
are either both circular or the 
former circular and the latter rectangular. 

(i) Axis circular, cross-section circular (torus) (Fig. 103 (a) ). 
Russell (Alternating Currents , Vol. I, p. 50) shows that the flux 
inside such a coil, of N turns, when a current of I amp. flows in it, 
is 

<j> = ^ NI(B- VR 2 - r 2 ) 

where R = mean radius of axis of coil in centimetres 

r = radius of the cross-section of the coil in centimetres. 




Fig. 103. Sex/B’-Hvtdttcta-N'Ce of 
Toroidal Corns 


Thus, the inductance is given by 


4tt 


L = Jqs N 2 (R - VR 2 - r 2 ) henries 


(133) 


(ii) Axis circular, cross-section rectangular (Fig. 103 (6)). 

Again, from Russell’s expression for the flux within such a coil, 
we have 


<f> = 


‘INbI 

10 


log* 



where b = the breadth of the coil 

d = radial depth of the coil, both in centimetres 
R = mean radius of axis of coil 
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• henries 


where and R 2 are the outer and inner radii of the ring respectively. 

Design of Inductance Coils for Maximum Time-constant. The 
. inductance _ „ 

ratio pegig-kanci T * or an ^ r C01 ^ spoken of as its “ Time-constant/ * 

It is usually desirable, in designing inductance coils, to make this 
ratio as great as possible. Tins means that the dimensions must he 
such that the greatest possible inductance is obtained with a given 
length of wire. Since the resistance of coils increases considerably 
at high frequencies, compared with the continuous current, or low- 
frequency, resistance, it is difficult to give rules for the most econ¬ 
omical design of coil to suit different frequencies when these are high. 

[Referring to low-frequency conditions, the maximum inductance 
for a given length of wire, using a coil of rectangular cross-section, 
is obtained when the cross-section is square, i.e. when the axial 
length of the coil is equal to the depth of winding on the coil. 

Maxwell showed, also, that with a square section coil the induc¬ 
tance is maximum when the mean diameter of the coil is made 3*7 
times the axial length of the coil, but, as already pointed out on 
page 92, later work by Shawcross and Wells (Ref. (26) ) has shown 
that 2*95 (or more conveniently 3) is a better value than 3*7 for the 
ratio of mean diameter to axial length. 

The maximum inductance for a given length of wire, if the coil 
is not limited as to shape, is obtained by making the coil of circular 

,. ... , radius of circular axis of coil 

cross-section, with a ratio of -^--- : --—--- 

= 2*575. (Ref. (25) ). radius of cross-section of the coil 

Experimental work on the most efficient shape of coil has been 
carried out also by Brooks and Turner (Ref. (11)) and a valuable 
paper by H. B. Brooks on the design of inductance coils is men¬ 
tioned in Ref. (27) ). 

Iron-cored Inductances. The formulae for inductance so far 


considered have all been for coils with air, or non-magnetic, cores. 
The inductance of iron-cored coils cannot be calculated easily with 
great accuracy owing to the fact that the permeability of the iron 
core is not constant, but varies with the magnetizing force producing 
the flux. If an expression is to be given for the permeability under 
these conditions it must be some mean value of the different permea¬ 
bilities occurring at different times throughout the current cycle. 
The question is further complicated by the fact that the value of the 
magnetizing force is not the same for all parts of the iron, core, even 
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for a given value of current in the coil. Thus the effective value to 
be assigned to the permeability of the core of such a coil is largely a 
matter for experimental determination under a given set of conditions. 

The foregoing remarks apply especially to coils with open iron 
cores—say in the form of a straight bar. If the core is nearly closed, 
having a comparatively narrow air gap, the calculation of inductance 
can be carried out approximately as follows— 

Let Si — reluctance of iron path 
S a = reluctance of air gap 
N = No. of turns on the coil 
I = r.m.s. value of the current in the coil 
<j> = r.m.s. value of the flux produced 

Then, ~ . NI 

S t +B a 

Now, obviously the value of the flux per ampere, i.e. ^ , would be 

constant if Si + S a were constant. But, although the reluctance of 
the air gap S a is constant whatever the value of the magnetizing 
force, the iron path reluctance varies with varying current as 
pointed out above. If, however, the reluctance S a is made large 
compared with S if the variation in the latter is negligible, since 
may then be entirely neglected with very little error. 

r W 

I X 10 s 

4ttN 2 4 irN*A^ . 

= Ta9^t = T n « 7 bermes • • • (136) 


since S„ — 


X — and ii = 1 for air 


Under these circumstances, the iron core provides a low reluctance 
path for the flux, thus increasing the latter for a given magnetizing 
force, and hence increasing the inductance of the coil. 

Example. A coil of 500 turns is wound on a cylindrical former 10 cm. long 
and 1*5 cm. radius. This former is placed on a rectangular iron core of effective 
cross-section 2 sq. cm., and whose length, of magnetic path is 30 cm. The 
core contains an air-gap 0-5 cm. long. A current of 0-1 amp. r.m.s. flows 
through the coil. Given that the mean permeability of the iron of the core 
under these conditions = 1,000, calculate the inductance of the coil. 

Reluctance of air gap 


Reluctance of iron path 
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Flux 

Inductance = 


<f> = 


6 x N 
I X 10 8 


47T 

Yq X 500 X 0-1 
0*25 + 0-015 
226 X 500 


0-1 X 10 s 


— 226 lines 
— 0-0113 henry 


Obviously, if the reluctance of the iron path had been entirely neglected, 
the calculated inductance would have been some 6 per cent larger than the 
above value. Thus, uncertainty as to the correct value of the permeability 
of the iron under working conditions causes a negligible error if the air gap is 
made comparatively large. 

To illustrate the effect of the iron core in increasing the inductance, we will 
calculate the inductance of the same coil with an air core. 

From the approximate equation (128) this inductance is 


4tt 2 X 500 2 X 1-5 2 
10 * x 10 


= 0-0022 henry (approx.) 


Skin Effect. It was pointed out earlier in the chapter that there 
is internal flux inside a straight cylindrical conductor which is 
carrying current. Considering the conductor to he made up of an 
infinite number of small filaments, parallel to its axis, each carrying 
a small fraction of the total current, I amp., of the conductor, and 
assuming the current density to be uniform over the conductor 
cross-section (an assumption which is really justified only with 
unidirectional or low-frequency current), we have for the flux 
density at a radius r within the conductor 


B r ^ 


21 , 

10 r 


where I r 


r 2 

P 2 


. I 


It being the radius of the conductor itself. 

_ 2r 2 I __ 2rl 

* ‘ r ~ 10 tB 2 ~ 10P 2 


Thus, B r oc r. In Fig. 104 B r is shown plotted against radius r. 
The total flux surrounding the filaments of the conductor (including 
the flux external to the entire conductor), when plotted against 
radius r, gives the dotted curve of Fig. 104. From this curve it can 
be seen that the flux surrounding the filaments near the centre of 
the conductor is greater than that surrounding the filaments near 
its surface. Thus the centre filaments have greater inductance than 
the surface filaments. 

If P is the resistance of one filament and L its inductance, then 
its impedance is a/P 2 + co 2 L 2 where co — 2 77- x frequency. At low 
frequencies the term co 2 L 2 is small compared with P, so that if a 
voltage V is applied to the two ends of the conductor the current 

V V 

carried by any one filament is . - = -5 (very nearly), and 

VP 2 4- co 2 L 2 ^ 
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the current density within the conductor is uniform over its cross- 
section. At high frequencies P 2 is small compared with a> 2 L 2 and 

V 

the current carried by a filament = —^ (very nearly). Under these 

conditions, then, the difference in inductance between central and 
surface filaments becomes very important. The central filaments 
carry only a very small current, due to their greater inductance, and 
the current in the conductor is almost entirely carried by the surface 
filaments, i.e. by the outer “skin” of the conductor. Hence the 
name “skin effect” given to this phenomenon. 



Fig. 104. Distribution - of Internal Flux in a Cylindrical 
Conductor 


The effective cross-section of the conductor at high frequencies is 
therefore only the area of an outer skin, and the resistance of the 
conductor is increased accordingly. Thus the “ high-frequency - 
resistance” of a conductor is higher than its d.c. or low-frequency 
resistance, the difference depending upon the cross-section of the 
conductor, the frequency, and upon the permeability and resis¬ 
tivity of the material of the conductor. Since the material used 
for such conductors is usually non-magnetic, the permeability is 
almost always unity. 

The high-frequency resistance of a conductor is given by 


-By 


- B [ 1 + n 


A 2 . 


180 


A 4 +. . . 


where R is the steady-current resistance and 
A — ^ 7T /^ 27 Tflfx _ 27T z r 2 fju 


10 9 P 


10 9 x 


l X p 


10 *., 


( 136 ) 
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where / = frequency 

l — length of conductor in centimetres 
r = radius of conductor in centimetres 

p = resistivity of conductor material in ohms per cm. cube 
p, — permeability of the material of the conductor. 

The inductance of the entire conductor is slightly reduced by the 
skin effect, since there is less internal flux. 

The high frequency inductance is given by 

L = + • •] tenries • < 137 > 

M is a constant which depends upon the position of the return 
conductor of the circuit. The above two equations are due to 
Maxwell. 

Reduction of Skin Effect. From Equation (136) it is obvious that 
the smaller the term A is made, the less the increase of resistance of 
the conductor with increasing frequency. 

A can be Kept small by making the radius r of the conductor as 
small as is consistent with current-carrying requirements and by 
using non-magnetic material (so that p = 1). If high-resistance 
material can be used, so that the resistivity p is large, this again will 
reduce A . 

Other means which are adopted to reduce the effect are the 
employment of tubular conductors, or conductors consisting of two 
parallel discs with a number of parallel high-resistance rods, set at 
equal distances apart round their circumferences, joining them 
together, the whole forming a cage or barrel-shaped arrangement. 
In these cases the internal flux of the conductor is small and the 
conductors may be thought of as consisting merely of “skins” with 
hollow interiors. 

Stranded conductors are used; these consist of a large number 
of fine strands, insulated from one another, and woven so that each 
strand lies as much at the centre of the conductor, and as much at the 
surface, as every other strand. In such conductors all the strands have 
the same surrounding flux and therefore have equal inductances.* 

Skin Effect in Coils. Consider a cylindrical coil. The flux within 
such a coil is, of course, axial, and is distributed over the cross- 
section right up to the outer surface of the winding. Thus, in addi¬ 
tion to the internal flux distribution previously considered, as 

* For a number of curves relating to the higli frequency resistance of straight 
conductors, the reader should consult Morecroft’s Principles of Radio Com¬ 
munication, Chap. U. 
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affecting the inductance of the imaginary component filaments of 
the conductors, we have now a greater inductance of the radially 
outermost filaments of the coil, as compared with the filaments on 
the inner surface of the winding. This is due to the fact that they 
enclose the whole of the coil-flux, while the latter only enclose the 
flux within the winding (i.e. the flux in the core of the coil). A 
variation of the inductance between the various filaments is also 
caused by the proximity of other conductors. 

Morecroft (Ref. (11)) has carried out a full investigation of the 
effect in various types of coils, and this work should be consulted 
for further information on the subject. The effect is usually neg¬ 
ligibly small in coils when used at low frequencies for alternating- 
current measurement purposes. 

In addition to the “skin effect 55 upon the actual self inductance 
of a coil, there is the effect of this current re-distribution upon the 
temperature coefficient of inductance. The extent of the re-distri- 
bution within a conductor (assuming unity permeability) depends 
upon its resistivity as well as upon the frequency. Therefore, as the 
resistivity changes with temperature, the inductance of a coil wound 
with that conductor varies with temperature to an extent which 
depends upon frequency. W. H. F. Griffiths* shows how to deter¬ 
mine the more or less narrow band of frequencies in which this 
augmentation of temperature coefficient becomes appreciable. 

Skin Effect in Iron Plates. In iron plates which are carrying 
alternating magnetic flux, the skin effect is of a different nature 
from that considered above. It is, in this case, the flux which is 
forced outwards so as to be carried almost entirely by the outer 
“skin 55 of the plate instead of being distributed uniformly over the 
cross-section. 

The effect is due to the demagnetizing effect of “eddy currents 55 
induced in the iron plates by the alternating flux. The plate itself 
acts as the short-circuited secondary winding of a transformer, and 
“eddy currents 55 flow in paths lying in a plane perpendicular to the 
axis of the plate, as shown in Fig. 105 (a), the currents being induced 
by the alternating flux. 

The effect will be referred to later in Chapter XIV on “Eddy 
Currents. 55 

Obviously the magnitude of the effect depends upon the thickness 
of the plate and upon the frequency, and it is for this reason that, 
in order to obtain uniform flux distribution—and hence economical 
utilization—of the iron cores of alternating current apparatus, it 
is necessary to limit the thickness of the laminations to be used, 
according to the supply frequency. 

Fig. 105 (6) illustrates the diminution of flux density at the centre 
of an iron plate due to this demagnetizing effect. The figure refers 

* The Wireless Engineer, Yol. XIX, No. 221, pp. 56-63. 
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to a fairly thick plate when used with a comparatively high fre¬ 
quency. In practice, with plates of the normal thickness (about 



(b) 

Fig. 105. Flux Distribution in Iron Plates 

0-014 in.) and commercial frequencies, the variation in flux density 
over the cross-section is very much less than that shown. 
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CHAPTER VI 

MEASUREMENT OF INDUCTANCE AND CAPACITANCE 

Self-inductance. Several approximate methods of measuring self¬ 
inductance are worthy of mention before the more precise methods 
—most of which are alternating current bridge methods—are 
described. 

Ammeter and Voltmeter Method. Inductances of about 50 
to 500 millihenries can be measured by this method. It is suitable 
for iron-cored coils, since the full normal current to be carried by 
the coil can be passed through it during the measurement. 

A suitable current, of normal frequency, is passed through the 
coil, and this is measured by an a.c. ammeter while the voltage 
drop across the coil is measured by a high resistance voltmeter. 
The d.c. resistance R of the coil—which will be the same as the a.c. 
resistance, to a close approximation, if the frequency/is low—-must 
also be measured. Then the inductance L of the coil is given by 

r VZ 2 - .R 2 . 

L = 2rrf h6nrleS 

. ^ voltmeter reading ,, , _ ,. 

where Z = ---rr-^ — the impedance of the coil 

ammeter reading 

^Application of the A.C. Potentiometer to the Method . An improve¬ 
ment upon this simple method is the introduction of an alternating 
current potentiometer (see Chapter VIII) for the more precise 
measurement of the current and voltage drop. 

A non-inductive resistance is then connected in series with the 
coil under test and the voltage drop across this, as well as that 
across the coil, is measured. The phase of the voltage drop across 
the coil, as well as its magnitude, is measured. 

Let R — the value of the non-inductive resistance 

0 = the phase angle between the current and the voltage 
drop across the coil 
V' = the voltage drop across the coil 
I — the current (of frequency f) 

Then V' = I Vr 2 + (2rrfLf 

where r and L are the resistance and inductance of the coil under test. 
Also I — ^ 
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where V = the voltage drop across the non-inductive resistance. 

v ' = J vv* + w 

,_ F'fi 

° r » Vr 2 + (2 -tt/L) 2 = -=pr 



/r IR=*V 


Fig. 106. Vector Diagram tor Ammeter ant> Voltmeter Method 



Fig. 107. Vector Diagram for Three-voltmeter Method 


From the vector diagram of Fig. 106, 

I x 277 -fL — V' sin 6 = 1 VV 2 -f- (27r/L) 2 sin 
. -r F'jR . * w-v ; 


sm v ~ —*• x - r . ~7~ 

y X 2t7/ X <3qp. 


Similarly, 


from which 


V'R 

r = -y- cos 0 . 


. (138) 

. (139) 


No measurement of the d.c. resistance is necessary, but the 
frequency and phase angle 6 must be observed. 

Three-voltmeter Method. The connections of this method are 
shown in Fig. 107. A suitable current is passed through the coil, 
in series with a non-inductive resistance R, and the voltage drops 
across both parts of the circuit and across the whole circuit are 
measured as shown. 

From the vector diagram iu the figure 

V 2 = V t 2 F 2 2 + 2 F x F 2 cos 6 
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or 

But 


cos 6 = 


cos 6 = 


F2_ Fi 2_y s 2 
2 FiF 2 
r 

vV 2 + (2ir/Ep 


where r and Zv are the resistance and inductance of the ooil. 


Thus W 2 + (277 fL) 2 F 2 — Fj 2 — F 2 2 

1 / 4r 2 V 2 T/ 2 

or £ = aJ (7 2 - Fi®-V 2 2 ) ! _ r2 ' * (140) 

The resistance r is measured on direct current. 

Three-Ammeter Method. The diagram of connections and 
vector diagram for this method are as shown in Tig. 108. In this 
case the non-inductive resistance R , together with an ammeter, is 
connected in parallel with the coil whose inductance is to be 
measured. 

The theory of the method is exactly similar to that of the three- 
voltmeter method, but with currents I ls I 2i and I replacing V l3 V 2 , 
and V. 

1 / 4 r 2 7 2 T 2 

Thus L = ^ J ( /2 _ jl N*? ~ rZ ' * ' (141) 

v^dteknating Current Bridge Methods. The best, and most 
usual methods for the precise measurement of self- and mutual-induc¬ 
tance and capacity are those employing a bridge network with an 
alternating current supply. The supply may be of commercial 
frequency—when a vibration galvanometer is used as the detector 
—or it may be of higher frequency (say 500 to 2,000 ~ per second), 
when telephones or thermionic detectors (see Ref. (1) ) are employed. 

These networks are all, in general, modifications of the original 
Wheatstone bridge network and their operation is also similar. 

In the Wheatstone bridge method of measuring resistance with 
direct current, the bridge is balanced (i.e. zero galvanometer deflec¬ 
tion is obtained) when the voltage drops across the two arms 
connecting one of the supply terminals to the two ends of the 
galvanometer branch of the network are equal in magnitude. With 
a.c. bridge networks these volt drops must also be alike in phase as 
well as in magnitude, and for this reason the introduction of induc¬ 
tances or capacitances in other arms of the network is necessary 
when (say) an inductance to be measured is connected in one of the 
arms. 

The bridge network to be chosen for the measurement of a given 
self-inductance depends upon the magnitude of that inductance 
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and upon its £ 4 time-constant 99 —i.e. the ratio of inductance to resis¬ 
tance. In the following the magnitudes of the inductances to the 
measurement of which the various methods are best suited will be 
stated. 

^yMaxwelVs Method. In this method the unkn own inductance is 


Coil 


s 


■avwv—'TS hfr&S''- j 


& 


@ 


AWv\^AA^-(^)-4 
Non-induct*h^ I 
Resistance 


u 


Low Frequency 


Supple/ 



Pig. 108. Three-ammeter Method 



Fig. 109. Maxwell’s Method tor the Me a surement or 

SELE-ESTDIJOTAISrCE 


compared with a known self-inductance. The connections for a.c. 
working, together with the vector diagram, are given in Fig. 109. 
L 1 — unknown self-inductance of resistor R ± 

L z — known self-inductance of resistor R 2 
R 3 and R i = non-inductive resistors 
Z> = detector 

The resistances R lf R 2 , etc., include, of course, the resistances of 
the leads and contact resistances in the various arms. It is most 
convenient to use for the known inductance L z> a variable self- 
inductance of constant resistance, its inductance being of the same 
order as that of L x . 
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The bridge is balanced by varying Z/ 2 and one of the resistors 
or i? 4 . Alternatively, P 3 and A 4 can be kept constant, and the 
resistance of one of the other two arms can be varied by connecting 
in the arm an additional resistor. 

Theory. At balance the voltage drop v 1 across branch I — voltage drop 
across branch II, and the current i x in branch I = current i z in branch III. 
Similarly, volt drop v 2 across branch III — volt drop across branch IV, and 
i 2 == the volt drops being equal both in magnitude and phase. 

Then, using the symbolic notation, 

4- jcoR i)% __ ( R 2 + jcoL 2 )i 2 

or R^R^ -f- jcoL-^R^ = R 2 R S -j- jcoL 2 R z 


Equating real and imaginary 'quantities, we have 
R]R i = R 2 R Z 


or 

and also, 
Thus 


-^1 „ -^3 

R 2 

_ jg 

_ Ns Ei 

-Z? 2 R± L 2 


(142) 


The inductances L ± and L 2 should be placed at a distance from 
one another and the leads used in the arms should he carefully 
twisted together to avoid loops. It should be remembered in this 
connection that a loop having an enclosed area of 1 sq. ft. has an 
inductance of roughly 1 microhenry. 

The vector diagram of Fig. 109 (6) is for balance conditions, and 
shows and i z in phase with i 2 and This is obviously brought 
about by adjusting the impedances of the various branches so that 
these currents lag by the same phase angle behind the applied 
voltage V. 

This method is very suitable for the measurement of inductances 
of medium magnitudes and can be arranged to give results of 
considerable precision. 

Anderson Bridge. This method requires a standard capacitor 
If-inductance is expressed. It is actually a 
d of comparing an inductance with 
plicable to the precise measurement 
ol inductances over a wide range o t values, and is one of t he oom~ 
mdnest~and best bridge metndcTs.j \ 

Vhig. 110 gives the diagram of-tfonneetions and the vector diagram 
for balanced conditions. 


L — self inductance to be measured 
C — standard capacitor 

jR x = resistance of arm 1 (including the resistance of the 
self inductance) 

r, R 2 , R s , — known non-inductive resistances 
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In the original method a battery and key were used instead of 
an alternating current supply. and i? 4 were adjusted to give 

a balance for steady currents, with the battery key closed. The 
resistance r was then adjusted (without altering the original resis¬ 
tance settings) to give a balance when the battery key was opened 
or closed, the two balances being quite independent of one another. 

When used with alternating currents, it is still convenient to 
obtain a preliminary balance for steady currents, using an ordinary 
galvanometer as detector, the alternating-current balance being then 



Fig. 110. Anderson Bridge for the Measurement of 
Serf -ind uctance 


obtained by varying r. Either telephones or a vibration galvano¬ 
meter—according to the supply frequency—must be used for the 
detector when alternating currents are used. 

When the bridge is finally balanced the self-inductance is given 

t>y 

L = [r(S, + R t ) + RA] ■ - . (143) 

Theory. Assume the capacitor G to be loss-free and the resistances com¬ 
pletely non-inductive. 

Referring to the simplified network diagram of Fig. Ill, where the branch 
impedances are represented by etc., and the mesh currents by A, F, 

X, and X Y, so that the detector current is Y, we have the mesh equations 
Mesh I. 

Z x {X +Y) + Z S (Y + X~X) + Ze(X 4- Y-f) + Z a (X + Y - A) =- 0 
or -^(^i -h -f- Z 6 ) -j- Y(Z 1 -f* Z 2 ■+ Z & -f- Z 6 ) — VZ 6 ~ AZ z — 0 

Mesh II . 


or 


Z S X + Z,{X-V) 4- Z S (X-X- Y) = 0 
X(X 8 ^ Z,)-Z S Y-Z,V = 0 
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Mesh III. 

Z 7 (V-X) + ZJLV-A) + Z G (V-X- Y) = 0 
- X(Z 6 4 - z 7 ) - YZ e 4 - F(Z 4 4 4 z 7 ) - AZ 4 = 0 

Solving algebraically for Y and equating Y to zero (which is the condition 
at balance), we have 


(Z, + + Z 7 ) - Z 7 


4 -^ 7 ) 

Z z 4 " Z'l 

Zj&x 4 - 4 - Zs)Z, _ 

(Z, -I- Z z ) [(Z, + z c + Z 7 ) - ^ 4 f+\gf -~ 



Fig. 111. Simplified Aistdebsok Bridge Network 


?rom which, 

0 =■ ZnZgZ 4 4 ~ Z 2 Z 3 Z S 4 - Z z Z 3 Z 7 4 " Z z Z&Z B — Z-yZ±Z 7 
Expressing the impedances symbolically, we have 

[Zi] = R x 4 - jo>L [Z^\ = R x 

[Z 2 ] = R, [Z s ] - r 


[Z 8 ] = R s 




Substituting in the impedance equation gives, 

0 = R Z R Z R^ 4~ RtRiZ — R^Rz coG RzRtI (^1 4" jcdL)R 

Equating real and imaginary quantities, 

0 = R2R3R4, 4 ~ R^Ra? 4 - R3R4Z ~~ R4, ~Pi 




L = (BJS t + Rf 4 - Rtf 
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and 


jR^R s _ jR^R^ 

coC “ coC 


or RJ^b — R ]_-^4 

which is the balance condition for steady currents. 

Thus, the effective resistance of the self-inductance under test is 
RqRq 

Ri . 




(144) 


If the capacitor is not perfect, but has dielectric loss, the self¬ 
inductance value given by the above expression is unaltered, but 
the value of R ± is affected. 

If the self-inductance of the leads to the coil under test is appre¬ 
ciable, this may be measured by short-circuiting the coil and obtain¬ 
ing a second balance. The actual inductance of the coil may then 
be obtained by subtraction. 

Theory at Balance. The above theory may be simplified by considering 
the case under balance conditions only. 

Referring to Fig. 110 and taking i A = i 2 ~i e (in symbolic notation), we 
have the equations 

“h JO)L) — “b l i , c r 
ixR s = iJjoC 
i c T -h icfjvC — (i 2 - i c )R^ 

Eliminating the currents i v i 2 , and i c gives 

B x + jooL -J . coO . _j co0 . B 2 E s - jwC -rR z = 0 

xt 4 

The balance conditions, as obtained above, are then determined "by equating 
real and imaginary terms. 

j The method can also be used to measure the capacitance of the 
capacitor C if a calibrated self-inductance is available. 

^ERutterworth’s Method . This method is especially suitable for the 
measurement of small inductances (e.g. a few microhenries). 

The diagram of connections and the vector diagram are given in 
Fig. 112. 

L — the self-inductance (of resistance R to be measured 
R 2 — a slide wire 
C = fixed standard capacitor 
R&) Ri, r = non-inductive resistances. 

The resistance balance, or the balance for steady current, can be 
obtained independently of the inductance balance by adjusting the 
resistances R z and R i3 while the inductance balance is obtained by 
adjustment of r and the slide wire setting. 

At balance 

E-, R s 
R 2 = R, ■ 


. ( 145 ) 
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and L = K R 3 + R t)r + + r 2 )](7 . . (146) 

(Kef. (6)). These conditions may be obtained from the mesh equa¬ 
tions by a similar method to that used when considering the Anderson 
bridge. 




To obtain maximum sensitivity , Butterworth has shown that the 
following relationships should be fulfilled— 
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where S is the resistance of the alternator branch (including r) and 
D is the resistance of the detector branch. The resistance r, also 
should" be small. 

stay's Bri dge.^ This method of measurement is particularly suited 
to rtile measurement of large inductances having a comparatively 
low resistance (i.e. having a large time-constant). The diagram of 
connections and the vector diagram are given in Fig. 113. 

L is the inductance to be measured. R^ is its resistance., C is a 
variable standard capacitor and R 2 R 3 and i? 4 non-inductive resis¬ 
tances. Ealance may be obtained by variation of C, R 4i and jR 2 . 



Fig. 113. Hay’s Bridge for the Measurement of Larger 
SEEF-ENDDCTANCES 


At balance, volt drop across arm I = volt drop across arm II, and 
volt drop across arm III = volt drop across arm IY. 


Thus (R 1 -f jo)L)i x = R 2 h 



From which L = 

and the effective resistance R ± of the coil is 

R 2 R 3 R,co*C* 
1 1 +co 2 R*C* 


(147) 


(148) 


Since the expressions for L and R 1 involve co (— 2'irf), the frequency 
must be accurately measured. 
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Measurement with Superposed D.C. and A.C. It has been shown 
by Landon and by Hartshorn (see Ref. 1, Fourth Edition, p. 391) 
that Hay’s bridge may be used for the measurement of self-induct- 
ance in the case of iron-cored coils, in which both direct and alter¬ 
nating currents are flowing. The arrangement of the bridge for 
such a measurement is as shown in Fig. 114. 

The direct current, which may be adjusted to the required value 
by r lf passes through R 1} L, and R 3 only, the capacitors preventing 
its passage through the other branches. The magnitude of the 
alternating current passing through the coil L (under test) is regu¬ 
lated by C 2 and r 2 . This current is obtained from the reading, when 
the bridge is balanced, of an electrostatic voltmeter connected 



Cg) 


Fig. 114 

across jB 2 - This reading gives the potential difference across R-Jh. 
The voltmeter is removed before final balance of the bridge is made. 
To obtain the requisite sensitivity, the detector D consists of a 
vibration galvanometer supplied through a step-up transformer, 
the capacitor C 2 . being adjusted to resonate this transformer. 

C ± is a large capacitor through which one corner of the bridge is 
earthed. Its use avoids direct earthing of one side of the d.c. 
supply. The bridge is balanced in the usual way after the direct 
alternating currents have been adjusted to the requisite values. 

Javiside-Carnybell Bridge. This method employs a standard 
variable inutual-inductance, and can be used for the measurement 
of seif-inductance over a very wide rang e. It is one of the best 
methods for general laboratory use. Eig. 115 shows the diagram 
of connections of Heaviside’s bridge. 

The primary of the mutual inductometer is in the supply circuit, 
and the secondary of self-inductance L 2 and resistance R 2 form 
arm II of the bridge. The inductance to be measured, of seff-induc¬ 
tance Lj and resistance R 19 is placed in arm I of the bridge. P B and 
# 4 are non-inductive resistances. 
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Balance may be obtained by varying the mutual-inductance and 
resistances, R s and i? 4 . At balance, 

h (^2 + jcoL 2 ) -f jcoMi = (R ± + jcoL-y)i x ^ 

and = i-^R 3 

Since i = % + i 2 

4 [^2 + -&0] = h [*i + j<x>( L i ~ M]\ y 


i. 



Fig. 115. Heaviside Bbidge 


R 2 -j - jco(L 2 M) 

/ R a 


R± + jco (L x - M) 


or ' sy R$ [R z + jco(L 2 + M)] = i? 4 [i? x + — M )] 

Equating real and imaginary quantities 

R 2 R 3 = R ± R^ Aj . . . (149) 

and R 3 {L 2 + M) = R^-31). [[ . . . . (150) 

If the resistances E 3 and _K 4 are equal, 

^ L 2 -f- M = L x - M 

or / L 1 -L 2 = 2M 

^* ±n CamnbdV s Modification of the bridge (Refs. (10) and (11)), 
the resistances R 3 and B 4 are made equal. A “balancing coil 3 ’ of 
self-inductance equal to the self-inductance L 2 of the mutual-induc¬ 
tance secondary coil and of slightly greater resistance than the 
latter is introduced in arm I, in series with the inductance to be 
measured. A non-inductive resistance box and a “constant-induc¬ 
tance rheostat” are also introduced in arm II. These additions are 
shown in Fig. 116. 
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Balance is now obtained, by variation of the mutual inductometer 
and the variable resistance r, with the coil L ± , jR Xi whose inductance 
and resistance are to be measured, in circuit. Suppose the readings 
of the mutual-inductance and resistance r are 3I ± and r x . The coil 
L 1 B 1 is now removed, or short-circuited across its ter min als, and 
balance is again obtained, giving, say, readings M z and r z . 

Then 
and 


L i = 2 ( 14 -Jf 2 ) 

R 1 = r l~ r s 




Fig. 116. Campbell’s Modutcatiozst op tee Heaviside 
Bridge 


By this method of operation the self-inductance and resistance of 
the leads is eliminated and the inductance and resistance of the coil 
obtained directly. 

JPhe use of a balancing coil in the above arrangement reduces the 
sensitivity of the bridge. Big. 117 shows a better arrangement, 
which improves the sensitivity and eliminates the balancing coil. 
For this arrangement the secondary fixed coil of the inductometer 
must be made up of two equal coils LL , the primary coil reacting 
with both of them as shown. L 1 is the coil whose self-inductance is 
to be measured. The resistances _K 3 and R& are equal (JJ S = j? 4 = B). 
When so arranged the bridge is known as the Heaviside-Campbe ll 
E qual Ratio Bridge. ~ —~ 

At balance—obtained by varying the constant-inductance rheo¬ 
stat r, and the mutual-inductance M L -f- M z —we have the relation¬ 
ships 

== 

and Li = 2 (M, + M 2 ) 

where R ± and B 2 are the total resistances of arms I and II and 
M x + M 2 is the reading of the inductometer. With equal ratio 
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arms JR Z and R A it is obviou^ihat the magnitude of the self-inductance 
L x -which can be measupgdus limited to twice the inductometer range, 
"i L x is greater th^n this value, unequal ratio arms are used with 




Fig. 118. Heaviside-Campbell Bbidge with Balakcihg Con 


a balancing coil l , the connections then being as shown (Fig. 118). 
Let the ratio 


R, 


= 71 


Then, if the inductance of the balancing coil is made equal to 


h 

n 


211 


INDUCTANCE AND CAPACITANCE 

(where L 2 == inductance of inductometer secondary coil) the balance 
conditions are 


and 4=^ + 1 )M 

y^'When used as described above, the bridge can be used for the 
measurementinductances varying from very low" values to 
medium values^ D. W. Dye (Ref. (9) ) has modified the arrangement 
in order to hlake it suitable also for the measurement of large 



3?ig. 119. KxnRrvAiiA Method or Impedance 
Measurement 


inductances, and, when so modified, the method is a very good one 
for this purpose. 

Kuriyama Method. B. Hague (Ref. (1), 4th Edition, p. 433) has 
described an interesting method, due to M. Kuriyama, of measuring 
the value of an impedance which is carrying a large current at high 
voltages. Instrument transformers are used to isolate the bridge 
from the high-voltage circuit. The connections of the method are 
given in Rig. 119 in which C.T. and V.T. are the current and voltage 
transformers whose ratios and phase angles (see Chapter XIX) are 
K c and (for C.T.) and K v and y (for V.T.). 

If the impedance of the primary of the current transformer is 
negligible compared with that under test, it can be shown that 

R N J? - [-®i + coMi/3 - y)] 

-^2 ^3 t > 

-- X c - * Kl 


8—(T.5700) 
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and also 


L N 


E v R% H~ 
E c ' R 3 
Ey E% ~f E 3 
E c ' R 3 


M - 

CO 

.M 



^Measurement of Mutual Inductance. The simplest method of 
measuring mutual inductance consists of passing an alternating 
current—measured by an ammeter—through the primary of the 
mutual inductance and observing the voltage induced in the secon¬ 
dary by means of an electrostatic voltmeter. It is important that 


sSSUlptf. 


fTHSFOTT] 


Fig. 120. Felici’s Method of Measuring Mutual Inductance 

the current shall have a purely sinusoidal wave-form, since harmonics 
may introduce serious errors. 

If the current in the primary is given by " . 

i = I max sin cot 

then the induced voltage in the secondary will be 
di 

e = M ^ = MI max co cos cot 

or, taking r.m.s. values of current and voltage, 

E — coMI 
E 

from which M = — T 
col 

Since jco = 2tt X frequency, the frequency of the supply should be 
accurately measured. 

~ Method - If a variable standard mutual inductometer is 

available this method is an improvement upon the above. It can, 
[however, only be used for the measurement of mutual inductance 
[within the range of the standard inductometer. The connections 
are shown in Tig. 120, where M 1 is the mutual inductance to be 
measured and M is a variable standard mutual inductance. 
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An alternating current is passed through the two primary coils 
in series, and the secondary coils are connected in opposition. The 
standard inductance M is varied until the vibration galvanometer 
D shows no deflection. Then, the reading of the standard gives the 
mutual inductance of if x . 

Some difficulty may be encountered—especially at high fre¬ 
quencies—in obtaining zero deflection of the detector D. The self¬ 
capacity of the mutual inductances, and eddy currents induced in 
circuits, or metal parts, in the vicinity, may render it impossible to 
obtain exact balance, only a minimum deflection being obtainable. 

Campbell (Ref. (3) ) has discussed these effects very fully and 
shoypsfliow they may be taken into account. 

Xx ^teASUREMEJiTT OF A MuTUAU-TTOITCTAlSrCE AS A Srerr-rNoucTANCE. 

It was pointed out in Chapter V that if two coils, of self-inductances 


1 1 7 ? 

-Tnsbwmy—- 

M 

- - , 

4 L Z 3 

C.OO 



Fig. 121. Mutual Inductance Connected as a Self-htoucta^ce 


L x and L 2 , are connected in series, and if the mutual-inductance 
between them is M , then the self-inductance of the arrangement is 
given by L = L t -f» L 2 ± 2M, the alternative sign depending upon 
the connections and on the relative positions of the two coils. 

A simple method of obtaining the mutual-inductance M is to 
measure—by one of the methods already described—the self¬ 
inductance of the combination, first with the two coils connected 
in series, as in Fig. 121 (a), and then when connected as shown in Fig. 
121 (b). In the first case L = L x + L 2 + 2M, and in the second 
L' — -f- L 2 - 2 M, where L and If are the measured self-induc¬ 
tances. By subtraction 

L-U = 4M .(151) 

L-L' 

or M = —-— 

4: 

sttrement by ~Batt,tstio Galva^qmeter. The secondary 
winding of the mutual-inductance is connected to a ballistic galvano¬ 
meter, and a current of I amp. is passed through the primary winding. 

2MI 

Upon reversal of the current I an average e.m.f. of —— volts is 

induced in the secondary winding, where M is the mutual-inductance 
in henries and t is the time in seconds taken for the reversal of the 
current J. The average current in the galvanometer circuit will be 
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2MI 

-£j£- ., where R is the total resistance of the ballistic galvano¬ 

meter circuit. Thus the quantity of electricity passed through the 

2 MI 

ballistic galvanometer during the reversal is —coulombs. Now 

Jti 9 

the equation giving the deflection of a ballistic galvanometer when 
a quantity of electricity Q passes through it is 


Q = — . K (^1 -\- sin | (see Chap. IX) 

where T — time in seconds of one complete vibration of the gal¬ 
vanometer moving system 
K = the galvanometer constant 
6 = the “throw 5 ’ of the galvanometer 

A = the logarithmic decrement of the galvanometer vibration 
Hence, the mutual-inductance M is given by 

M = + \ ■ ■ • < 162 > 
Maxwell's Method. The connections for the comparison of two 





Fiu. 122. Maxwedi/s Method for the Comparison of Two Mttttjal- 

INDTJCTANCES 


unequal mutual-inductances are shown in Tig. 122 (a). M 1 is the 
mutual-inductance to be compared with the standard variable 
inductometer M. L ± and L are the self-inductances of their secon¬ 
dary windings. R t and are the total resistances of the two 
branches, and l is a variable self-inductance inserted in either branch 
I or branchII to obtain exact balance. The final balance is obtained 
by successive adjustments of l, R ls and R 2 . 

Theory. Using the mesh currents as in Fig. 122 (a), the mesh equations 
are— 

Mesh I. 

-f- jco (L± -f- Z).5 l — JD Y -J- jcolVL-^A. — 0 
or XfRj, + jco(L -l -+ 1)1 - DY + jcoM x A — 0 
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Mesh II. 

(-B* -f jcoL) (X + 7) + BY + jcoMA = 0 
or (J? 2 -f* jcoL)X -f- (i? 2 ~T" B -j- jcoL) Y -f- jcoMA — 0 


where D = impedance of the detector circuit. 

Since the detector current Y is zero at balance, we have 

-f- jco(B 1 -j- Z)] -f- jcoM t A = 0 
X(R 2 -f- jcoL) -f jcoMA = 0 


Substituting in (i) for A from (ii), 

+ J)] - M 1 & = 0 

or R x + /<»(£, + l) = (je 2 + jcoZ,) 


Equating real and imaginary quantities, we have 

Mi 

M 


7-> -^4 p 

■TL-j - -tin Or "—r* : 

1 M 2 R 2 


and 




L x —j— Z 


ikf 


Hence 


>4 _ R x __ L ± + l 

'M ~ Rn TT 


(i) 

(ii) 


. (153) 


Fig. 122 (b) gives the vector diagram for the network under 
balance conditions. Then, since Y = 0, the current in both of the 
branches I and II will he X. 

Campbell’s Method of Comparing Two Unequal Mutual-inductances . 
Fig. 123 gives the connections of the network for this method M 
is the unknown mutual-inductance whose primary winding has 
self-inductance L. M x is a standard mutual inductometer with 
self-inductance L x in its primary winding. Suppose that M is greater 
than the maximum value of M X) then a variable self-inductance, in 
series with the primary of the unknown, is inserted to make L -j- l 
greater than L ± . R x , R 2 , R 33 and i? 4 are the resistances of the four 
arms. 

The switches S x and S 2 are first thrown on to contacts aa, so as to 
exclude from the detector circuit the secondaries of the mutual 
inductances. The bridge is then balanced by varying the resistances 
and the self-inductance l. Then, as shown in connection with Max¬ 
well’s method for the comparison of self-inductances 


4 i _ ^3 _ 4 l 

jR 2 -^4 L 1 


(154) 


The secondaries of the mutual-inductances are then connected in 
series with the detector, and in opposition to one another. This is 
done by throwing over switches S x and S 2 on to contacts bb, Balance 
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is then again obtained by adjusting the variable standard M 1} the 
four branches I, II, III, and IV being left unaltered. 

Theory. Taking mesh currents X, X 4 - Y, and A , as in the figure, we have 
Mesh I. 

(#1 4 jcoL x ) (X - A) A [R 2 4 ja>(l -f- X)]X 

- DY 4 jcoMX -JcoM^X - A) = 0 

or (B x 4 - jcoL 1 ~jaoM x ) (X - A) A [i? 2 4 ia>(Z 4 ■£) 4 ycoikfJX — DY = 0 



Fig. 123. Camtbeil’s Method eor the Compahisoh of Two 

MtJTTJAX. -INT> UCTANGES 


Mesh 11. 


B A (X AY) 4 i 2 s (X + Y-A) + YD -ja>MX A jcoM x {X - A) = 0 
or {R i -jcoM)X A {Ri A K* A D)Y A (B a A jcoM x ) (X - A) = 0 

where D = total impedance of the detector circuit. 

When. Y = 0 , 

(-^i 4 ~jcoM x ) (X-A) = - X[.R 2 4 y<n(Z 4 X) 4 JcoM] 
and (-K s 4 icoJVfj.) (X - A) « - X(i? 4 -jaoM) 

By division 

J?x 4 — ja>M x _ B z 4 yco(Z 4 X) 4 /coili - 

-Ra 4 icoM 1 X 4 -joM 

Hence 

i 2 x i? 4 4 jcoL 1 B 4 —fcoMyB^ ~jcoMB x 4 co 2 X 1 M 

= i? 2 i? 3 4 /o>X 3 (Z 4 i)+ jcoMB a 4 jcoM 1 B 2 - co*M x (Z 4 D) 
Equating real and imaginary quantities 

ByR x 4 oy^L-yM = B 2 B a — cxYM x [X 4 X) . . (i) 

L X R£ _ZkT-iB 4 — MR X = B a (l 4 X) 4 M[R% 4 M^ X R 2 . (ii) 


Using the conditions for the preliminary balance, 
we have, from Equation (i), 


L X M =-- -M x (l 4 L) or 


M 

M x 


l 4 X B, 2 

Xi By 


Rt 

B 9 


Bs __ D\ 

B/y l 4 B 
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and from Equation (ii), 

-M^S t + B t ) = M(R 1 4. R„) or - ~ = 

Hence, finally, the balance conditions are 

M l+L R 2 + P, X* R, 

/ M 1 L x - R x + R s ~ “ R s ' ‘ ( } 

fey&weiller s Modification of Carey Foster's Method . The con- 
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i? 4 is often a non-inductive, oil-cooled standard resistance. Balance 
is obtained by varying f? 3 , R±, and C. The primary of the m atual- 
inductance must be connected so that the voltage induced by it in 
arm I neutralizes the volt drop due to the current % in this branch, 
since, when R 2 = 0, the volt drop in branch I must be zero for 
balance of the bridge to be obtained. 

Theory. At balance 

%[i?i + + L)1 — jo)Mi = i 2 R 2 

or, since i ~ i t + i 2 

i 1 [R 1 4- jco(l 4- I) - jcoM ] — i 0 [R z 4- jcol 


Also, 

= iiRl 

Therefore, 

Ri + jco(l 4- L) -jcoM JR 2 -f- jcoM 

r >3 ~ R ‘ 

R ‘~ZZ! 

or. 

R i R t = E,R a + ^ 


co(l + L)R t - a>MR l = coMR 3 -A*, 

Thus, 

M = GiRJti-BJR s ) 

and 

<' + « = "( 1 + £)-Jvb. 


When R 2 — 0, the expression for (Z + L) is made independent of 
frequency, since the second term is then zero and 

(1 + L) = m(i + ^ .... ( 156 ) 

Fig. 124 (b) gives the vector diagram for balance conditions, when 
R 2 = 0. The vector ifa representing the volt drop in the impedance 
(%) of branch I, is counterbalanced by the vector coMi , representing 
the induced voltage in the secondary of the mutual-inductance, so 
that is zero. 

Measurement of Capacitance. Although the commonest, and usu¬ 
ally the best, methods of measuring capacitance are the alternating- 
current bridge methods, the apparatus required, for such methods 
may not always be available. Under such circumstances one of the 
following methods might be used. 

Ammeter and Voltmeter Method. If an alternating voltage of 
pure sine wave-form is applied to a capacitor of capacitance C farads, 
a current of coCV amp. will flow, where V is the r.m.s. value of the 
applied voltage and o> = 2 tt X frequency. If the current is mea¬ 
sured by a low-reading ammeter and the voltage across the capacitor 
by an electrostatic voltmeter, the capacitance can be determined in 
terms of the readings of these instruments and of the frequency. 

Instead of measuring the current by an ammeter, a non-inductive 



INDUCTANCE AND CAPACITANCE 


219 


resistance of known value may be connected in series with the 
capacitor, and the volt drop across this resistance measured by the 
voltmeter. The current is then given by the voltmeter reading 
divided by the series resistance. 

If the voltage wave-form contains harmonics of appreciable 
magnitude a correction may be made for this by multiplying the 
measured value of the capacitance, obtained as above, by the factor 


/ -i- ' 5* ~~i~ - 

V J 7 ! 2 + 9F 3 2 + 25 F s 2 -f - • 


where V lf V 3 , r B , etc., are the values of the various components of 



Fig. 125. Fleming and Clinton’s Commutator Method job 
Capacitance Measurements 

the voltage wave-form. It is important in measuring capacitance to 

bear in mind the fact that, since the capacitance reactance is ; ^ 

the reactance to the harmonics is less than the reactance to the 
fundamental of the voltage wave, and thus the current wave is not 
of the same shape as the voltage wave, the harmonics being accentu¬ 
ated (see Chapter XV). 

Fleming and Clinton’s Commutator Method. The connections 
for this method—which is a method using direct current—are shown 
in Tig. 125. C is the capacitor whose capacitance is to he measured, 
6r is a moving-coil galvanometer whose natural period of vibration 
is large compared with the time of charge and discharge of the 
capacitor. 

Commutator Construction. The latter operation is performed by the com¬ 
mutator j K, the connections to which are as shown. This commutator consists 
of three metal barrels, insulated from one another, and mounted on one shaft 
as shown. The two outer barrels, which are connected, through brushes 
pressing on them, to one terminal of the battery and one terminal of the 
galvanometer respectively, each have the same even number of lugs on their 
peripheries. The inner barrel has teeth projecting radially and fitting in be¬ 
tween these lugs. The co mm utator is driven at a constant speed by a small 
motor direct-coupled to it, a counter being geared to the shaft for the purpose 
of speed measurement. A third brush, connected to one terminal of the 
capacitor, presses on the rim of the commutator as shown. As the commu¬ 
tator rotates this brush makes contact, first with the barrel connected to the 
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battery—which charges the capacitor to the voltage V of the battery—and 
then, with the barrel connected to one terminal of the galvanometer—which 
discharges the capacitor. The third inner barrel is provided to ensure smooth 
rmining of this brush. 


A commutator of this type, driven by a phonic motor to ensure a 
very steady speed, is manufactured by Messrs. Muirhead & Co. 

Since the time of charge and discharge of the capacitor is small 
compared with the period of the galvanometer, the latter is con¬ 
tinuously deflected. 

Let this deflection correspond to a current of I amp. in the gal¬ 
vanometer. Then, if Q is the charge (in coulombs) given to the capa¬ 
citor at each charge, and N is the number of charges per second, 
the quantity of electricity discharged through the galvanometer 
is NQ coulombs per second. 


Thus the current 
But 

Therefore 

or 


1 = NQ 

Q = CV where V is the battery voltage. 

1 = NCV 

C = farads .... (157) 


Leakage in the capacitor may be detected by connecting the galvanometer 
in series with the battery to measure the charging current, a short-circuiting 
wire replacing the galvanometer in. the discharge circuit. The capacitance of 

the capacitor, determined from , where T is the charging current, should 

be the same as the previously determined value if leakage is negligible. 

Maxwell’s Commutatoe Beidge Method has already been 
described in Chapter II, page 67. 

Ballistic Galvanometer Method. In this method the cap¬ 
acitor is charged to a known voltage V by means of a battery, and 
then discharged through a ballistic galvanometer, the connections 
being the same as those of Fig. 125, except that a key replaces the 
commutator. The quantity of electricity (in coulombs) discharged 
by the capacitor is then given by 


Then 


Q 


C = 


T 

77 

Q 

V 


K 1 




sin. - 


6 


This method can also be used for the comparison of an unknown 
capacitance with a standard by comparing the quantities of elec¬ 
tricity discharged through the Ballistic galvanometer when charged 
to the same voltage in each case. 

With direct-current methods of measurement, the time of charge, 
and of discharge, is important in the case of absorptive capacitors, 
since the measured value of the capacitance will depend to some 
extent upon these times (see Chapter IV). 
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!lTc. Bridge Methods. t De Sauty Method .J\T Ms method is the 
simplest way of comparing two capacitances. When used on a.c. the 
connections are as in Fig. 126. 

C ± = capacitor whose capacitance is to be measured 
C 2 = a standard capacitor 
R ± and R 2 = non-inductive resistances 
Balance is obtained by varying either jR x or R 2 . 




Fig. 126. De Satjtv Bhidge 


At balance 
and 

Thus 


or 


hfli — 4-^2 

coC 1 1 coC 2 2 
_ C 2 
R 2 ~~ <7 a 

r-\ Si Bn 


(158) 


For maximum sensitivity, C 2 shonld be equal to C v The advan¬ 
tage of the simplicity of this method is largely nullified by the fact 
that it is impossible to obtain a perfect balance if the capacitors 
are not both free from dielectric loss. Only in the case of air 
capacitors can a perfect balance be obtained. 

If two imperfect capacitors are to be compared, the bridge is 
modified by connecting resistances in series with them, as in Fig. 
127 (&). R 3 and R 4 are the series resistances, while r x and r 2 are small 
resistances representing the loss components of the capacitors. 
Balance is obtained by variation of the resistances R x , R 2j R& R A . 
At balance 

— zJR 2 

4 [a + »i - "cj = 4 [*« + r 2 - 

from which it follows that 


R\ R 3 -f- f± C 2 
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The vector diagram of Tig. 127 ( b ) shows the relative positions 
of the vector quantities under balance conditions. The angles <3 X 
and d 2 are the phase angles of capacitors C x and C 2 respectively. 
Obviously 

tan <$! = 

coC x 

and tan d 2 = r 2 coC 2 



From the condition ~ 

C 1 JS 4 4- r 2 


we have 

or 

i.e. 


Since 


C 2 r 2 - = CjR z - CJR 4 

coC 2 r 2 - coCfo = q)(CjR 3 - C 2 R 4 ) 
tan <$ 2 - tan d ± = (^{CJR^ — C 2 R 4 ). / 

a 2 

C x R 2 

tan S 2 - tan <5j = o>C x 


(159) 


from which expression the phase angle of one capacitor can he 
found in terms of the phase angle of the other. 

This method is due to Grover (Ref. (16)). 

In the vector diagram the angles d 2 and <5 X are exaggerated for 
convenience in drawing. These angles are usually small, and thus 
it is usually a sufficiently good approximation to write 

tan (<5 2 - <5 X ) = ojC 1 (i? 3 - 
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/ Grover's Series Inductance Method . This method is somewhat 
Similar to the above, inductances being used instead of series 
resistances. It is a useful method for the determination of the 
capacitance and power factor of a small capacitor by comparison 
with a standard capacitor. The connections and vector diagram 
are given in Fig. 128. 

L ± and L 2 are variable standard inductances. R x and R 2 are the 
resistances of the arms in which these inductances are situated. 
Non-inductive resistances may be connected in series with L ± and 



L 2 , in which case R x and R 2 are the resistances of the arms, including 
the resistances of L x and L 2 . C 1 is the unknown capacitance. C 2 is 
the standard capacitor, while r x and r 2 are resistances representing 
the loss components of these capacitors. 

Balance is obtained by variation of the inductances and L 3> 
and of the series resistances in these arms if necessary. 

At balance (R x + jcoL-j)^ — (R 2 + jcoL 2 )i 2 


Erom which we have 


C 2 R, 


, (o 2 C t T r . 

+ (^2-^1) - 


(161) 


In most cases, when L ± and L 3 are not large, the second term may 
be neglected, whence 


• (162) 
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The phase angles d ± and S 2 of the two capacitors may be obtained 
from the expressions 

tan S ± = r 1 coC 1 
and tan S 2 — r 2 coC 2 

Substituting the relationship 

a r 2 

C 2 - R, 



in the first of the balance conditions, we have 




R 2 

u 


Li 


*V 

~Ri ri ~ 





o 2 

A 


Li 

or 

*2 

o/ l ~ 

Rfii 

c 2 r. 

whence 

coC 2 r 2 - 

li 

£ 

3 

"( 

h 

r 2 

n/ 

or 

tan d x - 

■ tan dg —— 

"( 

Li 

Ri 

l 2 \ 



= 

tan 

01- 

- tan 6< 


where and 0 2 are the phase angles of the inductance arms I and II. 

/Owen's Bridge,. This bridge, the connections for which are given 
m Fig. 129 is, in fact, a modification of Grover’s method just des¬ 
cribed and provides a method of measuring self-inductance in terms 
of a standard capacitance. 
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The inductance under test. It -f- jojL, is connected in series with a 
variable non-inductive resistor The standard capacitance is C g . 
At balance 

r __ JL 

R + R i + jmL = ^_co<7 

^2 _i_ 


i 


Fig. 130. Wien Bridge 
q 

from which R — R 2 ~ - 

and Ij —— R^R^J s 

This bridge, which can cover a wide range of inductance measure¬ 
ments with limited apparatus, is convenient to use since the balance, 
which is independent on frequency and wave-form, is obtained by 
succpsiive adjustment of the two resistors R 1 and R z . 

Method . T his method is a convenient one when an im¬ 
perfect capacitor is shunted by a resistance as is the case in cable 
testing. In Fig. 130 {a), in which the connections of the bridge are 
shown, C x is the equivalent shunt capacitance of the capacitor, and 
R x the shunt resistance. The capacitor C 2 is a standard air capacitor 
and R 2 , R s , and R 4 are non-inductive resistances. If the unknown 
capacitor is not already shunted by a resistance, the resistance R t 
is placed in parallel with it. Balance is obtained by variation of 
the resistances R 2 , Rs> and R A . 

At balance 

* (1 + >oa) = h ( R *- i) 

%jR 3 = ^ 2-^4 




and 
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(164) 

(165) 


The rector diagram for balance conditions is shown in Fig. 130 ( b ), 

Other Bridg-e Methods oe Measuring Capacitance. The 
Sobering Bridge t method of measuring the capacitance and power 
factor of capacitors has already been described in Chapter IV. 

Some of the methods already described earlier in this chapter 
for the measurement of self- or mutual-inductance in terms of capa¬ 
citance form convenient methods of measuring the capacitance of a 
capacitor in terms of self- or mutual-inductance, if suitable induc¬ 
tance standards are available. Obviously, such methods may be used 
either way about without modification, the theory of the method 
remaining the same. Two such methods are Anderson's Bridge and 
the Carey-Foster Bridge * 

Bridge Methods for Special Purposes. Measurement of the 
Self-inductance of Alternating-current Resistance Standards. It is 
often important that the self-inductance of heavy-current, low- 
resistance standards for use in alternating-current measurements 
should be known. The inductance of such standards is usually very 
small, and its measurement necessitates special methods. Watt¬ 
meter methods, using a reflecting-type wattmeter, have been devised 
but do not compare favourably with alternating current bridge 
methods, and the latter are therefore in more general use. 

Campbell's Method . The connections of this method (Bef. (13)) are 
given in Fig. 131. The standard resistor R s has four terminals, 
being its “current terminals,” and ppp 2 if s “potential ter¬ 
minals”—hence the name “four-terminal resistors” given to such 
standards. The self-inductance of R s is Z. M l3 M z> and M are three 
variable mutual-inductances, the former two not necessarily being 
of known values, and the latter being a low-reading standard induc- 
tometer. R and L are the resistance and inductance of the circuit 
containing the secondary winding of M x and the primary of M 2 . 
D is the detector. Balance is obtained by variation of the three 
mutual inductances as required. These should be well spaced in 
order to avoid mutual inductance effects between them. 


Theory. At balance the sum of the voltages in the detector circuit is zero. 
Thus, (B s -f jcol)i 4- jcoMi 4- ja>M 2 i 1 — 0 

or i[R a 4 - jco{l 4 - M)] 4 - jcoM = 0 


* Other methods of measuring both inductance and capacitance are given in 
Hague’s Alternating Current Bridge Methods and in the Dictionary of Applied 
Physics , Vol. II, to which works the reader is referred for further information 
on the subject. 
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Also in the circuit containing L and R, 

jcoMji 4 i x {R 4- 3 <dL) — 0 

Hence ±iP£ + M l _ . 

jcuM t R -f jcoL 

RR S - co 2 L{l -f- M) 4 jaoLR t 4 jcoR(l 4- Af) — - co i M l M t 
Equating real and imaginary quantities, we have 
RR S - co 2 X(Z 4 AT) = - o> 2 M x M % 

RB S = o> 2 [£(£ 4 M) - M X MJ 
and R{1 4 AT) 4 = 0 


(166) 


Thus the self-inductance l can be found if L } R„ R, and M are 
known, the values of M 1 and J I 2 being unnecessary. 



If M-l and M are reversed the expression for l becomes 
M-l L 
R, ~ B 

1 


It is necessary for balance that M should he greater than l and 




L 2 R S 

R 


In the same paper Campbell describes the application of this 
method to the measurement of the capacitance and power factor of 
capacitors. For this purpose the connections of the network are 
the same, except that the capacitor replaces the standard resistance 
R 8 . Balance is obtained in the same way, and it can be shown hy 
the method used above that the balance conditions are 


1 

Cco 2 


= M + 


rL 

R 


(167) 
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and. 




Lh-l 

R] 


( 168 ) 


where C is the capacitance and r the series resistance representing 
the loss component, of the capacitor under test. The power factor 
rcoC can be found from the two equations, 


and 


RM 1 l M 2 co 2 
r — W+TFtf 

_1 _ u , 

Ca>* 1 BHiV 


(169) 

(170) 


which follow from the balance conditions, 
is small 

c _ 1 

_ co 2 M 


If the time constant — 
R 

. (171) 


to a very close approximation. 

Hartshorn's Method for the Measurement of the Self-inductance of 
Low-resistance Standards. This method, described by L. Hartshorn 
(Ref. (18) ), is essentially a modification of the Kelvin double bridge 
(see Chapter VII), and compares the phase angles of two low- 
resistance standards. To obtain the requisite sensitivity the supply 
is of telephonic frequency, and telephones are used as the detector. 
This is justifiable, since the frequency has little effect upon the 
inductance of such standards. The connections are given in Fig. 132. 

S and X are the two low-resistance standards whose phase angles 
are to be compared, that of S being known and that of X unknown. 
Let their resistances be R s and R x and their self-inductances L s and 
L x . P , Q y p, and q are shielded non-reactive resistors, and r x and 
r 2 are low resistances—most suitably slide-wires—for fine adjustment 
of the resistances of the arms. C L and C 2 are variable air capacitors, 
shunting Q and q. The leads from the potential terminals of S and 
X are run close together to avoid inductive loops. R and R' are 
variable resistances with their connecting point earthed as shown. 


If the ratio is made equal to = ~ = ^ the potential of the 

detector D is that of earth, although it is not actually earthed. By 
this means earth-capacitance effects between the telephone detector 
D and the operator’s head are eliminated. This point will be dis¬ 
cussed further in connection with the Wagner earth device (see 
page 231). 

Operation. In operation the following procedure is adopted— 

1. Adjust r x and C l3 with connections as shown, until balance of 
the bridge—i.e. silence in the telephones—is obtained. 

2. Remove the link M , connecting S and X, and obtain balance 
again by adj usting r 2 and C 2 . 
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3. Replace the link and obtain balance again by adjusting r x and 

0 V 

4. Repeat the above procedure until balance is obtained with the 
link either in or out. Let the reading of C 2 for t his condition be . 

5. Remove the link, transfer the supply to the points T ± T 2 , and 
adjust C x until balance is again obtained. Let the setting of C 1 now 
be C{\ 

Then the expression for the time constant of X is 

i-jM«< 0 '+ c '>-y + t ■ • < 172 > 



Fig. 132. Hartshorn’s Method for the Measurement of Serf- 

INDUCTANCE OF LOW-RESISTANCE 


where L v and Z Q are the self-inductances, and P and Q the resistances 
of P and Q. 

The original paper should be consulted for a fuller consideration 
of the method. 

Double-ratio Bridges with Inductively-coupled Ratio Arms. The 
Wagner earth device (see p. 231), which is used to bring the terminals 
of the detector branch of a bridge to earth potential, has the dis¬ 
advantage that its branches must be adjusted with every change of 
earth capacitance, i.e. with every bridge measurement. The two 
balances—that of the bridge network itself and that of the Wagner 
earth—are mutually dependent so that a series of alternate balances 
must be made to arrive at a final simultaneous balance- 

As an alternative method of reducing earth capacitance effects 
A. D. Blumlein (Brit. Pat. No. 323037) proposed replacement of the 
resistive arms of the bridge network by a pair of tightly-coupled 
inductors. By this means it is possible to bring the three terminals 
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of these two arms to almost the same potential so that, by connecting 
the centre terminal to earth, earth capacitance effects at all four 
corners of the bridge can be eliminated. 

A development of this proposal is the use of double-ratio bridges 
with two sets of inductively-coupled ratio arms. A full description 
of the construction and application of such bridges has been given 
by H. A. M. Clark and P. B. Vanderlyn (Kef. (42)). 

An interesting application of the double-ratio bridge is in a height 
indicator for aircraft. W. L. Watton and M. E. Pemberton (Kef. 
(43) ) describe a direct-capacitance altimeter which uses the change 
in capacitance, with height, between the aircraft and the earth as a 
measure of low altitudes (up to about 200 feet). The sensitivity of 
the bridge for this purpose can be made sufficient to detect capaci¬ 
tance changes of 1 iuulE 

- Sources of Error m Bridge Measurements, and Precauti 
Allhough it is best, in considering the sources of error in a.c. bridge 
measurements, to treat each particular method separately, the space 
available here does not permit such consideration. The possible 
sources of error are considered in general below. For more detailed 
treatment the reader is referred to Dr. B. Hague’s excellent book on 
Alternating Current Bridge Methods, to which work the author has 
referred for some of the information contained in this chapter. 

Vfifray Field Effects. Errors may be caused by the fact that the various arms 
of the bridge network may be—unintentionally—either magnetically or elec¬ 
trostatically coupled, due to the “stray” magnetic or electrostatic fields 
existing round apparatus included in the network. When such effects are 
present the simple theory of the network—considering each arm as being 
entirely separate from the other arms except where intentionally coupled 
together—is no longer quite true. Under these conditions the detector may 
indicate balance—or zero deflection—when balance conditions have not really 
been obtained. 

In networks containing two or more self- or mutual-inductances there may 
b© mutual-inductance between two of them in different bridge arms. Usually, 
stray magnetic fields will be more important than electrostatic stray fields 
■when inductances and resistances only are present. If the bridge contains 
capacitors the opposite is the case, errors then being caused by.inter-capacit¬ 
ance between the various arms/Uoops formed by the leads conn v @cting a piece' 
of apparatus to the bridge may also introduce errors owing to their inductance. 
In inductance measurements the leads should be twisted together to avoid 
such loops, while in capacitance measurements the leads should be separated 
from one another to avoid capacitance between them?) As already pointed out, 
it is possible in some cases to eliminate the effects ofAhe leads by making two 
measurements on the bridge—one with the apparatus under test in circuit, 
and one with the piece of apparatus short circuited—or hy substituting a 
variable standard for the unknown and adjusting it to give balance with the 
same bridge settings as when the unknown was in circuit. 

To avoid errors due to magnetic coupling between arms the inductance coils 
used should be wound astatically—i.e. having no appreciable stray magnetic 
field—or magnetic screening may be adopted. For such screening a thin 
sheet of high permeability material is placed so as to prevent the stray mag¬ 
netic field from reaching the apparatus in the other arms. The inductance 
coils should, also, be arranged at some distance from one another and from 
the bridge. Mutual inductance between two pieces of apparatus can often be 
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detected by altering their relative positions and observing if the bridge settings 
for balance are altered thereby. 

In some cases errors are caused by direct induction effects between the 
supply to the bridge, and the detector circuit, which may cause the detector 
to indicate the passage of a current through it when the bridge is, in reality, 
balanced. Such effects may be eliminated by placing the supply alternator 
at some distance from the bridge and by supplying the bridge through an 
“inter-bridge transformer.” The latter is a transformer having windings 
which are very well insulated from one another and which have an earthed 
metallic screen between them. Such transformers should have a closed mag¬ 
netic circuit to avoid magnetic leakage, the core often consisting of sheet steel 
ring punchings. Usually there are several windings on the transformer to 
afford a choice in the working voltage. 

When telephones are being used, direct induction between apparatus in 
the bridge arms and the telephone circuit may produce sound in the telephones 
when the bridge is balanced. The presence of such direct induction may be 
detected by moving the head, when the bridge is almost balanced, so as to 
alter the plane of the telephones relative to the bridge. If no difference in 
sound is detected when the telephones are thus moved about it may be assumed 
that such induction effects are negligible. To eliminate such effects, when 
present, the telephones must he disconnected from the bridge and moved 
so that silence is obtained when the bridge is supplied with power from the 
alternator. Adjustment of the bridge to obtain balance must be carried out 
withthe telephones in this position. 

v^Brrors due to electrostatic coupling between the various arms of the bridge 
and to earth capacitanc es of the various pieces of apparatus may be guarded 
against bjT'electrostatic screening. The use of such screens renders these 
capacitance effects magnitude and independent of the distribution 

of the apparatus forming tne bridge network. By this means the effect of 
such inter- and earth-capacitance s upon the accuracy of the bridge may be 
made very small. 

A similar purpose is served by the various earthing devices of which that 
due to 'Wagner (Ref. (21) ) is commonly used. 

vx Wagner Earthing Device . This device is used in conjunction with most of 
the bridge networks previdusly described, and is usually very necessary if 
accurate results are to be obtained. Tig. 133 shows the connections of the 
device for use in conjunction with the general form of bridge networkA^^, 
Z 29 Z 3 , and are the impedances of the bridge arms. X and Y are the two 
variable impedances of the Wagner earth branch, the centre point of which is 
earthed as shown. These impedances may consist of variable resistances and 
self-inductances similar to those used in the arms of the bridge proper, but 
not necessarily of known value. Z> is the telephone detector. 

If the switch 5 is on contact b, balance of the bridge may be obtained by 
adjustment of the impedances Z\> etc. At balance, the points a and b are 
at the same potential, and no current should flow in the detector branch. 
These two points are not, however, necessarily at earth potential, and it is 
found that a capacitance current flows from the detector branch to the 
observer’s head through the telephones, thus rendering complete silence in the 
telephones unattainable, although a point of minimum sound can be obtained. 

After adjusting the bridge to give minimum sound, the switch S is thrown 
on to contact c, so that the telephones are then connected between point a 
and earth. X and Y are next adjusted until silence is obtained. Under these 
conditions point a must be at the same potential as earth although it is not 
permanently earthed. 

The telephones are next connected, by the switch, hack on to ab , and Z % 
and Z A are adjusted to give minimum sound again. The process is continued 
until silence is obtained with the switch on either of the positions 6 and c, 
without further adjustment of the impedances being required when the switch 
is thrown over from one to the other. Then three points op, &n4 <? musl 
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be at earth potential. Thus the telephones are at earth potential and the 
capacitance effect with the observer’s head is eliminated. In the double-ratio 
a.c. bridges mentioned on p. 230 some of the disadvantages of the use of the 
Wagner earth arrangement are overcome^ 

Leakage Errors. If the insulation between the various pieces of apparatus 
forming a bridge network is not good, trouble may arise through leakage 
currents from one arm to another. This is especially true in the case of high 
impedance bridges. To avoid this the apparatus used may he mounted on 
insulating stands. 

Eddy Current Errors. Standard resistances and inductances used in bridge 
networks should be so constructed as to avoid variation of their values due 
to eddy currents when the frequency is varied. The effective resistance and 



Fig. 133. CdsnsrECTiON-s o v Wag:ner Earth Device 

inductance of a piece of apparatus under test may vary with frequency due 
to this cause- Large masses of metal in the vicinity of the bridge should be 
avoided, as the flux produced by eddy currents induced in them may set up 
troublesome e.m.f.’s in parts of the network. In the case of mutual induc¬ 
tances eddy current effects, if present, cause the induced voltage to lag by 
some angle less than 90° behind the inducing current, in which case the simple 
theory of the network does not hold. 

Residual Errors. In speaking of the resistors used in the various bridge 
networks the description “non-inductive” or “non-reactive” has been applied 
to them, indicating that their inductance and capacitance are both zero. Al¬ 
though resistances for such purposes are constructed so that these quantities 
are very small, it cannot always be assumed that they are zero. The term 
“residual” is used to indicate the small inherent inductance or capacitance of a 
resistance coil. In precise work it is sometimes necessary to take these residuals 
into account—for which purpose they must either be measured or calculated— 
in order that errors due to them shall be avoided. The self-capaeitance of coils 
is usually only important when the coil has many turns and the supply 
frequency is high. The resistance and inductance of such coils are increased 
and reduced, respectively, due to this cause by amounts which are proportional 
to the square of the frequency (Refs. (19), (20) ). 
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Frequency and Wave-form Errors. Some of the bridges previously des¬ 
cribed are independent of the frequency of the supply in the sense that the 
balance conditions do not involve the frequency. In such cases, therefore, 
the frequency of the supply'is only important in its effect upon the effective 
resistance and inductance of the apparatus under test; and the fact that the 
supply wave-form contains harmonics is only important for the same reason. 

In the case of networks in which the balance conditions do involve the 
frequency, the latter is important and must be carefully measured. ^"The wave¬ 
form of the supply is also obviously of importance, since the bridge cannot 
be balanced both for the fundamental and the harmonics in the wave-form 
(if any) simultaneously. If telephones are employed in such bridges it will be 
found impossible to obtain complete silence, only a point of minimum sound 
i being obtainable. 

\ There are two means of circumventing this difficulty. The first is by using 
some form of “wave filter” such as those described by Campbell (Ref. (14) ), 
and the second is by using a tuned detector, such as a vibration galvanometer, 
instead of telephones. Such detectors will not respond appreciably to fre¬ 
quencies other than that of the fundamental of the supply - 

It is advantageous, if possible, to use in the bridge network such values of 
the impedances that the frequency term in the expression for the quantity 
to be measured is reduced to zero. 


Used in Conjunction with A.C. Bridge Networks. 1. 

Sotjuces of Cuhhent. These may be conveniently divided into 
three classes: (a) microphone hummers, (b) alternators, (c) oscillators. 

Oscillators are nowadays almost universally nsed but, for com¬ 
pleteness, the other two methods will be described briefly. 
sCeefjMicrophone Hummers provide a means of obtaining a supply 
of constant frequency, and of reasonably pure sine wave form, by 
the nse of comparatively simple apparatus. The power obtainable 
from such sources is, however, usually small. Fig. 134 illustrates 
the principle and connections of such a piece of apparatus due to 
Campbell. 

A steel bar, 2-5 cm. diameter, and of length depending upon the 

desired frequency ( given by length === . ? _ ) is supported 

^ V frequency / 

at two nodal points by knife edges. This bar carries a microphone 
M at one end, connected to one terminal of a battery as shown. 
T is a transformer having three windings, an earthed screen being 
placed between the winding supplying the bridge and the other two 
windings. C Y and C 2 are capacitors. An electromagnet, energized 
by two coils as shown, is placed under the centre of the bar. Coil A 
is for the purpose of polarizing this magnet and carries the micro¬ 
phone current, while coil B maintains the bar in vibration when 
once such vibration is started. 


The frequency obtained by this means is very constant, and the 
wave-form is good, the disadvantage being the small amount of 
power available. H. W. Sullivan Ltd. make a reed hummer requiring 
an input of 100 mA at 6 to 8 volts. 

Details of a number of other microphone hummers and of inter¬ 
rupters, etc., are given by Campbell (Ref. (3)) and by Hague (Ref. (1)). 
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(6) Alternators of the inductor type have the advantage of a 
comparatively large output, although the frequency obtainable is 
not so constant, nor, in general, is the wave-form so good as that 
obtained by other methods of supply. For measurements at com¬ 
mercial frequencies a motor-alternator set of the ordinary type may 
be used. For higher frequencies (of the order of 500 to 2,000 cycles 
per second) an alternator such as that due to Duddell (Ref. (24) ) may 
be used. Different frequencies may he obtained by varying the speed 



Fig. 134. Campbell Microphone Hummer 

of the driving motor, but constancy of frequency may require the 
use of an automatic speed regulator. 

The most suitable type of alternator, giving a comparatively large 
output and good wave-form (slight 3rd harmonic), is the Duddell 
alternator referred to above. This machine has a rotating field 
system and a stator which is in the form of a smooth ring—unslotted 
—carrying a Gramme ring winding to avoid tooth ripples. The 
rotor is a steel disc of 20 cm. diameter, with 30 projecting pole pieces 
each carrying a magnetizing coil, these coils being held in position 
by wedges in the slots separating the poles, and being supplied with 
direct current from a battery. The alternator is driven by a motor 
and a link belt. Frequencies up to 2,000 cycles per second are 
obtainable by variation of the motor speed, the alternator speed 
for t his frequency being 8,000 r.p.m. A motor running at 2,000 r.p.m. 
may be used, the required alternator speed being obtained by 
gearing by means of the pulleys upon which the link belt runs. 

The speed of the motor may be controlled by connecting a low fixed resis¬ 
tance in the armature circuit, for starting purposes, and a diverter resistance 
in. parallel with the armature itself for speed control purposes. This method, 
especially at the lower speeds, gives much greater stability of speed with 
variation of load than the more usual variable armature-series-resistance 
method. 

As stability of speed (and therefore frequency) is of great importance, it is 
often a useful precaution to include in series with the bridge network, a variable 

3 i§tsnce $p.d a low reading ammeter, so that the load resistance may be 
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maintained constant by adjustment of this variable resistance •whenever the 
impedance of the bridge network is altered. By this means the load on the 
driving motor is maintained constant and the speed remains steady. 

The Duddell alternator as described above has an output varying 
from a few watts at 100 cycles to about half a kilowatt at 2,000 
cycles. In a test upon a machine of this type, the following results 
were obtained— 

Alternator field d.e. volts . 100 

Alternator armature voltage from 3 volts at 100 cycles up 

to 55 volts at 1,000 cycles 

Alternator output . . from 5 watts at 100 cycles to 

400 watts at 1,200 cycles 

Bridge Current. In connection with the supply of current to a bridge 
network it must be pointed out that the current-carrying capacity of the 
impedances forming the arms of the network should be carefully co nsi dered. 
It may happen that the total impedance of the two arms forming one “side” 
of the network (such as arms Z 1 and Z 2 in Fig. 133) is low compared with the 
impedances of the other two “sides.” In such a case the low-impedance side 
may take an excessive current, with consequent damage to the apparatus 
in these arms. A rough rule in connection with current-carrying capacity in 
resistance boxes is to allow from -J to I watt per coil in circuit in the box. 
For example, inthe case of a 10 ohm coil, allowing \ watt per coil, the current- 

carrying capacity is /J~~ ~ O' 22 amp., since I Z R = 0*5. 

From this point of view it may be best to make up any required resistance 
by using as many coils as possible to obtain a greater radiation surface; thus 
10 ohms may be made up of 5 ohms, 2 ohms, 2 ohms, and 1 ohm, instead of 
using one 10 ohm coil. 


(c) Oscillators. The advantages of this method of supply are that 
the frequency is absolutely constant and determinable with great 
accuracy. The power available is sufficient for most bridge measure¬ 
ments, and the wave form is very close to a pure sine wave. For 
these reasons this method of supply has very largely displaced other 
methods. 

Such oscillators depend upon the fact that a circuit containing 
inductance L and capacitance C has a natural frequency of oscillation 

given by / = -. If such a circuit has an e.m.f. induced in 

2tt v LG 

it and is then left to oscillate, the frequency of oscillation of the 
current in the circuit will he given by the above expression. The 
natural dying away of these oscillations, due to resistance in the 
circuit, is prevented by supplying energy from another circuit con¬ 
taining (say) a three electrode valve and hence oscillations of this 
frequency are continuously produced. 

Fig. 135 gives the connections of a triode valve oscillator, as 
commonly used for purposes of bridge supply. B x is a battery of 
about 200 volts to obtain the required anode potential in the valve 
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V. B 2 is a 6 volt battery, with regulating resistance JR, for the purpose 
of heating the filament of the valve. L 1 and L 2 are coils inductively 
coupled with coil L B , the latter being part of a tuned circuit of which 
the other part is a variable capacitor C. The tuned circuit is con¬ 
nected in the valve anode circuit and coil L ± in the grid circuit, as 
shown, while coil L 2 supplies the bridge network. The tuning is 
carried out by variation of the capacitance C by means of which any 
desired frequency within the range of the apparatus may be obtained. 

In operation, when the circuit is first closed a current is produced 
in the anode circuit, and oscillations are set up in the tuned circuit. 



Owing to the inductive coupling between coils L 3 and L x these 
oscillations cause variations of grid potential which produce currents 
in the anode circuit of the valve and so the oscillations are main¬ 
tained, the energy required for the supply of the losses being ob¬ 
tained from the batteries. 

Any frequency up to the extreme limit of audibility can be 
obtained by suitably choosing the values of the inductance L s and 
the capacitor C, e.g. if L 2 is henry and C is 1 microfarad, 



= 955 cycles per second 

ITig. 136 gives the connections of a valve oscillator which has been 
developed by the Cambridge Instrument Company. In this generator 
the oscillation frequency is determined by the characteristics of a 
Wien bridge network. The output from a 2-stage amplifier, having 
negative feed-back, is connected back to the input circuit through 
the Wien bridge so that a suitable amount of positive feed-back is 
obtained at the characteristic frequency of the bridge. 

The amplifier output is also taken to the output valve via a suitable 
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network and variable attenuator. In order to maintain a good wave¬ 
form produced by the oscillator, considerable negative feed-back is 
also applied over the output stage. 

The oscillator can be constructed for any frequency from a few 
cycles per second up to 100 kc/sec. or more. Outputs of up to 2 
watts with practical sinusoidal wave-form can he obtained. 

A multi-frequency bridge oscillator made by H. W. Sullivan, Ltd. 
gives a frequency range of 300 to 10,000 c/s or 1,000 to 30,000 c/s 
each to within ± 1 per cent. 

An amplitude control valve ensures constant output and purity 
of wave-form, the output being up to 4 or 5 watts. 



Fig. 136. Mains Fixed Frequency Oschjoator Circuit 
Diagram 

An audio signal generator made by Advance Components, Ltd. 
covers the range 15 c/s to 50,000 c/s. The bridge-type resistance- 
capacitance oscillator used incorporates a stabilizing circuit and is 
followed by two stages of amplification with heavy negative feed¬ 
backs so that there is stability of frequency and negligible distortion. 
Either sine-wave or square-wave output can be used, the former 
being variable from 200 [IV to 20 V and the latter from 400 /uN 
to 40 V. 

Some of the H. W. Sullivan valve oscillators covering frequency 
ranges of 50-170,000 c/s are precise enough to be used as frequency 
standards of 0-1 per cent accuracy. They have a frequency stability 
of a few parts in a million during a period of measurement. Although 
for ordinary bridge measurements of inductance and capacitance a 
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fixed-frequency simple valve oscillator of, say, 1,000 c/s and output 
of about 1 watt is adequate, for more specialized bridge measure¬ 
ments, oscillators of the heterodyne or resistance-capacitance type, 
continuously -variable from c ‘supply’ 5 frequencies through the tele¬ 
phonic range and even including the “carrier” frequency range are 
preferable. These have output powers up to 5 watts. Although on 
occasions such high power is necessary for supply to a bridge, it is 
usually better practice, wherever possible, to limit the power supplied 



Fig. 137. Construction of Various Types of Variable 
Resistances 


to a bridge and employ a valve detector-amplifier of an aperiodic 
type in which balance detection is sensed both aurally by tele¬ 
phones and visually by a pointer galvanometer having a logarithmic 
deflection (to avoid damage which may be caused by a greatly 
unbalanced bridge). 

V^-'-'-STVariable Resistances, Inductances, and Capacitors. 
Fixed standards of resistance, inductance, and capacitance have 
been described in Chapter II. 

Variable Resistances. These are usually in the form of resistance 
boxes. Fig. 137 illustrates the various methods of arranging and 
mounting the coils in such boxes. Fig. 137 (a) shows the simplest 
arrangement, in which the removal of a plug puts a coil in circuit. 
The reading, as shown, is 56 ohms. An open-circuiting link or plug 
is usually provided. Fig. 137 ( b ) shows the “straight-decade” arrange¬ 
ment. One plug only is necessary for each decade, the reading with 





INDUCTANCE AND CAPACITANCE 


239 


plugs as shown being 530 ohms. The dial arrangement, the value of 
the resistance in which is varied by the rotation of a laminated 
copper brush or arm, is shown in Fig. 137 (c). Fig. 137 (< d ) illustrates a 
common method of mounting the resistance coils the coil being 
non-inductively wound on a brass spool. These brass tubes have 
usually a double layer of silk ribbon wound on them, and are coated 
with shellac varnish and baked to remove moisture. Manganin wire 
is used in all high-grade resistance coils, the coils being impregnated 
with shellac after winding, and being annealed by baking for 10 
hours at 140° C. After annealing, the coils are usually boiled in 
paraffin wax to prevent the absorption of moisture. The ends of 
the coil are soldered to the terminal blocks with silver solder. Two 
brass rods, connected to the brass contacts on the top of the box, 
serve as terminals for the coil. The Leeds and Northrup Co. use an 
improved method, which consists of attaching the coil spool to the 
contact blocks and soldering one end of the coil to the spool, the 
other end being soldered to the spool of an adjacent coil. 

It is of great importance in accurate work that the contact 
resistance in such resistance boxes shall be small and constant in 
value. The various manufacturing firms have developed different 
methods of attaining this, one such method being shown in Figs. 
137(e) and 137(/). These show the special type of plug developed 
by Messrs. Gambrell Bros. This takes the form of a hollow brass 
cylinder with brass centre pin, the outer surface being coated with 
ebonite, milled so that a good grip on the plug may be obtained. 
This plug fits on to two contact blocks, of the shape shown on the 
left in the figure. They are slightly conical and have a centre hole 
to take the plug pin. When the plug is inserted the conical shape of 
the contact blocks serves to clamp it, and a very good contact is 
obtained. This type of plug has the advantage that it is independent 
of the other contacts on the lid of the box, which is not the case with 
the form of contact shown in Fig. 137 (a), where the insertion of a 
plug in a hole adjacent to a plug already inserted tends to tighten 
the original plug in its hole. 

The sliding “Dual 55 contact shown in Fig. 138 is used by Messrs. H. 
Tinsley & Co. for dial pattern resistance boxes and bridges. The 
contact blocks are cut away as shown, a multiple-leaf brush being 
fitted fco make contact on both the top and bottom surfaces of the 
slots cut in these blocks. This method gives a very good contact on 
all studs, and is capable of giving a degree of precision in measure¬ 
ment which would normally be expected only with a plug type of 
contact. 

Fig. 139 shows the construction of a dial-pattern resistance box 
by the Cambridge Instrument Co. for use in a.c. Bridge measure¬ 
ments. 

H. W. Sullivan a.c. Decade Resistance Standards have 0-01 per 
cent direct-reading accuracy and permanence of frequencies up to 
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50 kc/s. For bridge work, the lower decades are of constant in¬ 
ductance to 0-01 ^H, and the time constants of the various decades 
are— 

100 ohms 2.10” 9 
1,000 ohms 2.10“ 9 
10,000 ohms 5.10 -9 

A patented pre-set switching device due to W. H. F. Griffiths is 
employed to minimize the residual inductance and the high frequency 



Fig. 138 

resistance error; the screen capacitance is compensated automatic¬ 
ally and so the effective residual inductance is rendered sensibly 
independent of screen connection. 

When pings are used, as in the first two methods shown in Fig. 137, care 
should be taken to ensure that these are firmly pressed home before measure¬ 
ments are made, as appreciable contact resistance may result if any of the 
plugs are loosely inserted. Such plugs should be inserted and withdrawn 
with a rotational, or screwing, motion, and not simply pushed in, or pulled 
out, directly. The former method of insertion ensures good contact and 
prevents the plug from fastening tight in the contact hole, while, if the plugs 
are - pushed directly in, considerable difficulty may be experienced in removing 
them and the contact blocks may thus become loosened. 

Obviously the fewer the number of plugs used, the better, and for 
this reason the arrangement shown in Fig. 137 (b) is an improvement 
upon that of Fig. 137 (a). 
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Resistance boxes are made up in a large variety of ranges, varying 
from a total of 11 ohms variable in steps of 0-1 ohm up to a total of 
1 megohm. The arrangement of the coil resistance values shown 
in Fig. 137 (a) —5, 2, 2, 1; 50, 20, 20, 10, etc.—is most usual. 

The adjustment of the resistance 
values of the coils varies accord¬ 
ing to the type of box considered. 

For ordinary purposes, these values 
may be adjusted to 1 part in 1,000, 
while in the case of boxes for pre¬ 
cision purposes, the adjustment is 
usually to 1 part in 10,000. 

It is essentia] that resistance 
coils for use in a.c. bridge measure¬ 
ments shall have very small resi¬ 
dual inductance and capacitance. 

Special methods of winding are 
necessary to fulfil this condition. 

To obtain a very small inductance 
the coil is wound so that adjacent 
parts of it carry currents in oppo¬ 
site directions. In this way the 
magnetic field of the coil is kept 
very small. The self capacitance 
of the coil is kept small by sub¬ 
dividing it so that adjacent parts 
have a very small capacitance and also have only a small potential 
difference between them. 

Since the self-capacitance of coils wound on bobbins is usually quite 
small, the reduction of their inductance is often the most important 
question. The winding of alternate turns of the coil in reverse 
directions is one method used for this purpose. This method is 
illustrated in Fig. 140 (a-), the arrangement shown being due to Grover 
and Curtis (Ref. (17)). The wire is wound on a cylindrical former 
having an axial slit along the greater part of its length. The wire 
passes through this slit once in every turn, so as to give reversal 
of winding direction. The arrow heads show the directions of 
current in various parts of the winding. Obviously the magnetic 
effects of adjacent turns neutralize one another. This type of coil 
has a very small inductance, but is somewhat difficult to wind. 

Fig. 140 (b) shows the Chaperon (Ref. (22)) method of winding. 
This winding is really an extension of the bifilar principle, the cur¬ 
rents in adjacent wires neutralizing one another as regards resultant 
magnetic field, as shown. Both the inductance and capacitance of 
coils wound in this way are small. 

Modifications of this method have been used in which the winding 
is divided into a number of sections connected in series. 



{Cambridge Instrument Co. Ltd.} 
Pig. 139 
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Campbell Constant-inductance Rheostat. There are several forms 
of low-resistance rheostats designed to have a very low and cal¬ 
culable inductance. These are usually constructed on the bifilar 
principle, and are often of the slide-wire form. Tig. 141 (a) illustrates 




Fig. 141. Campbell Coztstaltt-iifdtjctance Rheostat 


the construction of Campbell’s constant-inductance rheostat. This 
is a very useful piece of apparatus for use in certain bridge measure¬ 
ments, since it enables a fine adjustment of the resistance of a 
bridge arm to be made without altering the inductance settings. 

The resistance is increased by moving the sliding contact to the 
right (Fig. 141 b). Such a movement increases the length of man- 
ganin -wire in circuit and reduces the length of copper wire in circuit. 
Whatever the position of the slider, the total length of wire in 
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circuit is always the same, and forms a bifilar loop, thus maintaining 
the inductance small and constant. 

A precision slide wire of this type, made by Muirhead and Co., 
Ltd., may have any resistance from 0-5 to 10 tl. One made by the 
Cambridge Instrument Co., Ltd. has a total resistance of 0*12 Q 
with a residual inductance of 0*2 jjjl. 

A precision decade non-reactive slide resistance designed on the 
Kelvin-Varley slide principle (see p. 315) is made by H. W. Sullivan, 
Ltd. It has manganin coils. One type, having a total resistance of 
1,000 ohms, has each of its five dials brought out to separate ter¬ 
minals so that it can also be used as a slide resistance of 200, 40, 8 
or 1-6 ohms. 

Variable Inductances. Such pieces of apparatus should have as 
high an inductance as possible compared with their resistance, i.e. 
their time-constant should be great. 

Their inductance should be continuously 
variable and should cover as great a range 
as possible between maximum and mini¬ 
mum settings. In addition, it is highly 
desirable that the variation of inductance 
with position of the moving part should 
obey a straight line law, and also that 
the coils shall be astatically wound. The 
inductance for a given position should 
not, of course, vary with time, and vari¬ 
ation of frequency should not cause 
appreciable variation of inductance. 

Most variable-inductances are so con¬ 
structed that they can be used as either 
self- or mutual-inductances. When used 
as self-inductances the fixed and moving 
coils are connected in series and the inductance is given by 

L = L x -f L 2 ± 2M 

where L ± and L 2 are the self-inductances of the fixed and moving 
coils respectively, and M is the mutual-inductance (variable) between 
them. 

In order to eliminate frequency errors the coils are usually wound 
with stranded wire and the use of metal parts in the construction 
is avoided as far as possible. 

Ayrton-Perry Inductometer. Fig. 142 shows, diagrammatically, 
the construction of a simple form of variable inductance (self or 
mutual) due to Ayrton and Perry. The moving coil is mounted 
inside the fixed coil and is carried by a spindle which also carries a 
pointer and handle at the top as shown. Movements of the pointer 
indicate the variation in the angle between the planes of the coils, 
but the scale may be graduated to read the inductance directly. 

9—(T-SJtoo) 



Fig. 142. Ayhton-Pekey 
Inductometer 
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When constructed for use in accurate measurements, the coils are 
wound on mahogany formers whose surfaces are spherical and great 
care is necessary in fixing the coils so as to ensure constancy of 
inductance with time. 

This form of inductometer can be cheaply and easily constructed 
for use as a variable self-inductance in cases where the inductance 
must be variable but not necessarily known, e.g. for use in one arm 
of the Wagner earth device. 

Its disadvantages are that the instrument produces an external 
magnetic field, which may he troublesome if the inductometer is 



Fig. 143. Construction of Brooks and Weaver Inductometer 

placed near to the bridge network, and that the scale is not linear. 

Brooks and Weaver Inductometer. This form of inductometer 
(Ref. (23)) is one of the best forms for general purposes. The coils 
are wound and connected astatically, the time-constant is high, and 
the scale is uniform throughout the greater part of the range. It 
is also fairly easily constructed, and its calibration remains reason¬ 
ably constant with time even when in continuous use. The current 
carrying capacity, also, is high for this type of apparatus. 

The construction of the inductor is shown in Fig. 143. There 
are, in all, six link-shaped coils—four fixed and two moving. These 
are wound with stranded wire. The moving coils have twice as 
many turns as the fixed. These coils are embedded in ebonite or 
Bakelite discs which are about 15 in. diameter. Bakelite has the 
advantage that it has less tendency to warp than ebonite. The top 
and bottom discs, which are fixed, are about | in. thick, and are 
separated by ebonite or Bakelite pillars. The centre disc is thicker— 
to carry the larger coils—and is of slightly smaller diameter. It has 
a bevelled edge, upon which a scale is marked out over 180° of its 
circumference, this scale being used in conjunction with an index 
mark on the lower fixed disc. Connections to the moving coils are 
made through copper or phosphor-bronze ligaments soldered to the 
two halves of the spindle. 

The dimensions of the coils are specially chosen to give a uniform 
scale, and also to obtain as great an inductance as possible for a 
given length of wire. The relationships between the various dimen¬ 
sions are given in Fig. 144, in terms of the mean radius R of the 
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semicircular ends of the coils. The depth of the moving coils should 
be the same as their width of winding, i.e. 0*7812, and the depth of 
the fixed coils 0*39i?. 

A great advantage of this method of construction is that small 




Fig. 144. Relative Dimensions op Beooks and Weaver 
Indtj ctometer 



variations of the length of gap between (say) the moving disc and 
the upper fixed disc, due to warping of the former or to wear of the 
bearings, have no appreciable effect upon the inductance of the 
instrument, since movement away from the upper fixed disc means 
movement towards the lower one, thus maintaining the inductance 
the same within narrow limits. 

Fig. 145 shows the calibration curve for an inductometer of this 
type when used as a self-inductance (all six coils in series). The 
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instrument had 144 turns on eaeli of its fixed coils and 288 turns on 
each of its moving coils, the total resistance being 17-5 ohms at 
20° C. 

Campbell and Butterworth-Tinsley Mutual Inductometers. Both of 
these instruments are, essentially, variable mutual inductances, 
such instruments having the advantage that their inductance can 
be reduced to zero or given negative values, while a variable self¬ 
inductance can only be reduced to some minimum value depending 



IT 


3?ig. 146. Construction or Campbell Mutual Inductometeb. 

Manufactured by tee Cambridge Instrument Co. 

upon the self-inductance of the coils and by the mutual-inductance 
between them. 

The Campbell instrument, devised by A. Campbell (Bef. (10) ) 
and manufactured by the Cambridge Instrument Co., has an arrange¬ 
ment of coils as shown in Fig. 146. PE are two equal coaxial fixed 
coils forming the primary winding. These are connected in series. 
The two coils SS , connected in series, form together one of the fixed 
secondary windings. ^ is another secondary coil, also fixed, while 
S 2 is a movable secondary coil. The three secondary windings are 
connected in series. A link is provided for the purpose of reversing 
the connections to the moving coil S 2 . Coils S and S 1 are each 
divided into ten sections of equal mutual inductance with the 
primary, and connections are taken from these sections to two dial 
switches. The mutual inductance of each of the sections of S 1 is, 
in one form of the instrument, 100 microhenries, and of coil S 
1,000 microhenries, giving a total for the two coils of 11,000 micro¬ 
henries. Fine adjustment is obtained by rotation of the secondary 
moving coil S 2 , which is mounted midway between, and parallel to, 
the fixed coils as shown. An index mark on the handle arm serves 
the purpose of a pointer, readings being observed on a scale fixed 
under this arm on the lid of the instrument. 

The coils are wound with stranded wire, and marble is used in 
the best instruments for the coil bobbins, and as the framework to 
which the coils are attached. These instruments have the advantage 
of high accuracy and simplicity, but possess considerable capa¬ 
citance, which introduces errors at the higher frequencies. 
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Butterworth’s mutual inductometer (Bef. (7)), manufactured by 
Messrs. H. Tinsley & Co., is designed so as to eliminate the defect 
of the Campbell and similar instruments, due to inter-capacitance 
between the windings. The makers claim that with this type of 
instrument a correction of only 0-07 per cent is necessary in the case 
of an instrument calibrated at 50 cycles and used at 1,000 cycles. 

This instrument has a fixed primary coil and two sets of three 
secondary coils, also fixed. There is also a moving secondary coil 
for fine adjustment. Each set of fixed secondary coils consists of 
three coils having mutual inductances with the primary in the ratio 
of 6 : 3 : 1. Connections are made from each set to a commutator 
which is manipulated as a dial switch. The two dials are marked 
1 to 10, the various inductances being obtained by connecting 
various combinations of the three coils, through the commutator, 
in series. In some cases one of the coils is reversed to give the 
required inductance. For example, 8 is obtained by the commutator 
connecting the 6 and 3 coils in series so that their magnetic effects 
are cumulative, and the 1 coil is reversed, thus giving the value 
8= 6 + 3-1. 

In a common form of the instrument one dial gives 10 millihenries 
in steps of 1, while the other dial has a total to 1 millihenry in steps 
of 0*1, the moving coil giving from - 0-01 to + 0-11 millihenry. 
The readings in the latter case are observed on a scale placed under 
the handle arm, as in the Campbell instrument. In this case the 
total range of the instrument is 11-11 millihenries. 

In the Sulhvan-Griffiths variable standard of self or mutual 
inductance the formers of both rotor and stator are constructed to 
have temperature compensation and so to give a high degree of 
stability to the windings. There are two ranges of self inductance 
and one range of mutual inductance, all three direct-reading in 
inductance, from a single calibration in terms of self inductance. 
Accuracies as high as 0-02 per cent are possible up to frequencies of 
a few kc/s but the instrument may be used at frequencies up to 
50 kc/s by applying corrections reaching a maximum of 0*3 per cent 
at this frequency. 

The Sullivan-Grrffiths decade standards have a number of temper¬ 
ature-compensated standards, each having ten tappings taken to a 
rotary switch and thus providing a decade of inductance. The coils 
are all arranged geometrically at mutually zero magnetic coupling. 
In the standard having a maximum inductance of 1 henry, the finest 
subdivision on a sixth (continuously variable) dial is 0-05 juBL. The 
decades are adjusted to he direct-reading to an accuracy of 0*03 per 
cent throughout their entire range and are provided with a calibra¬ 
tion of 0*01 per cent. 

Variable Capacitors. Variable capacitors may take the form of a 
subdivided fixed capacitor, various fractions of which can be 
obtained by movement of either a dial switch or by plugs. If 
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continuous variation of the capacitance is required, as is often the 
case ina.c. bridge work, a variable air capacitor of the parallel plate 
type is used. In some cases a combination of both of the above types 
may he most useful. 

Continuously variable capacitors, having air as dielectric, con¬ 
sist of two sets of plates, usually semicircular—one set fixed and 
the other moving—arranged so that the moving plates can be 
rotated in the air gap between the fixed plates as shown in Figs. 
147 and 148. The capacitance is varied by varying the area of the 
moving plates interleaving with the fixed 
plates. The plates, which are usually of alumi¬ 
nium or brass, are proportioned so that the 
capacitance varies in almost exact proportion 
to the angle turned through. The plates 
should be made fairly thick, so as to avoid 
bending, which would alter the calibration, 
and all corners should be carefully rounded. 
The bearings must be well fitted, so that the 
axial distance between the plates shall be 
definite and constant. The variable air eapa- 
Fig. 147 citor shown in Fig. 148 is of the precision type 

for use as a laboratory standard or for a.c. 
bridge measurements. It has a slow-motion, worm-gear device per¬ 
mitting high accuracy in setting and reading. Its temperature co¬ 
efficient is 30-40 parts in 10 6 per degree centigrade, the power factor 
being less than 0*0001 at 1,000 c/s, and residual self inductance between 
0*04 and 0*07 ju H, for all settings. 

Square Law Capacitors. Duddell (Ref. (26) ) constructed a variable 
capacitor with the plates shaped so as to give a square law of 
capacitance variation. Such capacitors are of use in wavemeters for 
radio work where the wavelength is approximately proportional 
to the square root of the capacitance of the variable capacitor. 

The plates were shaped as shown in Fig. 149. R is the inner 
radius of the fixed plates; r is a radius of the moving plates. The 
law of the curve bounding the moving plates is 

- R 2 . . . (173) 

K being a constant such that the interleaving area of the plates 
—shown shaded in the figure—is equal to KO 2 . d is the angle 
turned through by the moving plates from their zero position. Then, 
since the shaded area is proportional to d 2 it follows that the capa¬ 
citance also is very nearly proportional to d 2 . W. H. F. Griffiths* 
has investigated the laws of variable air capacitors with several 
different designs of plates. One of these, the Sullivan-Griffiths 
logarithmic variable air capacitor, covers a wide range of 

* Experimental Wireless and The Wireless Engineer , Vol. Ill, No. 28, Janu¬ 
ary, 1926. and Yol. Ill, No. 39, December, 1926. See also Refs. (44), (49). 
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capacitance, the logarithmic scale law giving the same accuracy of 
scale reading throughout the range for which the law holds. This is 
particularly important for very low values of capacitance. 

The Sullivan precision variable air capacitor standard has fused 
silica insulation ensuring a high degree of permanence in the calibra¬ 
tion. It has very low power losses, a scale accuracy of 1 part in 



(Muirhead & Co., Ltd.) 
Fig. 148. Variable Am Capacitor 


20,000 (or better) and a temperature coefficient less than 10 parts in 
10 6 per degree centigrade. 

The decade air capacitor by the same maker consists of a number 
of variable capacitors. The sectors are introduced in such a manner 
that small angular movements, due to a possible uncertainty of 
££ click’ 9 positioning, produce only very small edge capacitance 
changes on one sector only. 

Self-contained Bridge Networks and Meters. It is of great conve¬ 
nience in a.c. bridge work to have some form of permanently con¬ 
nected bridge. Apart from the saving of time and labour in connect¬ 
ing up the bridge network, such a piece of apparatus, if properly 
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designed, minimizes errors due to inductance and capacitance in 
the leads, and to leakage effects. A measurement can also be 
repeated if necessary, with the assurance that the distribution of 
the bridge will be the same as on that employed in the previous 
measurement. 

A number of self-contained a.e. bridges for the measurement of 
inductance and capacitance have been developed by various 
manufacturing firms. An interesting example is the “Muter” 
capacitance bridge made by the [Baldwin Instrument Company. This 
employs the De Sauty Circuit (see page 221) the resistance arms 



R x and R z being in the form of a potential divider the setting of 
which, for balance, indicates the value of the capacitance under test 
by means of an attached pointer and scale. Two standard cap¬ 
acitors are incorporated to give two scales (0*00005 to 0*016 micro¬ 
farad and 0*015 to 4 microfarads) and the instrument also contains 
its own oscillator of the neon tube type, the only auxiliary apparatus 
required being a 120 volt dry battery and telephones- The makers 
claim an accuracy of within 2 per cent. While this may not be 
regarded as a precision instrument it has the advantages of porta¬ 
bility, and great simplicity in use. 

A Muirhead and Co. impedance bridge can be used for the measure¬ 
ment of resistance, inductance, capacitance, dissipation factor and 
^-factor. It is completely self-contained, including a fixed frequency 
oscillator and an amplifier preceding the telephones used as 
detector; operation is entirely from the a.c. supply mains. Ranges 
covered are 

Resistance, 0*001 ohm to 1 megohm (accuracy dr 1 per cent). 

Inductance, 1 to 1,000 H (accuracy d= 1 per cent). 

Capacitance, 1 jujuE to 100 fiF (accuracy dr 1 per cent). 

Dissipation factor, 0 to 1*2 (accuracy dr 16 per cent or dr 0*005 
whichever is the greater). 

Q factor, 0 to 60 on two ranges (accuracy dr 16 per cent). 

Messrs. Evershed and Vignoles make a capacitance meter based, 
essentially, on the well-known “Megger” Insulation Tester (see 
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p. 305). The capacitance meter, however, has an electro-magnet, 
instead of a permanent magnet, and an a.c. generator. The armature 
has a constant-speed centrifugal clutch and there are two inde¬ 
pendent windings displaced in phase relationship, the displacement 
being such that the current in the electro-magnet lags 90° behind the 
voltage across the measuring circuit. Thus, with capacitors present, 
the currents through the control and deflecting coils are 180° in 
phase ahead of the field and, by an appropriate arrangement of the 
connections, they act as if in phase. If the capacitor has imperfect 
insulation this gives rise to a current component in quadrature 
with the flux in the electro-magnet and hence this current develops 
no torque. 

Another useful instrument is the Avo universal bridge (The Auto¬ 
matic Coil Winder and Electrical Equipment Co., Ltd.). This is a 
50-cycle bridge, self contained, and having 20 calibrated ranges. It 
covers resistance measurements, in 8 ranges, from 0*5 Q to 50 Mil, 
inductance from 50 mH to 500 H in four ranges and capacitance 
from 5 /zjliF to 50 ^F in 8 ranges. The accuracy at mid scale is of 
the general order of ± 2 per cent. 

The Cintel wide-range capacitance bridge (Cinema-Television, 
Ltd.) is a self-contained equipment including its own oscillator 
(giving a fixed frequency of 1,592 c/s) and detector. It covers cap¬ 
acitances from 0*002 ji/PF to 100 /PF in 18 steps and the accuracy 
is dr 1 per cent of full scale on all ranges. It can also be used for 
high resistance measurements up to 30,000 megohms. The balance 
indication for the bridge is a dual Electron Hay tube and a fine 
balance is obtainable by the slow-motion dials which have a 50 : 1 
step-down ratio. A mutual and self inductance bridge by the same 
makers covers a range from 0-001 /PEL to 30 mH in 12 steps. 

The Sullivan-Griffiths direct-reading inductance bridge has a 
range of 1 /PEL to 100 / PEL with an accuracy of 0*1 per cent. It has 
very small frequency and temperature errors and measures also 
capacitance from 0*0001 juF to 1 /PF, resistance, and iron-cored or 
air-cored inductance without or with superposed d.c. up to 2 amperes 
flowing through the coil being measured. This bridge is based upon 
the use of a standard arm comprising an inductance standard of four 
decades tapped by rotary switches which also maintain the resis¬ 
tance of the whole standard arm constant for all values of inductance. 

Another Sullivan inductance bridge has been specially designed 
for the measurement of iron-cored inductances from 10 mH to 
1,000 mH without or with superposed d.c. up to 2 amperes. It may 
be used also for the measurement of air- or dust-cored coils. The 
network is that of the 4 'Owen 35 bridge (see p. 224) but several novel 
features have been introduced by W. H. F. Griffiths to make the 
bridge entirely direct-reading for both inductance and resistance. 

The Sullivan-Griffiths precision decade capacitance bridge has 
a wide range (0*1 jz/PF to 100 /PF) and a direct-reading accuracy of 
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0*01 fifiF to 0-01 per cent. The accuracy of direct-reading of 
power-factor measurement is 0*0001 and both this and the capaci¬ 
tance accuracy are maintained up to high frequencies. 

JEfeiectors. E lectrodvnamometer instruments have been used in 
a modified form as detectors in a.c. bridge measurements. Sumpner 
(Ref. (27)) introduced an electrodynamometer having an iron core 
giving very high sensitivity, and Weibel (Ref. (28)) describes 
several similar instruments designed for the same purpose. 

IV The detectors in most common use for a.c. bridge measurements 
jjare, however, the telephone and the vibration galvanometer. 

Telephones are widely used as detectors at frequencies of 500 
cycles and over, up to 2,000 or 3,000 cycles, and are the most sen¬ 
sitive detectors available for such frequencies. The sensitivity of 
q, telephone varies with the frequency of the supply , since the 
vibrating diaphragm which produces the sound has certain natural 
frequencies of vibration at which frequencies resonance is obtained, 
giving very high sensitivity. Wien (Ref. (29)), when investigating 
such resonance, found that for a Bell telephone resonance was 
obtained—with consequent highly increased sensitivity—at fre¬ 
quencies of 1,100, 2,800, and 6,500 cycles per second, and in the case 
of a Siemens telephone at freqnencies of 720, 2,100, and 5,000 cycles. 

The sensitivity of the observer’s ear must also be taken into 
account when considering the sensitivity of the telephone as a 
detector. This varies with frequency. Tor most people a frequency 
of 800 cycles per second is a convenient one, since a note of this 
frequency is easily distinguished. 

In selecting a telephone it is therefore best to choose one which 
has maximum sensitivity at the frequency at which it is to be used. 
The resistance of a telephone should match that of the bridge 
network. The range of resistances obtainable is roughly from 50 
ohms to 7,000 or 8,000 ohms, a suitable telephone resistance for 
bridges of medium impedance being of the order of 200 ohms. 

Transformers are sometimes used in conjunction with a low 
resistance telephone when the bridge network is of high impedance. 
The telephone is connected to the transformer secondary (low voltage 
side), the primary (high voltage side) being connected to the branch 
points of the network to which the detector is usually connected. 
In thi^way the voltage applied to the telephone is stepped down and 
themirrent stepped up. 

K * T'uned Detecto rs. To improve the sensitivity of a detector it may 
beTmnecTsbthat resonance—and thereMr^maximum amplitude of 
vibration for a given current—is obtained. Such tuned detectors 
also have the advantage that the response to frequencies othc^r 
than the fundamental frequency of the supply is very small ^Errors 
due to harmonics in the supply waveform are thus minimized. /v 
/''’"'Campbell showed that an ordinary telephone can be tuned by means J 
[_of a small screw pressing against the diaphragm at an eccentric pointy 
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Amplifiers. Thermionic amplifiers are commonly used to increase 
the sensitivity in bridge measurements. Several forms are described 
by Hague (Ref. (1) ). 

An amplifier-detector made by Muirhead and Co., Ltd. and oper¬ 
ated off 200-250 V a.c. mains is especially for use, in preference to 
an amplifier and telephones, where measurements are being made 
under noisy conditions and when the frequency is above or below 
the audible range. In the input circuit there are two balanced and 
screened transformers, with different input impedances, either of 
which may be selected by a low-capacitance key switch; this 
enables the detector to be used with most a.c. bridges. The linear 
amplifier, covering a wide range of frequencies, is followed by a 
bridge-connected metal rectifier and moving-coil milliameter 
indicating the rectified current. The amplifier itself is two-stage, 
resistance-capacitance coupled and uses R.T. pentode valves. 
Provision is made for backing-off the standing current in the anode 
circuit so that the milliammeter reads zero when no input is applied 
to the amplifier. 

A power input of 4 X 10~ 14 watt causes a readable deflection of 
the meter corresponding to about 5 or 16 microvolts across the input 
accordMg^to which of the two transformers is used. 

* ^Vibration Galvanometers are the most widely-used tuned detectors. 
They are manufactured for various frequencies from 5 cycles per 
second up to 1,000 cycles, but are most commonly used below 200 
cycles per second over which range they are considerably more 
sensitive than the telephone. 

Vibration galvanoinn texs are, of two-tynes— 

(a) Moving-m agim^fc — 

The latter type is the more generally used, the moving-magnet 
type having the disadvantage of being seriously affected by magnetic 
fields of the resonant frequency, unless adequately screened. The 
moving-coil galvanometers are not appreciably affected by such 
fields. 

Moving-magnet Type. The galvanometers of this type consist of 
a suspended system which carries one or more small, permanent 
magnets, and a light mirror about 2 or 3 mm diameter. The magnets 
are suspended between the poles of a magnet which is, in some forms, 
a permanent one, and in others is an electromagnet energized by coils 
carrying the current to be measured or detected. In the former the 
current is passed through coils whose magnetic field causes the 
suspended magnets to oscillate, the permanent magnet acting as the 
control. The control in other forms is supplied by torsion of the 
suspension. Air friction is the chief source of damping. 

The moving system is tuned to the supply frequency either by 
altering the tension and length of the suspension or by varying the 
strength of the permanent magnet field, if such a magnet is included 
in the instrument. 
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A beam of light is thrown upon the mirror and, when current is 
passing through the instrument, the moving system oscillates, 
producing a band of light on the scale. In adjusting a bridge 
network to give zero deflection of the galvanometer, this band of 
light must, of course, be reduced until it again becomes a single 
spot, of the same diameter as when the supply is switched off. 
Some practice is necessary in observing when this condition has 
been attained. It is usually best to switch the galvanometer in and 



Fig. 150. Construction of Schering and Schmidt Galvanometer 


out of circuit and to note if there is any observable difference in the 
size of the spot in the two cases. 

Tw n^jhg^T .0 tune the galvanometer, a small current of the sup¬ 
ply frequency is passed through it, and the tuning adjustments 
(variation of the tension and length of suspension or otherwise) are 
continued until the reflected band of light reaches its maximum 
length. 

It is often helpful, in tuning, to adopt some method such as the following: 
First vary the frequency of the supply until the instrument shows maximum 
deflection and note this frequency. Next adjust the galvanometer and again 
vary the supply frequency to give maximum deflection. Note this frequency 
and proceed thus by successive steps until maximum deflection is produced 
by a supply frequency equal to that at which the measurements are to be 
made. 

When used in the bridge network, the galvanometer should be 
shunted by a variable resistance to protect it against excessive cur¬ 
rents when the bridge is out of balance. The shunting can be removed 
in step#" until balance is almost obtained, when the shunt may be 
entirety removed, so that maximum sensitivity is obtained. 

Drysdale Galvanometer. The Drysdale instrument can be tuned 
to resonance over a range of frequency of from about 20 cycles 
per second to 200 cycles per second. The resonance curve is so 
steep that at 50 cycles per second a variation in frequency of 2 per 
cent up or down reduces the deflection for a given current by 80 
per cent. The necessity of maintaining the supply frequency con¬ 
stant within very narrow limits, when such instruments are being 
used, is thus obvious. 
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In this instrument the coil carrying the current to be detected is 
situated behind the moving system. Control is by means of a 
permanent magnet. Tuning is effected by varying the mag¬ 
netic field in the gap of this permanent magnet by means of a 
magnetic shunt, the position of which is altered by means of 
a screw. 

The sensibility of this instrument at 50 cycles per second, when a 
40 ohm coil is used, is 4 millimetres per microampere with the scale 
distant one metre from the instrument. 

Advantages of the instrument are the ease with which it can be 
tuned, and the fact that coils of different impedances can be inserted, 
as r^Juired by the bridge network used. 

Cohering and Schmidt Galvanometer. In this instrument the sus¬ 
pension is a phosphor-bronze strip and carries a light piece of iron 
and a mirror. This moving system is enclosed in an ebonite tube 
which can be slipped in between the four poles of two U-shaped 
magnets as shown (Fig. 150). These magnets carry four magnetizing 
coils, connected in series, through which the alternating current is 
passed. The two U-shaped magnets themselves fit in between the 
two poles of another magnet excited by a winding which carries 
direct current. The resistance of this latter winding is about 20 ohms 
and it can be supplied from a 10 volt battery. I f_in for the purpose 
of polarizing the iron needle of the suspended syste m. Oscillation 
ofthe needle is produced by the distortion of the d.c. magnet field 
by the superposed alternating field. 

The instrument is tuned by variation of the controlling magnetic) t 
field by adjustment of the current in the d.e. exciting winding.I \ 
In vibration galvanometers generally, the smaller the damping, the 
sharper the resonance curve. If the supply frequency is not abso¬ 
lutely constant it may be convenient to make the tuning curve less 
sharp by increasing the damping. Provision for this is made, in this 
instrument, T»y "supplying a small piece of copper, adjacent to the 
moving needle, the position of which can be adjusted by a screw 
in the suspension piece. Damping is effected due to eddy currents 
induced in the copper by the moving needle. 

Various resistances of the coils carrying the alternating current 
can be used, a common value being 5Q£^phms. With a single moving 
system the frequency range of an inltrument of this type is about 
25 to 100 cycles per second. The sensitivity, as given by the makers, 
when a 500 ohm coil is used, varies from 90 mm per microampere 
at 25 cycles, to 25 mm per microampere at 70 cycles, the scale being 
distant 1 metre from the instrument. 

The Schering instr um ent is largely used in capacitance bridges at 
high voltages, its advantages for such work being as follows— 

High insulation between the alternating current system and 
the d.c. windings, owing to the fact that a in. air gap is left 
between the a.c. magnets and the control magnet. 
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It can be tuned from a distance by variation of the d.c. magnet 
exciting current. 

•Jk'^The instrument has a very small self-capacitance. 

Messrs. H. Tinsley and Co. make an instrument of this type. 

Mo ving-coil Vi bration Galvanometers . These galvanometers are 
of the d’ArsonvaFtype, having a moving-coil suspended between the 
poles of a strong, permanent magnet, "^fhe moving system is designed 
to have a very short, natural period of vibration; and th^mi/mping 
is very small, in order that the resonance curve shall be sharp— 
i.e. the deflection, for a given current passing through the instru¬ 
ment, is very much reduced by a small departure from the frequency 
to which the galvanometer is tuned. The alternating current to be 
detected is passed through the suspended coil, which consists of a 
few turns—or often of only a single loop—of wire. The moving 
system carries a small mirror, upon which a beam of light is cast. 
The system vibrates when an alternating current is passed through 
the coil, the reflected beam of light from the mirror thus throwing 
a band of light upon the scale. 

\JThese galvanometers are tuned by adjusting the length and ten¬ 
sion of the suspended system. 

Duddell Movin g-coil Vibration Galvanometer * In this instrument 
the moving coll consists of a single loop of fine bronze or platin um- 
fiver wire, this wire passing over a small pulley at the top and 
being pulled tight by a spring attached to the pulley (Tig. 151 (a) ). 
The tension of this spring can be adjusted for tuning purposes by 
turning a milled head to which it is attached. The loop of wire is 
stretched over two ivory bridge pieces, the distance apart of these 
being adjustable in tuning the instrument. Variation of this dis¬ 
tance apart obviously varies the length of the loop which is free to 
vibrate, and thus varies the natural period of the galvanometer. 
The galvanometer is roughly tuned by adjustment of the bridge 
pieces, fine adjustment of the tuning being obtained by varying the 
tension on the loop. 

^ When a current passes through the loop a couple, tending to turn 
the loop about its vertical axis, is produced. When the current 
-^verses^ this couple also reverses, thus causing oscillation of the 
loop when alternating current is passed through it. 

This galvanometer can be used for frequencies between 100 and 
1,800 cycles per second, the current sensitivity being about 50 mm 
per microampere, with a scale distance of 1 metre. The effective 
resistance is about 250 ohms. The sensitivity, if the loop is not too 
short, is almost inversely proportional to the frequency. In common 
with moving-coil vibration galvanometers generally, the instrument 
is not greatly affected by external magnetic fields. It has the 
d isadva ntage that the tuning can only be carried out by actually 


* See Bef. (25). 




<°> X 


Fig- 151. Construction of Moving-coil Vibration Galvanometers 



(Leeds & Northrwp CoS) 

Fig. 152. Leeds and Noethrup Moving-coil Vibration 
Galvanometer 
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handling the instrument, and is, therefore, not very convenient for 
use in high-voltage work. 

Other Moving-coil Vibration Galvanometers. A. Campbell (Refs. 
(15), (31), (32), (33)) has developed other moving-coil vibration gal¬ 
vanometers. Fig. 151 (6) shows the construction of his long-range in¬ 
strument, and Fig. 151 (c) his short-range pattern. The former instru¬ 
ment has a bifilar suspension carrying a very light coil and a small 
mirror. The length of the suspension is varied, for tuning purposes, 
by the movement of a bridge above the coil, and the tension by 
means of a spiral spring at the bottom of the suspension. The range 
of frequency covered by such an instrument is from 50 to 1,000 
cycles per second, and the sensitivity at 50 cycles is of the order of 
60 mm per microampere at 1 metre scale distance, with an effective 
resistance of about 500 ohms, this sensitivity falling off at the higher 
frequencies to less than 1 mm per microampere. 

The short-range instrument has a single strip suspension. Tuning 
is carried out in a similar way to that of the long-range instrument. 



The frequency range is from 
10 cycles to 400 cycles per 
second, and has very high sensi¬ 
tivity at the lower frequencies 
(of the order of 400 mm per 
microampere at a scale distance 
of 1 metre when the frequency 
is 10 cycles per second). 

Eig. 153 shows the con¬ 
struction and also a resonance 
curve of a Campbell moving- 
coil vibration galvanometer, 
manufactured by the Cambridge 
Instrument Co. 

Eig. 152 gives details of the 



{Cambridge Instrument Co., Xtd .) 


Fig. 153 . Campbell Moving-coil Vibration 
Galvanometer and Resonance Curve 
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construction of a vibration galvanometer of a s imil ar type, manu¬ 
factured by the Leeds & Northrup Co. The screw adjustments for 
variation of the length of and tension on the suspension are clearly 
shown. The frequency range of this particular instrument is from 
50 to 80 cycles per second, the sensitivity being stated by the makers 
as 40 mm per microampere at a scale distance of 1 metre and a 
frequency of 60 cycles per second, the resistance being 700 o hms . 

To avoid the falling off in sensitivity with increase of frequency, 
several suspensions are usually provided for use with the same 
instrument at different frequencies. 

Vibration galvanometers, generally, are susceptible to mechanical 
vibrations whose frequency is of the same order as that to which 
they are tuned. For this reason it is often necessary to provide some 
form of support which acts as a protection from such vibrations. 
One method of support which has been found to be satisfactory is 
to stand the instrument on rubber feet which rest on a heavy block 
of slate suspended from the ceiling by springs. Underneath the 
slate may be fitted damping vanes dipping into an oil dash-pot. 

Theory of the Vibration Galvanometer with One Degree of Freedom . 
All the vibration galvanometers described above have only one 
degree of freedom—i.e. their suspended system only rotates about the 
axis of suspension. The theory of galvanometers with one degree 
of freedom was first given by Wenner (Ref. 30), and the following is 
based upon his work on the subject. 

Considering, first of all, the constants of the galvanometer con¬ 
sidered—called by Wenner the “intrinsic constants”—we have 

(a) The “displacement constant If the suspended coil is of 
length l cm (measured along the axis of the suspension), has a 
width r cm, and has N turns, then the couple displacing the coil, 
when it carries i e.m. units of current, and is situated in a magnetic 
field of strength H , is NHilr cos 6 dyne-cm (see Fig. 154), where 
6 is the angle (in radians) between the plane of the coil and the 
direction of the magnetic field. If 6 is small, cos 0 = 1, and the 
deflecting couple is NHilr dyne-cm. Assuming the coil to be rect¬ 
angular, Ir is the area of its plane. Let Ir — A, then the expression 
for the couple may be written NHAi = Gi . The constant G is 
called the “displacement constant” of the galvanometer, and is 
equal to NHA . 

(b) The C£ constant of inertia.” Of the three couples retarding the 
motion, one is dependent upon the moment of inertia of the sus¬ 
pended system and upon the angular acceleration of this system. 

d 2 9 

This couple may be written a where a is the “constant of inertia ” 

or moment of inertia of the system. 

(c) The “damping constant Another couple, retarding motion, 
is that due to the damping effect of air friction and elastic hysteresis 
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in the suspension. This is usually assumed proportional to the 
angular velocity, and may be written 

, 66 

h Tt 

where b is the “damping constant.’’ 

(d) The “ control or restoration constant The couple due to the 
elasticity of the suspension is proportional to the displacement, and 
may be written cd, where c is the “ restoring constant 



Pig. 154 


We have, therefore, as the equation of motion of the system, 
d*d 


+ b U + c® — 


(174) 


Now, if the current i is alternating, and is given by the expression 

i = I max COS cot 

we have a + b ~ -f- c6 = 01 max cos cot . . (175) 


The solution of this differential equation will be in two parts. 
The expression for 6 will be the sum of a Particular Integral and 
the Complementary Function. The complementary function— 
obtained by solving the equation 


d*0 


+ b 


63 

dt 


cd = 0 


■—-will, in this case, give the expression for the angle 6 when the 
current in the coil is zero—-i.e. it will represent the natural free 
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vibration of the coil. As will be shown later, this expression con¬ 
tains a factor of the form e~ ot so that it represents a vibration of the 
coil which rapidly dies away when the current is switched on. This 
is, therefore, the transient part of the solution of the equation of 
motion. 

The particular integral will give an expression for 0 , which repre¬ 
sents the steady vibration of the coil after the current has been 
switched on for some appreciable time. Proceeding, then, to obtain 
the complementary function, we have 


d*d 
' dt 2 


dd 

dt 


+ c6 = 0 


The “auxiliary equation” is am 2 + bm + c = 0 and the roots of 
this equation are 

- b + V& 2 - 4ac 

=- Ya - 

— 6 — a/ 6 2 — 4ac 

and m 2 = -^- 

Thus 6 = Ae mit + Be™** .... (176) 


where A and B are constants to be determined from the initial 
conditions. 

In vibration galvanometers the damping is small, and b 2 is less 
than kac. Thus m x and m 2 are imaginary, and may be written 
m 1 = -k 1 + jk 2 
m 2 = “ h -ft 2 


where j — V - 1, Jc x = , and 7c 2 — 


V 4zac - b 2 
2 a 


* 6 = Ae { ~ klJt ~ jki)t 4- Be 

== £~ klt [As jhzt + Bs~ jk . 


(177) 


Since, from trigonometry, 

£ — cos px + J sm P% 

and e QVX = cos px-j sin px 

we have 


6 = a ^ lv ” [A (cos Hf - j sin — J~ 15(cos — j sin 

= [(A + 15) cos 4- j(A - P) sin & 2 £] 

— € [P cos k 2 t 4- Q sin k 2 t] 
whereP — A 4~ B and Q — j(A — B) 
i.e. 6 — £~ klt [F sin (Jc 2 t 4- oc)] 

,_ P 

where P — V P 2 + Q 2 and oc = tan -1 ^ 
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Thus 0 — e 


A* 


F sin 


/ V 4 ac — b 2 

V 2a 


*5 + 


-)] 


(178) 


this being . the transient portion of the solution which rapidly 
decreases in value as t is increased. The constants F and a must he 
determined from the initial conditions—i.e. they depend upon the 
position of the coil at the instant corresponding to zero time. 

In this expression ~ ^ is the angular velocity co, and is 

2a 

equal to 2tt X the frequency of the vibratory motion. 

rp, - V4 ac - 6 2 

Thus /= --- 

J 4rrra 

where / is the “natural frequency 5 ’ of the vibrating system. 

If the damping is negligibly small, b — 0, and the “undamped 
natural frequency*’ is given by 

- _ Vi ac _1 jc 

4ttu 2tt /\ a 


and obviously depends upon the moment of inertia of the system 
and upon the controlling forces. 

The instrument is critically damped—i.e. it will not vibrate freely 
—when /= 0. This condition is fulfilled when 4ac = b 2 , or when 
the damping constant b — 2 Vac. 

Proceeding to find the particular integral, we have 


<F6 , . dd 

a w + b di 


+ cd 


= GI 


max 


cos cot 


or 


<P6 bdd e 

dt 2 a dt + a U 


GI 


max 


a 


cos cot 


Employing the operator D , we have 


(D* -f -hi) + g)B = 


where h = 


- and g = — 
a a 


COS 0>< 

a 


ft T 

cos a>* 

. * _ » 

Multiplying numerator and denominator by (D 2 - AZ) -fi g) gives 
< fLa°* (i>2 - hD + y) cos «< 


(D 2 -+ g)2-h*D* 
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^jry 2 | g^2 „ h 2 D 2 ^ “l - b*co s ^ n 4~ 9 COS cof] 


fc -a>,) ( F+rtCMfli 008 ®* 


(g — co 2 ) cos coZ 


QJ - maa . 7., , 1 . , 

— fo ( 5q^r^ sin w< 


: Tko sin co£ 


(<7 — co 2 ) 2 + A 2 o> 2 (gr — co 2 ) 2 -{- fc 2 co 2 

Substituting for 7i and g, we have 


[(^-co 2 )°os cot 

(±-aA* + * 

\a J a 


cos cot -{ - co sin cot 

a 


Gl^ax [(c - oPa) cos cot -f bco sin cot ] 
(c — aco 2 ) 2 4" b 2 co 2 


GInax v ( c-aco 2 ) 2 4- b 2 oP 

bco 

a/(c — aco 2 ) 2 4- 6 2 u> 2 “ 

(c —aco 2 ) 2 4- £> 2 co 2 

^T-Z^ mn.arr- r- / 


c — aco 2 ) 2 4~ 6 2 a» 2 


(c — aco 2 ) 2 4- Z> 2 a> 2 


[cos (co£-/3)] 


where B = tan -1 -* 

c — aco 2 

This obviously represents a steady vibratory motion of amplitude 

max ^ „ „ CO 

^==—== and of frequency 

The complete solution for 0, being the sum of this expression and 
the expression derived previously as the complementary function, 
is thus 


= e 2a I J? 1 sin 


V4oc - 6 2 . 


\c — aco 2 ) 2 4~ b 2 co 2 


cos {cot — fiY] . (180) 
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Since the first expression is a transient which usually affects only 
the first few vibrations after switching on, we may neglect it and 
take as the law of the displacement simply 

max , 

~ + W 1 cos {cot ~ /?) • • • (181 > 

, Example. Fig. 155 shows how the transient term, at the beginning of the 
vibration period, produces an unsteady state which gradually disappears 
giving, finally, a steady vibration. 

The curves shown are based on data given by Campbell* for a vibration 
galvanometer of the moving-coil type developed by him. 



The data given are as follows- 


Number of turns .... 
Mean area of turn. 

Strength of magnetic field 
Effective resistance 
Resonance frequency 
Inertia constant a. 

Damping constant 6 
Restoring constant c 

G . 

Thus, in the expression for the deflection 6 as 

5 “ °' 942 


40 

0*07 sq. cm. 

2,700 lines per sq. cm. 

1,540 ohms 

100 cycles per sec. 

26 X 10- 6 
49 X 10“ 8 
10-4 
8,600 

derived above. 


V 4<xc — b 2 

15 


= 632 


{This expression is equal to ~ to a very close approximation, and should 

therefore equal 628 when the instrument is tuned (see page 265), slight errors 
in the values of the constants probably being responsible for the discrepancy.) 
= 0 ° 11 ' 

ft) = 628 (= 2rc x 100) 


Dictionary of Applied Physics , Vol. II, p. 974. 
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Assu m i n g that I max has the value 10 microamps, the expression 


V(c - oo) 2 ) 2 4- 6 2 o) 2 

for the amplitude of the steady deflection has the value 0*000917. 

The value of ~ being somewhat small, the transient term persists for an 

appreciable time, taking 2 sec. to fall to 0*153 of its initial amplitude. Tor this 
reason it is impossible to show, in the figure, the full curves for the two terms 
in the expression for the deflection 6. Lines passing through successive 
maximum points of these curves are shown instead. The dotted lines A are 
the lines passing through the maximum points of the steady deflection curve 
given by 6 X = 0*000917 cos (6282 — 0° IT), while the dotted curves B pass 
through the maximum points on the curve d 2 = e -0 ' 942 * [T sin (6282 -f a)]. 
The full line curves G pass through the maximum points of the total deflection 
curve (given by the summation of curves 6 ± and 0 2 ). 

The effect of the transient term is shown by the “beat” effect which 
gradually dies away as the transient terms disappear. In the figure these 
beats have been drawn approximately owing to the difficulty of showing the 
full curves with a scale which is, necessarily, very cramped. 


Tuning. In tuning the galvanometer, the object is to make the 
GrI 

amplitude .=—=== = === == as great as possible for a given current 

V (c - aco 2 ) 2 + b 2 co 2 


l mnx) which means that 7 =— ======== == must be made as great 

max V (c - aco 2 ) 2 + b 2 co 2 

as possible. This expression can be increased by increasing the 


numerator G and by reducing the denominator V{c — aco 2 ) 2 + 6 2 co 2 . 

Since G — NHA, it may be made large by using a coil of large 
area A and with a large number of turns N. G is obviously increased 
also by increasing the strength H of the magnetic field in which the 
coil lies. This latter method is the more important, since increasing 
the area and number of turns on the coil will increase its moment of 
inertia so that a will be increased and, thereby, the denominator 
may be increased. 

Considering the denominator: of the three constants a , b, and c 
contained in it, c is the only one which can usually be varied. The 
constant c is the control constant and is varied by adjusting the 
length and tension of the suspension of the moving system, or by 
variation of the polarizing field of the galvanometer, in the case of 
moving-magnet instruments. 

If the supply frequency is fixed—as it usually is in bridge measure¬ 
ments—the tuning process consists of varying c until c - am 2 is 
zero, thus making the denominator of the amplitude expression a 
minimum . Since co = 2 77 X the supply frequency, we have the 
condition c - a(Zirf ) 2 = 0 (/ = supply frequency), which must be 
satisfied in tuning the instrument. 


Thus, c must equal a{2i 7/) 2 or / = — 
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It should be noted that this expression for the supply frequency 
/, in terms of c and a, is the same as the expression for the frequency 
of the undamped vibration of the galvanometer (see page 262). 
This means that resonance occurs when the supply frequency is 
equal to the undamped natural frequency of the galvanometer. 

The amplitude under resonance conditions is obviously — 

Consider the case of the vibration galvanometer whose constants 
have already been given. 

The constants are— 

a = 26 X 10- 6 
b = 49 x 10- 6 
c = 10*4 


and the resonance frequency is given as 100 cycles per second. More 

exactly the frequency for resonance is Jl j x , or 100*7 

2 tt /y 26 

cycles per second. The deflection at resonance is 


GI„ 


GL 


boy 


49 

10 6 


GL 


X 32-27 


X 2tt X 100-7 


The deflection at other frequencies is calculated from the expres- 
GI 

sj 0n — since (c — aco 2 ) is zero only at the resonance 

V (c — aco 2 ) 2 b 2 co 2 

frequency. A table showing the deflection for a range of frequency 
from 98*5 to 102 cycles per second is given below, and these values 
are plotted in Fig. 156. The sharpness of the resonance curve of a 
vibration galvanometer is well illustrated in the curve obtained. 


TABLE IX 


Frequency 

ay 

Deflection 

98*5 

618*8 

GX max X 2*27 

99 

622 

„ X 2*93 

99-5 

625*1 

„ X 4*21 

100 

628*4 

„ x 7*63 

100*5 

631*4 

„ X 22*3 

100*7 

632*6 

,, X 32*3 

101 

634*6 

„ X 13 

101*5 

637*7 

„ X 5*78 

102 

640*9 

„ X 3*57 





INDUCTANCE AND CAPACITANCE 


267 


To compare the response of the galvanometer to harmonics in 
the supply waveform consider a third harmonic when the supply 
frequency is that to which the galvanometer is tuned—namely, 
100*7 cycles per second. The frequency of the third harmonic is 
302*1 c ycles per second. At this frequency the value of the expres¬ 
sion a/(c — aco 2 ) 2 + 6 2 co 2 is 83*32, so that, even if the amplitude of 
the third harmonic were equal to that of the fundamental, the 

a 

amplitude of the deflection would be only w 



Pig. 156. Resontajstce Cueve of Vib:ra_tio:n Galva^ombteb, 

Thus the sensitivity to the fundamental compared with the sensi- 

32*3 

tivity to the third harmonic is n -- y^ = 2,690, showing that an en- 

v'UlZ 

tirely negligible error is introduced by the fact that the supply 
waveform contains harmonics. 

The above theory assumes a current, i = I max cos cot , flowing 
through the galvanometer, and therefore refers to the “current sen¬ 
sitivity ” of such instruments. 

The £< voltage sensitivity ” may be determined by considering the 
case of a given voltage applied to the instrument terminals. In this 
consideration the voltage induced in the coil owing to the fact that, 
while vibrating, it is cutting through the magnetic field of strength 
H must be taken into account. The reader is referred to Hague’s 
Alternating Current Bridge Methods , 4th Edition, p. 277, or to the 
Dictionary of Applied Physics , Vol. II, p. 971, for the full theory in 
this case. 
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CHAPTER VII 

ME A SUEEMENT OF RESISTANCE 

From the point of view of measurement, resistances can be classified 
generally as follows— 

(a) Low Resistances. All resistances of the order of 1 ohm and 
under may be classified thus. In practice snch resistances may be 
met with in the armatures and series windings of large machines, in 
ammeter shunts, cable lengths, contacts, etc. 

(b) Medium Resistances. This class includes resistances from 
about 1 ohm upwards to about 100,000 ohms. In practice the 
majority of the pieces of electrical apparatus used have resistances 
which lie between these limits. 

(c) High Resistances. Resistances of 100,000 ohms and up¬ 
wards must be so classified. 

A classification such as the above is not rigid, but forms a guide 
as to the method of measurement to be adopted in any particular 
case. 

Measurement of Low Resistance. Methods of measurement which 
are suitable for medium resistances are in most cases unsuitable for 
low resistance measurements, chiefly because contact resistances 
cause serious errors. It is clear that contact resistances of the 
order (say) of 0*001 ohm—negligible though they may be when 
a resistance of 100 or more ohms is to be measured—are of great 
importance when the resistance to be measured is of the order of 
0*01 ohm. 

Again, it is usually essential, with low resistances, that the 
two points between which the resistance is to be measured shall 
he very definitely defined. Thus the methods which are specially 
adapted to low resistance measurement employ potential connections 
—i.e. connecting leads which form no part of the circuit whose 
resistance is to he measured, but which connect two points, in this 
circuit, to the measuring circuit. These two points are spoken of 
as the potential terminals, and serve to fix, definitely, the length of 
the circuit under test. In the methods used for the precise measure¬ 
ment of low resistance, the “unknown” resistance is compared with 
a low-resistance standard of the same order as the unknown, and 
with which it is connected in series. Both resistances are fitted with 
four terminals—two “current terminals,” to be connected to the 
supply circuit, and two “potential terminals” to be connected to 
the measuring circuit. This arrangement is shown in Fig. 157. 

Ammeter and Voltmeter Method. This method, which is the 
simplest of all, is in very common use for the measurement of low 
resistances when an accuracy of the order of 1 per cent is sufficient. 

270 
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It must be realized, however, that it is, essentially, a comparatively 
rough, method, the accuracy being limited by those of the ammeter 
and voltmeter used, even if corrections are made for the “shunting” 
effect of the voltmeter. In Pig. 158, R is the resistance to be measured 
and V is a high-resistance voltmeter of resistance R v . A current 
from a steady direct-current supply is passed through R in series 
with a suitable ammeter. 

To Measurement To Measurement 



Fig. 157. Measurement of Low Resistance 


Then, ass um ing the current through the unknown resistance 
fco be the same as that measured by the ammeter A, the former is 
given by 

£ _voltmeter reading 

ammeter reading 

If the voltmeter resistance is not very large compared with the 
resistance to be measured, the voltmeter current will be an appre¬ 
ciable fraction of the current 7, measured by the ammeter, and a 
serious error may be introduced on this account. 


Example. A resistance whose actual value is 1 ohm, is to be measured by 
the amm eter and voltmeter method. The carrying capacity of the resistance 
is 100 milliamperes, which is the current used in making the measurement. 
The voltmeter used has a resistance of 5 ohms, and reads up to 100 millivolts. 
What is the measured value of the 1 ohm resistance? 

Let resistance of 1 ohm resistance and voltmeter in parallel — r. 


1 

r ~~ 

r — 



1*2 


= 1-2 
0*833 ohm 


Then 
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Volt drop across the* resistance to be measured 
= 0-833 X 0-1 
= 0-0833 volt 
= voltmeter reading 
Ammeter reading — 0*1 amp. 


Thus the measured value of the resistance 


0*0833 

0-1 


= 0-833 ohm 


This means that, even if the ammeter and voltmeter give readings 
which are exactly correct, an error of 0-166 ohm, or 16-6 per cent, 

Rv 

r®i 


-(A)— i- -kw/V*- 


1 

D.C. 
Supply 
±1 _ 


—VVVNAM j- 

Regulating 

Resistance 

Fig. 158. Ammeter and Voltmeter Method of Resistance 
Measurement 


s introduced by the fact that the voltmeter takes an appreciable 
fraction of the total current. 

If, on the other hand, the current-carrying capacity of the 1 ohm 
resistance had been such that a much greater current could have 
been passed through it, so that a voltmeter of resistance (say) 
500 ohms, reading up to 10 volts, could have been used, then the 
error introduced would have been only 0*2 per cent, as can be seen 
from a similar calculation to the above. 

Correction for Shunting Effect oj the Voltmeter. In general terms, 
if the actual value of the unknown resistance is R, and its measured 
value R m) the voltmeter resistance being R v , and the ammeter 
current I, we have— 


Resistance of voltmeter and R in parallel = 
Voltage drop across R = 


RR V 


R -j- R v 

RE, I 


R 


— voltmeter reading 


(assuming the voltmeter to read correctly). 
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Thus, upon the assumption that the ammeter reading also is 
exactly correct, 

£ _ ER V I RR V 


R = 


(R + R V )I 

RmRy 

- Rm ‘ 


R -h R v 


(182) 


This method is useful in practice in the measurement of such 
resistances as those of armatures, and of joints and contacts when the 
current-carrying capacity is fairly great and when the results are 
only required to within the limits of accuracy of the ammeter and 
voltmeter used. 

Potentiometer Method. In the potentiometer method of 
measuring a low resistance the unknown resistance is compared 
with a standard resistance of the same order of magnitude. 


These standard low resistances are of the type described in Chapter II. 
The following table gives the resistances and current-carrying capacities of 
some of a range of standards as manufactured by Messrs. £T. Tinsley and Co. 

TABLE X 


Resistance (Ohms) 


10 

5 

2 

1 

0*5 

0*1 

0*01 

0*001 

0-0005 

0-0001 


Current-carrying 
capacity (Amp.) 


1 

1-4 

2*2 

3 

4*5 

22 

150 

700 

1000 

2250 


The standards are adjusted to within 0-03 per cent of their nominal resis¬ 
tance (0*05 per cent for the last three). 

The complete range of these resistance standards is from 10,000 Q 
down to 0*0001 Q. They are suitable for use at frequencies up to 
1,000 c/s and their time constants for frequencies up to this value 
are 1 X 10 -6 down to the 0*01 standard. Por this and lower resis¬ 
tances the time constant is 3 X 10 _6 . The ratings in watts are 
10 W over the range 10,000 Q to 0*2 O ; 50 W between 0*2 £1 and 
0*02 0; 200 W between 0*02 0 and 0*005 0 and 500 W between 
0*001 O and 0*0001 O. Below 0*02 O water cooling, "with a motor- 
driven stirrer, is used. 

The unknown resistance and a standard of the same order of 
resistance are connected in series as in Fig. 157. A steady current 



274 


ELECTRICAL MEASUREMENTS 


is passed through them from a battery of the heavy-current type. 
The magnitude of this current should be chosen so that a voltage 
drop of the order of 1 volt is obtained, if possible, across each of the 
resistances. 

The voltage drops across both the unknown resistance and the 
standard are then measured on the potentiometer (see Chapter VIII), 
several measurements being made, alternately, and with as small 
a time interval as possible between the measurements. The mean 
values of these are taken as the correct voltage drops across the 
two resistances. By carrying out the measurements in this way the 
error due to possible variation of the supply current is minimized. 

The potential leads to the potentiometer carry no current when 
the potentiometer is balanced, and thus the current through the 
two resistances is the same. Then 

Resistance of the unknown Voltage drop across the unknown 

Resistance of the standard Voltage drop across the standard 

from which the resistance of the unknown is obtained in terms of 
that of the standard resistance. 

Precautions. "When used for precise work resistance standards should be 
frequently checked against National Physical Laboratory standards, and the 
most recent calibration of the resistor should be used in calculating the 
resistance of the unknown. If the standard resistance is subject to appreciable 
variation with time, it may be necessary to estimate its probable variation 
from the time of the last calibration, on the assumption that its rate of varia¬ 
tion is uniform, and the same as that between the dates of the two preceding 
calibrations. A standard resistor in which such variation with time is large 
is, of course, useless for precise work. The temperature of the two resistors, 
during the test, should be measured and the resistance of the standard, at the 
measured temperature, should he obtained from its resistance-temperature 
curve. The measured resistance of the unknown is that at the measured 
temperature, and this should be stated, as its temperature coefficient may be 
large, and hence its resistance may be appreciably different at other tem¬ 
peratures. 

In precise work also, a second measurement should be made with the supply 
reversed (care must be taken to reverse the potential leads to the potentio¬ 
meter at the same time), and thermo-electric effects should be taken into 
account as described in. the nest chapter. 

When the necessary precautions are taken, and a good potentio¬ 
meter and sensitive galvanometer are used, the accuracy obtainable 
by this method may be within a few parts in 100,000, or within 
rt in 10,000. 

Double Bridge. This method is one of the best available 
for the precise measurement of low resistances. It is a development of 
the Wheatstone Bridge by which the errors due to contact and leads 
resistances are eliminated.. The connections of the bridge are shown 
in Fig. 159. 

In the figure, X is the low resistance to be measured, and S is a 
standard resistance of the same order of magnitude. These are 
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connected in series with a low-resistance link r, connecting their 
adjacent current terminals. A current is passed through them from 
a battery supply. A regulating resistance and ammeter are con¬ 
nected in the circuit for convenience. Q , M, q, and m are four 
known, non-inductive resistances, one pair of which (M and m, or 
Q and q) are variable. These are connected to form two sets of 
ratio arms as shown, a sensitive galvanometer G connecting the 

dividing points of QM and qm. The ratio jj. is kept the same as 

these ratios being varied until zero deflection of the galvanometer 



Fig. 159. Kelvin Double Bridge Method or Measuring 
L ow Resistance 


is obtained. Then ~ = !L , from which X is obtained in terms 

of 8, Q, and M. S M m 


Theory. At balance of the bridge (i.e. zero galvanometer deflection) the 
current in arm Q — current in arm M. Let this current bo Also, current 
in arm q — current in arm m. Let this current b© i 2 . Therefore, the current 
in X = current in S. Let this current be I. 

Again, voltage drop across Q — voltage drop across X -f- voltage drop 

across q 

i.e. %Q — IX 4- i^q 

In the same way, i ± M = IS + ijm, 

Now, since q and m are in parallel with the resistance r, the current I in X 

T 

divides so that —---- 1 passes through a and m, i.e. 

r+j+m r 

i _ r j 

* r -j- q 4- m * 


Substituting this value of in the above equations, we have 


and 


HQ** IX + 


i t M = IS -f 


n 

r -f- q -f m 
mn 

r 4 - g4- m 


.7 


I 


xo —(T.5700) 
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By division 


from which 


r -i- q + m 

, Qmr _ Mgr 

r ~r q m r 4- q -f- m 

T _ QS , * (Qm \ 

31 r -b g -f- m \ 3f ®/ 

w / Q_ _ q_ A 

r -j- q 1 If m J 


MX = QS -r- 


can be made very small by making 


The term — — ~j- — — ^ ^ can be made very small by making 

the resistance of the link r very small, and also by making the ratio 
as nearly as possible equal to 

If this term is made negligibly small—which is not difficult to 
accomplish in practice—the expression for X becomes simply 

which gives the resistance of the unknown in terms of the resistance 
of the standard. 

In order to take into account thermo-electric e.m.f.s (see next 
chapter), a measurement should also be made with the direction of 
(the current reversed and the mean of the two readings should be 
|aken as the correct value of X. 

In a Kelvin double bridge manufactured by Messrs. H. Tinsley 
& Co. the range of resistance covered is ^O-1 microhm to 1 ohm ] 
Under specified conditions of test the accuracy is stated as ' 

1,000 microhms to 1 ohm . . . 0-05 per cent. 
sJFrom 100 microhms to 1,000 microhms ... 0*2 per cent to 0-05 
per cent. 

-3from 10 microhms to 100 microhms . . . 0*5 per cent to 0*2 per 
cent, limited by thermo e.m.f.’s. 

<—s phere are f ou £_mternal resistanc e standards of 1 D, 0*1 Q, 0*01 Q 
and 0*001 Q respectively. 

H. W. Sullivan, Ltd. make a precision Kelvin and Wheatstone 
bridge covering a range of 1 microhm to 1 mego hm . 

Operation oj Kelvin Doable Bridge in Practice. The method of 
operation of the Kelvin double bridge in practice is often somewhat 
different from that described above, especially when precise measure¬ 
ments of low resistance are to be made. q 

Instead of varying the ratio arms, keeping the ratio equal to 

q M 

~ , to obtain balance of the bridge, the resistances Q, M, q, and m 
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are often made up of resistance coils whose resistances are fixed 
and are accurately known, together with their temperature 


coefficients. The ratios — and — thus remain fixed during the test, 
Jl m X 

and are made equal to one another, and roughly equal to the ratio g- 


assuming this to he known, approximately. If not known, the ratio 
can easily be determined approximately by measuring X, first of 
all, using a less accurate method such as the ammeter and voltmeter 
method, or, better, by the potentiometer method. 

Adjustment of the bridge to obtain balance is then carried out 
by shunting either the unknown resistance or the standard by a 
variable resistance, such as a resistance box. Then, assuming 
balance to be obtained by shunting the unknown by a resistance x , 
let the resistance of X and x in parallel, at balance, be X', then 


X' 



and also 


Jl „ Jl 1 

X' ~ X + x 


from which the value of X can be obtained. As before, measure¬ 
ments are made also with the supply current reversed, and the 
average value of the two results taken as the final value. The 
sensitivity of the bridge can be determined by noting the smallest 
variation of the shunting resistance rr, which produces an observable 
deflection of the galvanometer. The difference in X' for such a 
variation of x can then easily be calculated, thus giving the sensi¬ 
tivity of the bridge. This method of obtaining fine adjustment, by 
shunting a low resistance by a resistance box of much greater resis- 
tauce, will be found a very useful one in electrical measurements 
generally. It has the advantage, also, that the resistances of the 
coils in the resistance box need not be known to within any high 
degree of accuracy, since slight errors in their values introduce 
negligible errors in the resistance of the combination. 


Q Q 

The ratios and — may be made exactly equal by adjustment 


of the resistances of the leads to be used in connecting up the bridge, 
since these leads resistances are obviously included in the arms as 
well as the resistances of the coils themselves. By suitably propor¬ 


tioning the resistances of 




can also be made independent of temperature—if this is necessary 
—to a very close approximation. The resistances of the leads need 
only be known with an accuracy of (say) 1 per cent, since they are 
usually small compared with those of the coils which they connect. 
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Example. 

Resistance of link r = 0*0001 ohm 

Resistance of coil in arm Q = lO*OO27 0 at 20° C. 

(Temperature coefficient 0*00003) 

Resistance of coil in arm M — 20*0142, at 20° C. 

(Temperature coefficient 0-00002) 

Resistance of coil in arm q — 10*0027! at 20° C. 

(Temperature coefficient 0*00003) 

Resistance of coil in arm m = 20*0067 0 at 20° C. 

(Temperature coefficient 0*0000 25) 


Resistances of copper leads— 

In arm Q = 0*0146 at 20° C. 

„ „ Uf « 0-0660 „ 

,, ,, q = 0-0061, ,, „ 

„ „ m — 0-0122 „ „ 


} 


Temperature coefficient 0*0043 


Resistance of standard = 0*0100120 2 at 20° C. 
Resistance of ‘‘unknown’’ = 0*005 (about) 


To balance the bridge the standard resistance is shunted by a resistance of 
18-1 ohms, measurement being made at 20° C. 

First, the values of the two ratios ~ and — are calculated for a temperature 
of 20° C. Mm 


Then, 


Q 

M 

q 

m 


10*0027 o -f 0-0146 
20*0142 0 -f 0-0660 
10-0027! -f- 0-0061 s 
20-0O67 o -f 0*0122 


= 0*49886, 
= 0-499970 


To make these ratios more nearly equal the coil in arm q is shunted by some 
resistance y , the value of which is found as follows. 

Ret q' be the shunted value of this coil, then 


q' 4- 0*0061 K 
20*0189 0 


0*49886, 


q' s 9*9805, 


Now, 

from which 


q' 10*0027 x 

y — 3,532 ohms 


Since the two ratios have been thus made exactly equal at 20° C., if the 
measurement is made at 20° C. the value of the unknown resistance is given 
simply by 


X = 


<1 

M 


S' 


where S' is the shunted value of the standard. Since the shunt for balance is 
18*1 ohms. 


from which 


2L„_ l _ + _A_ 

S' 0*0100120, ^ 18*1 
S' = 0*010006, 

X = 0*010006, X 0*49886, 
« O*OO49919 0 at 20° C. 
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Q q 

Consider, now, the effect upon the ratios — and ~ of a rise in temperature 
)f5° C. M m 

Q 10-0027 0 [1 -f 0*00003 x 5] -f 0*0146[1 + 0-0043 X o] 

Tiien M ~ 20*0142 s [l 4- 0*00002 Xo] + 0-0660[1 -h 0-0043 X 5 
= 0*49886 3 

q 9-9805 s [l -f 0*00003 X 5] -f 0-0061 5 [1 + 0*0043 X 5] 
lnd m, ~ 2O-OO67 0 fl -f- 0-00002 5 x 5] -f O-0122[l + 0*0043 X 5] 

= 0-49887, 

Then %-?-=- 0-000010 
M m 


and the correction term 


(1 - £) etlual to 


which is roughly 


r + g + m \M mj 

_ 0-0001 x 20-0067, _ 

10-0027J + 20-0067,, + 0-0001 
2 

— X 0-000000001 and is therefore entirely negligible. 


Sensitivity . Suppose that in the above measurement the smallest change in 
the value of the shunt across the standard which can be detected is 0*5 ohm. 
Then, giving this shunt the value 18*6 instead of 18-1 we have 

1 

S 7 0-0100120 2 18*6 

from which S' = 0-010006, instead of 0-010006 5 , which means a change in S' 
of 1 part in 100,000, and therefore a change in the value of X of 1 part in 
100,000. Thus the sensitivity of the bridge under the above conditions is 
1 part in 100,000. 

In general, if a; is the value of tlie shunt across S, we have 
1 1 1 
S' ~ S + x 

or O' _ Sx 

or 5 -sT~x 


Differentiating with respect to x, 
dS r f(S -f-aO-aT 
dx ~ s \ (S + J) ! 


S 2 

(S + xf '■ 


dx " [ (/8 + x) 2 J (S -j- x) 2 * Ax 
where AS' is the change in S' for a given change Ax in x. 


AS' = 


(S + x) 2 


Smith (Ref. 4) has shown that, if X is changed to 1 + SX, the 
galvanometer current is given by 

I .SX r S + M “I 

„ , qm , T(* +Q)(S+ M)-]\ X + Q+S+M\ 
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where G is the resistance of the galvanometer. Thus, if Y is the 
sensitivity of the galvanometer used, in millimetres per micro¬ 
ampere, the deflection for a change of dX in the value of X is given 
in millimetres by 


YI5X . 10 6 (S - 2 - M) 
(X~Q)(S^M) 1 

x~q-s + m\ { 


The best value for the galvanometer resistance is 

qm (X + Q)(S + M) 
q -j- m J X -f- Q + & -f- M 



Fig. 160. Measurement of Resistance by Substitution 


Measurement of Medium Resistance. The methods used for such 
measurements are— 

(a) Ammeter and voltmeter method. 

(b) Substitution method. 

(c) Differential galvanometer method. 

(d) Wheatstone bridge. 

(a) This method has been considered in the section on low resis¬ 
tance measurements earlier in the chapter. 

(b) Substitution Method. The diagram of connections for this 
method is given in Fig. 160. X is the resistance to be measured, 
while R is a variable known resistance. A battery of ample capacity 
is used for the supply, since it is important in this method that the 
supply voltage shall be constant. A is an ammeter of suitable 
range, or a galvanometer with a shunt which can be varied as 
required. 

With switch S 2 closed, and with switch S x on stud a, the deflection 
of the ammeter or galvanometer is observed. S 1 is then thrown on 
to stud b and the variable resistance is adjusted until the same 
deflection is obtained on the indicating instrument. Then, the value 
of R which produces the same deflection gives the resistance of the 
unknown directly. 

The resistances of R and X should be large compared with that of 
the rest of the circuit. The method is chiefly used—somewhat 
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modified—in the measurement of high resistance. The accuracy of 
the measurement obviously depends upon the constancy of the 
supply voltage, of the resistance of the circuit excluding X and if, 
and upon the sensitivity of the indicating instrument, as well as 
upon the accuracy with which the resistance if is known. 

(c) Differential Galvanometer Method. A differential gal¬ 
vanometer has two similar, but separate, windings, insulated from 
one another. The windings are of equal resistance and are wound 
with twinned wire so that they may be as nearly coincident as pos¬ 
sible and thus produce almost exactly equal and coincident magnetic 
fields when equal voltages are applied to their terminals. If equal 
and opposite voltages were applied to the two windings the resultant 



Fig. 161, Measurement op Resistance by Differentiae 
Galvanometer 


magnetic field would be very nearly zero. This resultant field is 
made zero by the use of a small external coil connected in series with 
the coil having the weaker magnetic field and placed so that its 
magnetic effects add to that of this coil. This external coil is 
adjustable so that zero magnetic field may be obtained. A small 
magnetic needle, to which a pointer is attached, is pivoted in the 
field produced by the windings. 

The circuit connections when the instrument is to be used for 
the measurement of resistance are shown in Fig. 161. X is the 
unknown resistance, while $ is a standard resistor with which it 
is to be compared. R s and R x are resistance boxes connected in 
circuit as shown, their positions in the circuit being such that the 
two galvanometer coils, of resistances and r 2 , are very nearly at 
the same potential, to avoid leakage effects between them. r s and 
r x represent the resistances of the leads and d is the resistance of 
the connecting link between X and S , and should be very low. 

The galvanometer is first adjusted to zero by connecting its two 
coils in series, so that their magnetic effects are in opposition, and 
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moving the compensating coil until zero deflection is obtained. 
Then, with connections as in Pig. 161, R x is given some suitable 
value and the resistance R s adjusted until zero deflection of the 
galvanometer is obtained, when the resistance X is given by 


X = 



.s 


(185) 


Theory. When zero deflection of the galvanometer is obtained, the currents 
in the two galvanometer coils are equal. Let i be this current, and let I be the 
current passing through X and S. 




Pig. 162. Kohleausch Method of Using the Differentiae 
Galvanometer 


Then 


From which 


R x + r x + *1 

X = 


IX 



H- r x 

-f 


IS 



+ 

4- r 2 


3 


*7 


4- r 2 

/JR X -f* i 

r x 4- r i 


Rs *+ r 3 + rj 


.S 


It follows from this expression for X that the resistances of the 
connecting leads and of the two galvanometer coils must be known, 
or must be measured separately, although if R x and R s are fairly 
large the error introduced by neglecting the resistances of the leads 
will probably be small. The method has been displaced, for resistance 
measurements, by the Wheatstone bridge but the differential gal¬ 
vanometer is used, in conjunction with a portable bridge, for the 
location of faults in telephone cables. 

Kohlrausch Method . This method, using a differential galvano¬ 
meter, is more suited to precision measurements of resistance than 
the above. It eliminates errors arising from variation of the resistances 
of the galvanometer circuits due to contact resistances, etc. 
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The connections are shown in Fig. 162 (a), X being the unknown 
resistance and S a standard resistor approximately equal in re¬ 
sistance to X. This standard—assuming it to be larger than X — 
is shunted by a variable resistance R. P and Q are resistances in 
parallel in one of the galvanometer circuits, as shown, P being 
variable. Arrangements are made for reversing the battery con¬ 
nections to X and S by means of a specially designed switch or 
commutator. This has mercury contacts and is of heavy section 
to give low contact resistance. This arrangement is shown in Fig. 
162 ( b ) and is used in conjunction with the circuit of Fig. 162 (a). 

The galvanometer is first adjusted to give zero deflection. The 
resistances P and R are adjusted so that zero deflection is obtained 
with the switch in both of the positions (1) and (2). 

Then X — S' where S' is the shunted value of S and is given by 
RS 

^ . If X is shunted instead of S, then, at balance, S = the 
ft -f- o 

shunted value of X. 

If X and S are nearly equal the resistance R will be large com¬ 
pared with S and X, and its value need not be known with any high 
degree of precision. 

The same relationship between X and S exists if, instead of zero 
deflection being obtained in both positions of the switch, the same 
deflection is obtained in both positions, the direction of the deflec¬ 
tion being the same as well as its magnitude. This condition is 
obtained if the galvanometer is not adjusted exactly to zero initially, 
so that such exact adjustment is not necessary in this method. 

(d) Wheatstone Bkipgjb. This is the best and commonest 
method of measuring medium resistances. The general arrangement 
is shown in Fig. 163. P and Q are two known fixed resistances, S 
being a known variable resistance and R the unknown resistance. 
G is a sensitive F’Arsonval galvanometer shunted by a variable 
resistance N to avoid excessive deflection of the galvanometer when 
the bridge is out of balance. This shunt is increased as the bridge 
approaches balance, so that the shunting is zero—giving full sensi¬ 
tivity of the galvanometer—when balance is almost obtained. R 
is a battery of two or three cells and M is a reversing switch so that 
the battery connections to the bridge may be reversed and two 
separate measurements of the unknown resistance made in order 
to eliminate thermo-electric errors. X B and K a are keys fitted with 
insulating press-buttons, so that the hand does not come in contact 
with metal parts of the circuit, thus introducing thermo-electric 
e.m.f.s. The battery key, K B , should be closed first, followed by 
the closing of K a after a short interval. This avoids a sudden 
(possibly excessive) galvanometer deflection, due to self-induced 
e.m.f.s when the unknown resistance R has appreciable self¬ 
inductance. 
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At balance—obtained by adjustment of S —the same current 
flows in both of the arms P and Q, since the galvanometer takes no 
current, and the same current i 2 flows also in arms R and S . 

Also, voltage drop across arm P — voltage drop across arm Q 
and voltage drop across arm R = voltage drop across arm S 

Thus, qP = i 2 R 

hQ — Cs 

By division ~ 5 



Fig. 163. Ccnn-ections of Wheatstone Beidge 

or R=?.S ... . (186) 

V 

from which R is found in terms of P, Q, and S. 

The arms P and Q are the 14 ratio arms” of the bridge and the 
P 

ratio -= may be varied as required to increase the range of the bridge. 

In the elementary forms of the Wheatstone bridge the arms P 
and Q are replaced by a slide-wire of uniform cross-section whose 
resistance per unit length is constant. A scale is fitted under this 
slide-wire and a sliding contact—corresponding to the point c of 
Fig. 163—connects one terminal of the galvanometer to the wire. 

S is a resistance of the same order of magnitude as the unknown. 
The sliding contact c is moved until zero deflection of the galvano¬ 
meter is obtained. Then, since the slide-w^ire is of uniform cross- 

,. ,, P. . length of slide-wire ac 

section, the ratio ^ is given by =— ~ — 7 —-:- 7 , these lengths 

Q 0 J length of slide-wire cb 0 

being obtained from the scale. 
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As before. = A % s 

A precision form of Wheatstone bridge as manufactured by 
Messrs. Muirhead & Co. is shown in Fig. 164. Such forms of bridge 
contain either four or five pairs of ratio coils—tens, hundreds, 
thousands, and ten-thousands, in the bridge containing four pairs— 
and either four or five decades of resistance coils which constitute 
the variable arm S. These may be either of the plug pattern or 
sliding contact pattern. The internal connections of a Tinsley bridge 
are given, together with the external comiections when the instru¬ 
ment is used in conjunction with a slide wire, in Fig. 165. 



{Muirhead <t Co. Ltd.) 

Fig. 164. Wheatstone Bridge, Sliding Contact Pattern 


Operation of the Bridge. The method of operation can best he illustrated 
by an example. 

Suppose that the actual value of the resistance to be measured is 57-63 ohms 
and that a four-dial Wheatstone bridge—the dials containing units, tens, 
hundreds, and thousands—is to be used in conjunction with a galvanometer 
of ample sensitivity. 

The bridge is connected up according to the arrangement shown in Fig. 163 
care being taken to ensure that all the connections are firmly made and that 
all the plugs in the bridge blocks are firmly pressed home so that contact 
resistances may be small and definite. The galvanometer is at first heavily 
shunted and the ratio arms are made equal (each 10 ohms, say). The battery 
supply switch is closed. Assuming the magnitude of the resistance to be 
measured to be entirely unknown, first set the variable resistance arm, S, to 
some small value—say 1 ohm. Depress the key K B and then lightly press the 
galvanometer key Kq (immediately raising it again if the galvanometer 
deflection is excessive). Note the direction of the galvanometer deflection— 

right or left. Next set the arm S to some high resistance—say 10,000 ohms_ 

and again note the direction of the deflection obtained. If this direction is 
opposite to the previous one, the u n k n own resistance has some value between 
1 and 10,000 ohms, being nearest in value to the setting of S which gives the 











Fig. 166. Connections for Setting Up 6-dial Bridge and Slide Wire 
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smaller deflection. Adjust the resistance S' until approximate balance is 
obtained, and then remove the shunt from the galvanometer, in steps, ad¬ 
justing S as required, until balance is obtained with the full galvanometer 
sensitivity. In the case under consideration (R = 57*63), it will be found that 
the galvanometer deflects to the left (say) with 3 set at 57 and to the right 
with 3 set at 58, meaning that R lies between the two. This is the best that 
can be done with equal ratio arms. 

To obtain greater accuracy, make Q 100 ohms, keeping P 10 ohms, at the 
same time altering <9 to 570. Then adjust 3 until approximate balance is 
obtained again. It will now be found that the balance point is between 
3 = 576 and 577. Q should then be made 1,000 ohms (keeping P 10 ohms) 
and the process repeated. Final balance will be obtained when 3 = 5,763 
ohms. Then 


R 



10 

1000 


. 5763 = 57*63 


The battery connections are then reversed by the switch M, and the measure¬ 
ment repeated. If it is found that an alteration of 1 ohm in 3 disturbs the 
balance, then the sensitivity is at least 1 part in 5,763. As a check on the 
balance it should always be ascertained that a slightly smaller value of 3 
causes a galvanometer deflection to the left (say) and that a slight increase in 
3 above the balance point causes a galvanometer deflection in the opposite 
direction. 

If, with equal ratio arms at the beginning of the measurement, the unknown 
resistance does not lie within 1 and 10,000, the ratio arms must be adjusted 
until an approximate balance is obtained between these limits of S —e.g. if 
R is greater than 10,000, arm P must be made greater than Q, and if smaller 
than 1 ohm, Q must be made greater than P. 

An accuracy of a few parts in 10,000 is usually obtainable with 
a good bridge of the type described above. 

Best Galvanometer Resistance. The current through the galvano¬ 
meter for a given change SR in the unknown resistance is gi ven by— 

. SR Q -j- S 

(R -j- P) (Q -f- <S) ~j R F + Q + S 

R + R + Q "r 


a 

G + 


where G is the galvanometer resistance. 


Let in SR 


Then 


^ , (g 4- P) (Q+S) 

_R + P + Q + S 1 S + 


G ~b A 

For given dimensions of the galvanometer coil 
Number of turns on coil, N, oc y/W 
Deflecting torque OC Ni g oc i a y/cf 
Hence, deflection for a given change SR y and current i 2 is 

Ky/ G 


6 oc ig y/G oc 


G -f- A 


Differentiating we have 
d$ A -G 

dG 2 Vg(& + Ay 


which is zero when Q = A 
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Thus, maximum deflection for a given change in the resistance 
R, and a given current i 2 > is obtained when the galvanometer 
resistance is given by 

ri _{R A- T) (Q + 8) 

R -f- P -t-Q A-8 

Obviously, the sensitivity may be increased, also, by increasing 
the current u. The galvanometer may be of the D’Arsonval type 
and should be as nearly critically damped as possible. 

Precision Modifications of the Wheatstone Bridge . There are three 
principal types of such bridges— 

{a) The slide-wire type. 

(6) The shunt type. 

(c) The Reichsanstalt type. 

Space is available here for the description of only one of these 
types. Full descriptions of the other types may be found in the 
Dictionary of Applied Physics, Yol. II, p. 714. 

s_ JCarev Foster Slide-wire Bridg e. The connections of this bridge 
are shown in Fig. 1 66 a, a slide-wire of length L being included be¬ 
tween R and S as shown. This bridge is specially suited to the 
comparison of two nearly equal resistances. p 

Resistances P and Q are first adjusted so that the ratio is 

R V 

approximately equal to the ratio -g . Exact balance is obtained by 

adjustment of the sliding contact on the slide-wire. Let Z 1 be the 
distance of the sliding contact from the left-hand end of the slide- 
wire. The resistances R and S are then interchanged and balance 
again obtained. Let the distance now be \ 

Then, for the first balance, ~ = —. . 

Q S + {L- Z 2 )r 

where r is the resistance per unit length of the slide-wire. 

For the second balance, 

P = S 4- lr 

Q R A- (L - Z 2 )r 

(L-h)r _R + S + Lr 
1 £+(L-yr -S+lL-lfr 

_ 8 -j- l 2 r -f- R A- (L- l 2 )r _ S A~ R Lr 

“ Rfi-{L-l 2 )r - R + (L-l 2 )r 

8 + (X-Z 1 )r=R + (L-Z 2 )r 
or S ~ R — (Z 2 - 7 2 )r . . . (187) 

Thus the difference between & and R is obtained from the resis¬ 
tance per unit length of the slide-wire together with the difference 
(Z 2 — 1 2 ) between the two slide-wire lengths at balance. 


also 


P 

Q 


Hence 
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The slide-wire is calibrated—i.e. r is obtained—by sbunting either 
S or R by a known resistance and again determining the difference 
in length (Z/-Z/). 

Suppose that S is known and that S' is its resistance when 
shunted by a known resistance, then 

S - R = (4 - 4)r 

and S' - R ~ (4' - Z 2 ')r 

iS - jB - 22 

4-4““ 4'-4' 


c 



Fig. 166 a. Carey Foster Slide-wire Bridge 


from which 


d __aS(4'-z 2 ')-aS'(4-4) 

(V-V-4 + 4) 


(188) 


^ From this expression it can be seen that this method gives a 
direct comparison between S and R in terms of lengths only, the 
resistances of P and Q f contact resistances, and the resistances of 
connecting leads being eliminated. 

As it is important that the two resistances R and S shall not be 
handled or disturbed during the measurement, a special switch is 
used to effect the interchanging of these two resistances during the 
test. 

The Sullivan Wheatstone Bridge, which has an accuracy of 0-01 
per cent, is designed (on a patented principle due to W. H. F. 
Griffiths) to measure with equal accuracy in either the new Absolute 
units or the older International units. 

The principle is as follows— 

Let P and Q he ratio arms each of four values, say, 10, 100, 
1 ,000, 10,000 ohms. 
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and let S be the standard (or rheostat) arms of four or five decades 
and X be the unknown resistance to be measuied. 

Q ratios are all adjusted to be correct to their nominal values in 
Absolute ohms. 

P ratios are all adjusted to be 2*5 x IQ” 4 higher than nominal 


10,0 GO Nominal 
(Actually 10.002-5 
Absolute) 


10,000 Nominal 
iActually 10,002-5 
Absolute) 



10,000 Nominal 
(Actually 10,000 
Absolute) 


X 10,000 
(Absolute) 


166b 


Absolute ohms, i.e. midway between Absolute and International 
ohms. 

S is adjusted so that all its nominal values are midway between 
Absolute and International ohms, e.g. a nominal 1 ohm is actually 


W, 000 Nominal 
(Actually 9,995 
International) 


10,000 Nominal 
(Actually 9,997-5 
International) 



10,000 Nominal 
(Actually 9,991-5 
International) 


10,000 

(In ternational) 


Fig. 166c 


1*00025 ohm Absolute and is, therefore, 0-99975 ohm International. 

When measuring in Absolute units, arms P and S are arranged 
to be adjacent as shown in Fig. 166 b. Then, as an example, for the 
measurement of an X of 10,000 ohms (Absolute) in Absolute units 
with even ratios, we have the resistance values in the other three 
arms as shown. 

It should he noted that the nominal values of all three “known” 
arms, P, Q and S, will be read as 10,000 notwithstanding their 
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actual values (which are given in brackets) so that X will be measured 
simply as 10,000 ohms (Absolute). The balance equation in Absolute 
units is actually— 


x _ QS _ 10,000 X 10,002*5 
P 10,002*5 


10,000 


When using the same bridge for measuring in International units 
the ratio arms P and Q are transposed so that Q and S are now 
adjacent as shown in Tig. 166c. This transposition is effected auto¬ 
matically upon connecting the resistance to be measured to the 
pair of a I” terminals appropriate to the system of units required. 
Then, for the measurement of 10,000 ohms (International) in 
International units we have the resistance values shown. 

The same three settings of the known arms P, Q and S are used 
and their nominal values are all read as 10,000 ohms as before, so 
that X will be read as 10,000 ohms (International), although the 
balance equation, in International ohms, is in fact— 


PS 9997-5 x 9997*5 
Q “ 9995 


The value of X from this expression is 10,000 to an accuracy of 
1 part in 10 7 . 

Applications of Resistance Measurements by Wheatstone Bridge. 

Several quite different quantities can he measured through the 
change which they bring about in the resistance of some form of 
element adapted to the particular measurement concerned and 
used in conjunction with a Wheatstone bridge to indicate this change. 

Examples in other chapters are the bismuth spiral (see p. 371) 
the resistance of which increases when it is placed in a magnetic 
field, the resistance thermometer (see p. 502) and the Ionic wind 
voltmeter (see p. 457). 

Some important applications of resistance measurements which 
do not fall conveniently into the groundwork of other chapters are 
described below. 

Strain Gauge Measurements. Tor the measurement of stresses and 
strains in structures and machines the technique of using electrical 
resistance strain gauges has been built up, particularly during World 
War II, in the aircraft industry. Thin copper-nickel alloy or nickel- 
chrome wires are used, these having a linear relationship—over the 
limited range required—between strain and electrical resistance. 
Nickel-chrome has the higher resistance but is less commonly used 
because it has some strain hysteresis and also a high temperature 
coefficient. 

These gauges enable accurate measurements of strain to be made 
in any surface to which they can be cemented so that no slip occurs. 
They consist of grids of fine wires cemented to a thin paper membrane 
which is cemented, with nitro-cellulose cement, to the surface under 
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test. The gauge is usually covered with a layer of felt to protect it 
and to reduce the effect of draughts. Particularly to eliminate 
electrolytic effects in the gauge, and also to avoid moisture absorp¬ 
tion by the matrix, it is coated—when completely dry—with a 
protective wax such as Di Jell 171. 

Care is necessary in preparing the surface to receive the strain 
gauge and in fixing the gauge itself and it is important to follow the 
manufacturer's instructions in this. 



The gauge current may be as high as 25 mA for short periods but 
10 mA is recommended for longer tests. 


The ratio 


Percentage change of resistance 
Percentage strain 


is called the “gauge 


factor.” The resistance change is greater than may be accounted for 
by the change in the wire dimensions and this factor is commonly 
about 2*2. 


Sample gauges are made up and gauges are rejected if test results 
show a variation of more than 4: 1 per cent from the mean. 

In the measurements of strain, temperature effects are compens¬ 
ated for by using a dummy gauge which is connected in the appropri¬ 
ate arm of a Wheatstone bridge network (see Fig. 167). The dummy 
must be fixed to a piece of the same material as that under test but 
which is not, of course, under stress. The two gauges must be under 
the same conditions of ambient temperature. 

The arrangement in Fig. 167, which is for static measurements, 
has a number of gauges T , each with its compensating gauge C, 
Zero balance is obtained by adjustment of the apex resistor A and 
calibration is by shunting one of the bridge arms JR by a high 
resistance. 
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Measurement may be either by direct deflection, using a calibrated 
galvanometer, to measure the out-of-balance current, or by a null 
method through variation of the slide-wire setting. The selector 
switch shown must be free from thermo-electric effects. The slide 
wire is necessitated by the sensitivity required in such measurements, 
the change in gauge resistance being very small. 

In some measurements all four arms of the bridge can be gauges 
mounted, for example, on the same specimen in tension and com¬ 
pression. Then, the zero adjusting and calibrating resistors can he 
located at a distance from the bridge. 

For dynamic measurements, which 
are usually defiectional and use an oscillo¬ 
scope or oscillograph, the bridge may be 
supplied at a carrier frequency from an 
ordhiary a.c. amplifier having a flat re¬ 
sponse over the frequency range to be 
covered. Fig. 168 shows a bridge arrange¬ 
ment for carrier frequency operation. 

A capacitance balance is necessary in 
addition to a resistance balance and 
calibration and zero adjustment are 
effected by shunting the arms. 

Elliott Brothers (London), Ltd. have 
introduced a “ten-channel strain gauge 
equipment 55 to display, on one cathode- 
ray tube, the strain at ten different Fig. 168 

points in a test piece. 

Fig. 169 shows the schematic layout and also the form in which the 
strain amplitudes and waveforms are displayed. Elliott publication 
Ho. G.121A gives a full description of the equipment. 

The above is but a brief outline of the strain gauge technique. 
References (18), (19) and (20) deal with the subject comprehensively. 

Electrical Weighing. H. I. Andrews (Eef. (21)) has described the 
application of the strain gauge principle to the measurement of 
weight or force in the testing of locomotives or trains under working 
conditions. For this purpose the apparatus must have reliability, 
rigidity, compactness and simplicity and must give reasonable 
accuracy during accelerations of several g with temperature changes 
up to 30° F. 

In its development the aims were to obtain an increased output 
voltage and to enable robust measuring instruments to be used. 
The solution adopted was to employ, as the active element, a coil of 
enamel-insulated constantan wire wound directly on a round bar 
of nickel-chrome-molybdenum steel, or of mild steel or of dur¬ 
alumin. The coil is included in one arm of a Wheatstone bridge 
network and, as an example, with an applied voltage of 230 V and a 
coil on a mild steel bar stressed to 14 tons/in. 2 an output voltage 
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of 0-034 V could be obtained. Constantan wire gives a good strain 
sensitivity, maintains its calibration indefinitely and has a low 
temperature coefficient. 

When the active coil, of resistance R, forms one arm of abridge of 
which the other three arms are each of resistance R also, the output 
voltage is given by 


V P 
V ~~ 4 ‘ A 



where Y is the voltage applied to the bridge, P is the applied load, 
A is the cross sectional area of the bar, m and E are Poisson’s ratio 


strain gauge bridges on specimen 




(Elliott Bros. ( London) Ltd.) 

Fig. 169. Tex- CHAyxEL Straix Gauge Equipment 


and Young’s modulus, respectively, for the material of the bar and 
K is the sensitivity ratio which is the ratio between the proportional 
change of resistance of the wire and the circumferential strain in 
the bar. 

The Measurement of Pressure. Another application of snmifo.r 
principles is to the measurement of pressure. Thus, for example, 
N. Gross and P. H. It. Lane (Ref. (22) ) have described an accurate 
wire-resistance method of measuring pulsating pressures up to 
6,000 lb ./in. 2 As the pressure-sensitive elements, to replace the 
normal Bourdon tube types of gauge which are not sufficiently 
accurate for rapidly fluctuating pressures, cylindrical steel tubes 
with a wire winding are used. Two coils of 48 s.w.g. manganin wire 
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are wound side-by-side on the tube. These are dried and sealed 
against moisture. The coils are connected in two diagonally opposite 
arms of a Wheatstone bridge network of which the detector is a 
mirror galvanometer having a sensitivity of 100 mm/juA at 1 metre, 
and a periodic time of 0*1 sec. The bridge is supplied from a battery. 

NR 

The proportionate change —in the resistance of the pressure 
cell coils is related to the pressure by the expression 


= K(D - tni - \m) 


P 

* 2EDt 


where K is the constant relating electrical strain to mechanical 
strain, m and E are Poisson’s ratio and Young’s modulus for the 
material of the pressure tube, p is the pressure and D and t are, 
respectively, the diameter of the middle layer and the thickness of 
the coils. 

Tor recording the pressure pulsations the light reflected from the 
galvanometer mirror is allowed to fall on to 35-mm recording paper 
in an oscilloscope camera, the lens of the camera being replaced by 
a metal disc with a narrow slit parallel to the direction of movement 
of the light. 

The accuracy is stated as within 0*5 per cent of the full scale 
deflection. 

Hot-wire Anemometer . In this instrument air velocity is measured 
by its cooling effect upon a fine wire which is heated by the passage 
of a small current through it. L. F. G. Simmons and A. Bailey 
(Ref. (26) ) described on early anemometer of this type developed 
at the National Physical Laboratory, and Simmons and J. A. 
Beavan (Ref. (27) ) gave an account of its use for the measurement 
and recording of gusts. For this purpose advantage was taken of 
the quick response of the hot wire to the cooling effect. Two ele¬ 
ments, each included in its own Wheatstone bridge network, were 
used to record both the velocity and direction of gusts the detectors 
in the networks being oscillograph elements. 

Fling’s formula (Ref. (28) ) for the cooling of fine wires was 

E=(a + bVV)(T - T.) 

where H is the rate of heat loss per unit length of a circular wire 
which, is maintained at a temperature Tin a steady wind of velocity 
V, and T a is the air temperature. 

When current i flows in the wire the formula can be written 

0-24 i*r = (a + bs/V){T — T a ) 

The left-hand side represents the heat loss in calories per second; 
r is the resistance per unit length of wire: a and b do not remain 
constant over an appreciable range of temperature and each is 
expressible in the form p -f qT (Ref. (27) ). 
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Later, Simmons described (Ref. (29) ) a shielded form of hot-wire 
anemometer for low speeds, and an instrument of this type is now 
manufactured by H- Tinsley & Co. 

The hot-wire element, shown in Rig. 170, has a fine wire, about 
3 cm long housed in one bore of a small twin-bore silica tube. The 


( 27 . Tinsley & Co., Ltd.') 

Fig. 170. Simmons Hot-wire Anemometer 

other bore contains a thermo-couple for the measurement of the 
hot-wire temperature. A standard heating current of 0*6 A is used 
and standardization is carried out by covering the element with a 
box and then adjusting the controlling resistors until the galva¬ 
nometer used with the instrument gives a specified deflection. The 
standing e.m.f. of the thermo-couple is backed off "by the zero 
setting control. 
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During the air-speed measurements the output from the thermo¬ 
couple is read on the galvanometer scale. Calibration of the scale 
is necessary because the deflection air-speed relationship is non¬ 
linear. The Tinsley instrument has 3 ranges, for 0 to 0*4, 0 to 2-0 
and 0 to 5*0 feet per second. L. L. Fox, P. L. Palmer and D. Whit¬ 
taker (Ref. (30) ) describe a compensating circuit for this shielded 
hot-wire anemometer. This overcomes the difficulty that small 
changes in the wire-heating current cause large errors in air flow 
measurement. A small e.m.f. is injected from the heater-wire 



CURRENT SUPPLY 

(EUiott Bros. (London), Ltd.) 
Eig. 171. Electrical Humility Meter 


circuit into the thermo-couple circuit so that the measured e.m.f. 
is largely independent of small current changes. 

Electrical Humidity Meter. Yet another application of the 
Wheatstone bridge is the measurement of the humidity of the air by 
wet- and dry-bulb thermometers, the latter being of the electrical 
resistance type. Fig. 171 shows the circuit diagram of the Elliott 
Humidity meter. There are two, interconnected, Wheatstone 
bridges; one contains dryflbulb A and wet-bulb B thermometers and 
the other a second dry-bulb thermometer C. In the first, the gal¬ 
vanometer current is proportional to the temperature difference 
T — between the dry and wet bulbs while, in the second bridge, 
the galvanometer current is proportional to the dry-bulb temperature 
T. Instead of actual galvanometers two coils of a “cross-coil” 
indicator are used and the pointer reads the psychrometric difference 
T — T-l corrected by the dry-bulb temperature T , i.e. the instru¬ 
ment reads the relative humidity . 

The three thermometers are mounted in a“humidity transmitter” 
through which the air under test is drawn, first over the two dry 
bulbs and then over the wet bulb. 

The meter is independent of voltage variations in the supply since 
both bridges are supplied from the same source. A.C. mains can 
be used with a transformer and rectifier. 

Moisture Meter. The principle of the Marconi moisture meter, 
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designed for the measurement of the moisture content of grain and 
other hygroscopic materials, is shown in Pig. 172. 

The circuit used (Brit. Patent Xo. 635, 674) is an extension of the 
Wheatstone bridge principle, there being a subsidiary bridge net¬ 
work in the arm opposite to that containing the sample under test. 
Out-of-balance voltage reduces or increases the resistance of the 
triode which, in turn, alters the effective resistance of the subsidiary 
bridge network. This self-balancing feature is included to render 
the reading of the meter independent of valve characteristics and 
supply voltage variations. 

The sample is contained in a test cell in which a great mechanical 



C Marconi Instruments, Ltd.') 

Fig. 172. Marcckst Moisture Meter 

pressure is applied to the material to bring it to a uniform state and 
eliminate packing errors. 

The range of moisture content covered corresponds to equilibrium 
with atmospheres having relative humidities from about 20 per cent 
to 90 per cent and the accuracy is ± 1 per cent m.c. 

Marconi Instruments, Ltd. also make a* moisture-in-timber meter 
though the construction and principle of operation are different from 
those of the meter just described. 

Measurement o! High Besistanee. When the resistance to be 
measured is of the order of one or more megohms, the methods of 
measurement described in the foregoing pages are unsuitable. In 
such cases the resistance offered to the passage of current along the 
surface of the insulation is often comparable with the resistance 
itself, and special methods have to be adopted to take such “sur¬ 
face leakage” into account. 

Amongst the high-resistance measurements which are required 
to be made in practice those of the insulation resistance of cables 
are very important. The absorption effects in dielectrics have 
already been mentioned in Chapter IV. and such effects are apt to 
destroy the value of insulation resistance measurements unless 
special precautions are taken. 
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A simple method of measuring insulation resistance is the direct 
deflection method. A very sensitive moving-coil galvanometer of 
high resistance (1,000 ohms or more) is connected in series with the 
resistance to be measured, and to a battery supply. The deflection 
of the galvanometer gives a measure of the insulation resistance. 
This method is, however, only sufficient to indicate whether the 
insulation is faulty or otherwise, and cannot be regarded as a precise 
method. 

Price’s Guard-wire Method. Fig. 173a gives the connections 
for a direct deflection method in which the errors due to surface 



Fig. 173a. Price’s Guard -wise Method of Measuring 
High Resistance 


leakage are eliminated by the use of a guard wire. In the figure the 
resistance to be measured is the insulation resistance of a length 
of cable. The cable is immersed in water, which is contained in a 
metal tank, 24 hours being allowed to elapse—the temperature 
meanwhile being maintained constant—before the test is carried ont. 
This enables the water to soak through any defects which may exist 
in the insulation, and also allows the insulation to attain the same 
temperature as the water. The ends of the cable are tr im med as 
shown, the outer protective covering being removed at these ends 
for a length of at least 12 in. A bare wire, twisted round the 
insulation near the end, is connected to the negative pole of the 
supply battery—the positive pole of which is connected to the metal 
tank—so that any current which leaks across the insulation sur¬ 
face is taken direct to the battery instead of passing through the 
galvanometer, and increasing its deflection. The galvanometer 
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is shunted as shown, the shunt being of the Ayrton universal 
type. 

The deflection of the galvanometer is observed, and its scale is 
afterwards calibrated by replacing the insulation resistance by a 
standard high resistance (usually 1 megohm), the galvanometer 
shunt being varied, as required, to give a deflection of the same 
order as before. The galvanometer, which is of the D’Arsonval 
type, should be very sensitive (at least 1,000 mm per microampere 
at a scale distance of 1 metre), should have high resistance, and, also, 
its deflection should he directly proportional to the current flowing 
through it. The resistance of the universal shunt across the gal¬ 
vanometer may be so chosen that the galvanometer is critically 
damped, thus saving time in making observations. 

The battery should be of about 500 volts, and its e.m.f. should 
be constant. C is a four-part commutator for reversal of the gal¬ 
vanometer connections. R is a protective resistance of about 
100,000 ohms in series with the galvanometer. is a key which 
is closed on contact “a” when the battery is first switched on. The 
galvanometer is thus protected from the sudden initial rush of 
current which charges the cable—the latter acting, of course, as a 
capacitor. Contact 44 6” is sufficiently close to “a” for the circuit 
to remain closed when the key is being moved over. K 2 is another 
key for the purpose of discharging the capacitance of the cable. 

The galvanometer and its circuit, together with the keys, must be 
well insulated to prevent leakage currents. 

Fig. 173 b shows the connection diagram for insulation testing when 
a universal shunt on the Kelvin Varley slide principle (see p. 315) is 
used. The resistance of this (Sullivan) four-dial shunt is variable in 
steps of 1/10,000th part of the whole. 

Loss or Charge Method. In this method the insulation resis¬ 


tance to be measured is connected in parallel with a capacitor and 
electrostatic voltmeter. The capacitor is charged, by means of a 
battery, to some suitable voltage, and is then allowed to discharge 
through the resistance, its terminal voltage being observed over a 
considerable period of time during discharge. 

Then, assuming the capacitor to be perfect, if V is its terminal 
voltage at any time £, Q being the charge, in coulombs, still remaining 
in the capacitor, and C its capacitance, we have for the current i at 


time t. 


dQ 

dt 



But i = where R is the resistance to be measured, and through 


which the capacitor is discharging. 


- Z_ 0*1 

B ~ dt 
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or 


F fC ' F 


R 


dt 


-t 

Solving this differential equation for V gives V = Ee CR where 
E is the voltage when t = 0 (i.e. the voltage to which the capacitor 
was originally charged), and a is the base of Napierian logarithms. 



The box contains an independent and standard resistance of 100,000 ohms (be¬ 
tween the inner line of terminals), which is used for taking “constants’* in direct 
deflection tests, as also in the fall of potential method of localizing faults in a 
cable, where the potentials are measured by direct deflection, the galvanometer 
being earthed through this high resistance. In addition, the high resistance is 
specially subdivided into three sections, 10,000 ohms, 30,000 ohms, and 60,000 
ohms, for conveniently observing earth current readings in Sehaefer’s test for 
locating breaks and faults in submarine cables. 


Thus 


log £ V = log e E--^ log £ « = log e E ~ (Jj> 


R = 


CR 

t Q4343£ 

n i E n i E 

C log, y C lOg 10 y 


(189) 


R will be given in ohms if t is in seconds and C in farads. 

Example. If C = 0*2 microfarad, E = 400 volts, and the time taken, for 
the capacitor terminal voltage to fall to 250 volts is 1^ min., 

0*4343 x 90 
0-2 400 

Tb« 1 250 


= 957*6 x 10 e ohms or 957*6 megohms. 
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If the resistance R is very large, the time for an appreciable fall 
in voltage is also large. The voltage-time curve will thus be very 
flat, and, unless great care is taken in measuring the voltages at the 
beginning and end of a given time t, a serious error may be made 


in the value of the ratio 


E 

V 


, causing a corresponding error in the 


measured value of R. More accurate results may thus be obtained 
by measuring the change in the voltage (E — V) directly. Calling 
this change v, the expression for R then becomes 


0 - 43431 ? 

Glo &°Trr v 


Laws (Ref. (2)) gives details of a method of measuring this change 
in voltage v 3 using a ballistic galvanometer. 

If the insulation resistance of a length of cable is being measured, 
the cable itself may he used as the capacitor, but its capacitance 
must be either known or must he determined. 


Several serious difficulties are encountered when this method is used. Owing 
to absorption effects in the dielectric under test, the current actually flowing 
through the resistance is not simply dependent upon its resistance, since an 
absorption current also flows into the insulation. For this reason observations 
should be continued for a long period—several hours—if the results of such 
measurements are to be of value. Again, the insulation resistance of the 
voltmeter and of the capacitor must be exceedingly high in order that leakage 
effects shall be negligible. 

Effect of the Time of Electrification. As absorption effects are present to a 
greater or less degree in all insulation resistance measurements, it is important 
that their influence upon the measured value of the resistance should be 
considered. In Fig. 81 a curve showing the variation of the absorption current 
in a capacitor with time was given. This current falls away fairly rapidly at 
first, the decrease thereafter being more gradual. Evershed (Ref. (5)) found, 
in the case of a length of rubber-covered cable, that the absorption current 
was some five or six times the true leakage current—dependent upon the 
resistance only—after a time of application of voltage of 1 min., and was 
about equal in value to the true leakage current after 7 min. After the voltage 
had been applied for 6 or 7 hours, the absorption current still formed some 
5 to 10 per cent of the total current flowing through the insulation. From 
these results it is obvious that the insulation resistance as defined by 

_ Applied voltage 

Current flowing through the insulation 

depends very much upon the time of application of the voltage. In commercial 
testing a time of application of 1 min. is normally specified, but the resistance 
value so obtained will be very much less than the true value. The magnitude 
of the insulation resistance itself will influence the effect which the absorption 
has upon the measured value. If this resistance is low, the absorption current 
may be negligible compared with the true leakage current, but the former will 
be of much greater importance in the case of very high resistance insulation. 

Effect of Temperature upon Insulation Resistance. The resistance of insu¬ 
lating materials, generally, falls with increase of temperature, the change in 
resistance being, in some cases, very rapid. For this reason it is important in 
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such measurements that the result should be stated together with the tem¬ 
perature at which the test was carried out. 

Koenigsberger and ReichenhemTs formula (Ref. 6) for the variation of the 
resistance of hard insulating materials with temperature is as follows— 

-let 

R t = R 0 e (273 -t- 1 ) 273 


where R t is the insulation resistance at temperature t° C. 

Ro „ „ „ „ o°c. 

is a constant for any given material. 
a is the base of ^Napierian logarithms. 



Rig. 174. Resistance-temperatube Curve fob, Ree> Rebre 


Rig. 174 shows the curve of JR t (expressed as a fraction of R 0 ) against tem¬ 
perature, for red fibre, for which k = 8,477. The very great reduction of 
resistance with increase of temperature can be observed. Curtis (Ref. (7)) gives 

resistivity at 20° C. 

a table of values of the resistivity at 30° C., and of the ratio resistivity gfe3(Fo' 

for a number of hard insulating materials. The value of this ratio varies 
from 1 for India ruby mica to 16*0 for yellow beeswax. 


Measurement of Resistance of Specimens of Insulating Materials. 

Surface artd Volume Resistivity. In the above tests the resis¬ 
tance to be measured has been assumed to be that of the insulation 
of a length of cable. The direct deflection method is often applied 
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to measurements of the resistance of insulating materials, small 
samples of the material, in sheet form, being used. In such cases 
it is necessary to distinguish between the “surface resistivity” and 
the “volume resistivity, 55 or specific resistance of the material. 

The “surface resistivity” is defined as the resistance between oppo¬ 
site edges of a unit square area of the surface of the material. This 
quantity depends upon the general condition of the surface and 
upon the humidity, and is not a constant. 

The form of specimen used for such measurements is shown in 
Fig. 175. The sample rests in a pool of mercury to which the negative 


Annular 

Groove 

containing 

Mercury 



- 0—1 






— "■'77y?7?yf/Asf7Si 


' .Mercury 


Fig. 175. Form of Specimen for Surface Resistivity 
Measurements 


pole of the battery is connected, an annular groove containing 
mercury forming the other electrode. There is a pool of mercury 
also inside the specimen, and a wire from this is taken to the positive 
3ide of the battery as shown, being connected so as to form a guard 
wire to prevent the leakage current which actually passes through 
the body of the specimen from passing through the galvanometer. 

Then, if R is the measured value of the resistance, the surface 

resistivity is given by — where d is the diameter of the speci¬ 

men and l is the length of the surface path from the annular groove 
to the outer mercury pool (see figure). 

This arrangement and shape of specimen are recommended in 
the British Electrical and Allied Industries Research Association 
Report (Ref. (II)). A number of such reports, dealing with the 
measurement of volume and surface resistivity of insulating materials 
and the effect of tt mperature humidity, etc., upon these quantities, 
have been published (Refs. (8) to (13) ). These reports give very full 
directions for the study of many different forms of insulating 
materials—vulcanized fibre, hard composite dielectrics, unvarnished 
textile fabrics, insulating oils, papers, etc., and also lay down the 
conditions under which the various tests should be made. Recom¬ 
mendations for testing procedures are also given in British Standard 
specifications dealing with various classes of insulating materials. 

Portable Resistance Testing Sets. A portable, and reasonably 
accurate, form of testing set is often necessary in order that in¬ 
sulation tests may be made on cables and wiring systems after 




MEASUREMENT OF RESISTANCE 


305 


installation. A number of such, sets have been developed and are 
manufactured by various instrument makers. Most of these sets are 
modifications of the ohm-meter originally designed by Ayrton and 
Perry. The principle of this instrument is illustrated by Fig. 176. 

Two coils, C and P, are fixed at right angles to one another, and 
so that their magnetic fields—when current flows through them— 
both exert a turning moment upon the pivoted magnetic needle 
M, to which a pointer is attached. SS are the supply terminals, the 
supply usually being obtained from a small generator, giving about 
500 volts, which is turned by hand. P is the pressure coil and is 



Fig. 176. Co:xnections of Simple Ayeton and Perky Oemmbter 

connected, in series with a resistance, across the supply terminals. 
C is the current coil, connected in series with the resistance A, to be 
measured. This coil carries a current which is inversely proportional 
to the resistance X. 

The current in coil P, which is directly proportional to the supply 
voltage, is fixed, and is independent of the resistance to he measured. 
The magnetic field of this coil tends to turn the needle in an anti¬ 
clockwise dir ection, while the field of coil C tends to cause clockwise 
rotation. 

The balance position of the needle is such that these two turning 
moments are equal. If X is infinite, there is no current in C, and 
the needle sets along the axis of coil P, whereas if the resistance X 
is very low. the turning moment of C is far greater than that o IP, 
and the needle sets along the axis of C\ The scale is graduated in 
resistance values (usually megohms), the intermediate points be¬ 
tween infinity and zero being obtained by calibration. ^ 

The commonest of the more modern testing sets is the 4 ‘Megger” 
insulation tester, manufactured by Messrs. Evershed and Vignoles, 
the construction and connections of which are shown in^Fig. 17/. 
The moving system consists of two coils—the “control coil” and the 
“deflecting coil”—rigidly mounted at an angle to one another and 
connected, in parallel across a small generator, with polarities such 
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that the torques produced by them are in opposition. The coils 
move in the air gap of a permanent magnet. The control coil is in 
series with a fixed control circuit; the deflecting coil is connected in 
series with a fixed deflecting circuit resistance and the resistance 
under test. If this last is infinitely high no current flows in the 
deflecting coil and the control coil sets itself perpendicular to the 
magnetic axis, the pointer indicating “Infinity. 55 A lower test 
resistance allows current to flow in the deflecting coil and turns the 
movement clockwise. The control torque produces a restoring 
torque which progressively increases with the angular deflection, 
and the equilibrium position of the movement is attained when the 
two opposing torques balance. 

The control coil is actually in two parts, in series, the outer part 
being a compensating coil. The two parts are arranged with numbers 
of turns and radii of action such that, for external magnetic fields 
of uniform intensity, their torques cancel one another thus giving 
an astatic combination. 

The instrument has a small permanent magnet d.c. generator 
(developing 100, 250, 500, 1,000 or 2,500 V in different instruments). 
This may be hand-driven, through gearing and a centrifugally 
controlled clutch which slips at a predetermined speed so that a 
steady voltage can be obtained, or it may he motor-driven. 

The “Bridge-Meg” and “Bridge-Megger” testing sets, also made 
by Evershed and Yignoles, Ltd., can be used for insulation resistance 
measurements, as a Wheatstone bridge for a wide range of resistance 
values or for fault localization by the Varley loop method (see 
p. 491). Variable ratio arms and a four-decade resistance are 
included for these uses. 

Two other instruments made by the same manufacturers should be 
mentioned. The first is the “Ducter” ohmmeter, a low-resistance 
testing set for resistances from a few ohms down to one microhm, 
and the other is the “Megger Capacity Meter.” 

In the former, the connections for which are shown in Eig. 178, 
the control coil is connected across a shunt in the main circuit, so 
that the torque produced by it is proportional to the current in the 
resistance under test, while the deflecting coil is connected across this 
resistance and so carries a current proportional to the potential drop. 
The position taken up by the moving system is thus dependent on 
the ratio of potential drop and current, i.e. on the resistance being 
measured. 

The capacity meter resembles the Megger Insulation Tester in 
general form but contains a hand-driven alternating current 
generator and an a.e. ratiometer movement calibrated in micro¬ 
farads. It compares the capacitance under test with a standard 
capacitance and covers a range from 0 to 0T jllF up to 0 to 10 /IF. 

Measurement of Insulation Resistance when the Power is On* It 
may be necessary, in some cases, to measure the insulation resistance 

ii—(T. 5 7 oo) 
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main, through A and A—the latter being in parallel with R v - 
in the first ease we have 


and 

Thus, 


F, 
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1 A +A 

£-Fx = A 4 
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Fig. 179. Measurement of Instjeation Resistance when the 
Power is On 


By similar reasoning, in the second case we have 

E AA "t* -A (A ~r A) 

7 2 = 


Hence, 


A A 

e_ A A H- A(A ~1~ A) 

F t _ A A __A A 

F A A ~r A(A ~f~ A) A A 


F 


2 R^R'd 


A *_ 


Substituting A — A * tt in the expression 

A 

J7 AA ”F A(A ~F A) 
AA 


we have 


Fx 


A (A 4- A) + AA 


J -B. • • - ( 190 ) 

Similarly, -R 2 = j^ — (F EIT — ] R v . . . (191) 


from which 


[ 


V 

e- (v 1 + v 2 r 

v~ 
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This method cannot be used if one of the mains is earthed, and 
is generally only applicable if the insulation resistances to be 
measured are not more than 1 or 2 megohms. 

The Measurement of the Resistance of Earth Connections. The 
resistance between an earthing plate and the surrounding ground is 
often an important quantity in distribution systems. It is usually 
measured by a fall-of-potential method as illustrated by Fig. 180. 
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Fig . 180 


A current is passed through the plate E to an auxiliary electrode A 
in the earth at a distance away from the plate. A second auxiliary 
electrode B is inserted between E and A and the potential difference 
V, between E and B is measured for a given current I so that the 



Fig. 181 


resistance of the earth connection is -j. The placing of the auxiliary 

electrodes is, however, important and G-. F. Tagg (Ref. (31) ) has 
called attention to the errors which can arise from incorrect placing 
of these electrodes, especially when the earth resistance is low. He 
gives a curve, as in Fig. 181, for the resistance measured when B 
is at various distances from E. The correct value for the resistance 
of the earth connection is that measured (R E ) when B is at such a 
distance that the resistance lies on the horizontal part of the curve. 
Tagg points out that, when the earthing resistance is low the spacing 



MEASUREMENT OF RESISTANCE 311 


between the earth plate and auxiliary electrodes may need to be 
hundreds of feet. 

Following these principles, Messrs. Evershed and Vignoles, Ltd. 
make a '‘Megger Earth Tester 5 ' containing a direct-reading ohm- 
meter and a hand-driven generator. 

Measurement of Resistance of Electrolytes. Owing to the fact 
that a polarization e.m.f. is produced whenever a current passes 


Platinum 




Cylindrical 
Glass Tube 
(Cross Section a,) 


Electro¬ 

lyte 


( 6 ) 


Fig. 1S2. ^Ieasttrement of the Resistance of Electrolytes 


through an electrolyte, the usual methods of measuring resistance 
cannot he used to measure the resistance of electrolytes. 

Kohlrausch devised a method of measuring their resistivity. The 
electrolyte is contained in a glass tube having two platinum elec¬ 
trodes dipping into it. This cell is connected in one arm of a Wheat¬ 
stone bridge network as shown in Fig. 182 (a). The bridge is of the 
slide-wire form, and is supplied from an induction coil, a telephone 
being used as the detector. The slide-wire may be of special form 
consisting of a long manganin wire wound spirally in a groove cut 
in a marble cylinder, the cylinder being stationary and the contact 
—of hard steel mounted in a manganin rod to avoid thermo-electric 
e.m.f/s—sliding round the cylinder. The spindle carrying the 
contact has a thread of the same pitch as that of the groove in which 
the slide-wire lies. 

R is a known resistance of the same order as that of the electrolyte. 
Balance is obtained by adjusting the sliding contact until no sound 
can be detected in the telephone. 
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Then, if l 2 and ? 2 are the two lengths into which the slide-wire is 
divided by the sliding contact, the electrolyte resistance X is given 

X = £ R .(192) 

If the resistivity of the electrolyte is to be measured it is best to 
use a cylindrical glass tube, of uniform cross-section, supported 
vertically in a vessel containing the electrolyte, and with its upper 
end above the surface of the liquid (Fig. 182 ( b )). The electrodes 
should be of platinum and should be circular, fitting tightly inside 
the cylinder. The lower electrode may be pierced to allow liquid 
to flow through it, and the glass tube may be graduated so that the 
length of the column of electrolyte between the two electrodes can 
be accurately determined. Then, if a is the cross-sectional area of 
the column of electrolyte and Z is its length, the resistivity is given 
X-Cb 

by -j- where X is the measured resistance of the column. 

The temperature should be carefully observed when making such 
measurements, and this temperature stated when the results are 
given. 

Measurement of Water Purity. Closely connected with the 
measurement of the resistance of electrolytes is that of the purity 
of water in terms of its electrical conductivity. 

The Evershed and Vignoles “Dionic” Water Purity Meters (or 
Electric Salinometers) are calibrated in conductivity units taking as 
unity water having a resistance, at 20° C., of 1 megohm between the 
opposite faces of a centimetre cube. Then, water having a resistance 
of J megohm per cm. 3 has a conductivity of 2 and so on. These 
conductivity measures can be interpreted in terms of water purity 
from known data concerning the influence of various concentrations 
of salt upon conductivity. 

For example, at 20° C 

0*823 grain of common salt per gallon 

gives conductivity 23 units 

o grains per gallon give conductivity 139 units 

7 grains per gallon give conductivity 192 units 

The apparatus consists of a water conductivity tube (see Fig. 183) 
which is used in conjunction with an indicating (or recording) 
ohmmeter having a moving system of two rigidly fixed and magnet¬ 
ically opposing coils moving in a permanent magnet field as in the 
“Megger Insulation Tester 55 (see p. 305). The apparatus is, however, 
operated from a d.c. supply. 

Allowance is made in the calibration for the hack e.m.f. and there 
is an automatic device to compensate for changes in temperature 
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orer the range 60° to 160 = E. This device consists of plungers, G 
and G l3 which are lowered into the water tubes, P and P l3 by the 
bimetal levers H . This varies the effective cross sections of the 
water columns under test. 

These water columns are contained in two insulating tubes, P 
and P l5 which are separated by a third insulating tube containing 
two platinum electrodes K and K t . The testing current flows 
upwards through P and downwards through P x and the columns of 
water are of accurately known cross section. Electrically the 



(EversTied & Tigtioles, Ltd.) 
Fig. 183. “Dionic” Water. Pueity Meter 


columns are in parallel because the electrodes E, E± are at the same 
positive potential, the negative electrode being the gunmetal case 
<7, C which carries the insulating tubes. (This case is of course 
insulated from the case of the instrument itself and from the water 
supply.) The water flows through the tube continuously, entering 
at A and discharging at Ay 

Apparatus Used in Resistance Measurements. Resistance stan¬ 
dards an d resistance boxes have already been discussed and their 
construction described. Several other pieces of apparatus, used in 
connection with resistance measurements, merit description. 

Aybtost UmvEBSAii Shunt. This is an important accessory in 
galvanometer work. Tig. 184 (a) shows the connections of such a 
shunt in diagrammatic form. 
















314 


ELECTRICAL MEASUREMENTS 


The galvanometer G, of resistance i? G , is connected across the 
outer terminals ac of the shunt, whose total resistance is S; b is 
a moving contact and x the resistance between points ab and depends 
upon the position of b. 

Let I be the current flowing in the main circuit (i.e. into the 
parallel combination of G and S). 




Fig. 184. Atetoit Uisttvehsa-l Shunt 


• Then, with b in position (1) the galvanometer current 

/ - * 7 -a_ - _ 7 

G x + s-x + R g J8 + R q 

Again, with b in position (2 )—when x — S —the galvanometer 
current is 


7 ' = . z. _/ 

® S -{-R q 

Thus, in moving b from position (2) to position (1), the galvanometer 
current is reduced in the ratio this ratio being, therefore, 

o 

independent of the resistance of the galvanometer. 

The “multiplying power 99 of the shunt—i.e. the ratio 


_ I _ 

G-alvanometer current 


—for any given position, is 


S±Ra 

x 
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By arranging the contact b to be moved in steps (by means of a 
moving arm and studs connected to tapping points on the shunt S), 
the galvanometer current for any position of b may be made a 
definite fraction of the current vrhich flows through the galvanometer 
when b is on the point c. Thus, if b is in such a position that x 
= JL . S, the galvanometer current is ^-th of the current flowing 
when x = S. x 

These shunts are often made up so that the ratios of — obtainable 
are T U> Tcnnj. etc - ( see Fig. 1S4 (6)). 



Fig. 185. Kelvin and Vaeubv Slide 


It should he noted that the resistance across the galvanometer 
terminals is S, no matter what the position of the contact b. The 
resistance S of the shunt should be chosen about 10 times that of 
the galvanometer, so that the latter may not he over-damped, and 
that its sensibility may not be appreciably reduced by being thus 
shunted. 

Kelvin and Varley Slide. This device may he used to replace 
a simple slide-wire in a Wheatstone bridge network. The principle 
is used, also, in the construction of potentiometers and universal 
shunts. It consists of a slide-wire and a number of resistance coils 
connected as shown in Fig. 185, where the apparatus is inserted in a 
Wheatstone bridge network. 

The lower row of coils consists of eleven coils, each of resistance 
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r ohms. Shunting two of the coils is another row of eleven coils, 

f 

each of resistance — ohms, the shunting connections being made 

through two sliding contacts which always move together, so that 
two coils in the bottom row are shunted by the row above, through¬ 
out. Again, two of the coils in this second row are shunted in the 
same way by a slide-wire whose resistance is equal to that of the 

2 

two coils which it shunts, namely - r. Obviously, the number of 

rows of coils can be increased as far as is justifiable, taking into 
consideration contact resistance errors, etc. 

Since in each case the two coils are shunted by a resistance equal 
to their own, the resistance of the combination is the same as the 
resistance of one coil, so that the total effective resistance of each 


of the rows of coils is in each case that of ten coils only. 

The jreading of the slide in the figure is 5,346. Thus — = 

NThb 1 _ Gai/fakomete r. This instrument, which is 

largely used in the various methodslff'measurement of resistance, 
and also for potentiometer work, consists essentially of a circular 
or rectangular coil of many turns of fine wire suspended between 
the poles of a permanent magnet. There is often a fixed cylindrical 
iron core inside the coil, the-coil wires being situated in the two 
air gaps between this core and the permanent magnet. The length 
of the air gaps between the coil and pole faces, and between the coil 
and core, is usually about -Jg-in., and the pole faces are shaped so 
as to give a radial field. The suspension is a single fine strip of phos¬ 
phor-bronze, and serves as one lead to the coil, the other lead taking 
the form of a loosely coiled spiral of fine wire leading downwards 
from the bottom of the coil. The suspension carries a small mirror 
upon which a beam of light is cast through a glass window in the 
outer brass case surrounding the instrument. The beam of light 
is reflected on to a scale—usually at a distance of 1 metre from the 
mirror—upon which the deflection is measured. A torsion head is 
provided for adjustment of the coil position and zero setting. 

\j3forder to save time in using the galvanometer, damping is 
provided by winding the coil on a light metal form er. The damping 
is produced by the torque—opposing motion—due to the permanent 
magnet field in conjunction with currents which are induced in the 


metal former when it rotates in this magnetic field. 

\JDamping may also be obtained by connecting a fairly low resis¬ 
tance across the galvanometer terminals. The damping being then 
dependent upon the magnitude of this resistance, it is possible, by 
suitably adjusting this resistance, to make the damping critical. 

Fig. 186 shows a D’Arsonval galvanometer with a freely-suspended 
coil. The sensitivities and periodic times for three resistances are 
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given, below. This type of instrument is very suitable for ballistic 
measurements (see Chapter IX). 


Resistance 

(Ohms) 

Sensitivity at 1 metre J 

Period 

Time 

(sec.) 

mm inieroamp 

mm/microcoulomb 

500 

250 

310 

5 

1,000 

1,100 

860 ! 

8 

4,000 

3,500 

2,000 I 

: ! 

11 


Fig. 187 shows a portable galvanometer of high sensitivity (up to 
1,500 mm/microamp at 1 metre) with a moving coil which is tautly 



(.S'. Tinsley & Co ., Ltd .) 

g. 187. Suspension - Tvpe Galvanometer 


suspended at both ends by silver-gilt suspension strip. This form 
o f suspension is independent of lev el. 

The Cambridge Instrument Co. make a very robust form of 
galvanometer which requires no levelling or clamping. This is 
the Cambridge “Pot” Galvanometer. It is fitted with a pointer 
as well as a mirror for use with lamp and scale and gives a de¬ 
flection per micro-ampere of 12 millimetres at a scale distance of 
1 metre. Its resistance is 50 ohms and its period 1*3 seconds. 
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K. Copeland, A. C. Downing and A. V. Hill (Bef. (25)) describe 
a moving-coil galvanometer of extreme sensitivity. Used with 
photelectric amplification, the instrument is capable, in a few 
seconds, of reading to a few thousandths of a microvolt in a 50-Q 
circuit. It is stable enough to allow 20-fold to 50-fold magnification 
under laboratory conditions and the magnified deflection is read on 
a microammeter. Two of these authors have also described (Jour. 



C Cami*ridge Instrument Co., Ltd .) 
Fig. 188. Spot Galvanometer 


Sci. Insts., Vol. 25, pp. 225 and 230) a rapid galvanometer which 
can record to within 0*02 juV in 0-01 sec. 

H. W. Sullivan, Ltd. have introduced a very compact, sensitive, 
yet robustly suspended galvanometer fitted with shock-absorbing 
stops which permit overloads of up to 100 times full-scale current 
without risk of damage to the movement. Sensitivities up to 2,300 
mm;'/A can be obtained with a periodic time not greater than 
2 seconds. 


Theory. Let i be the current (assumed constant) flowing through the 
galvanometer coil. Then the equation of motion of the galvanometer is, 
from Equation (174) (Chapter VI), 

d*6 ,dQ n . 

a di* + b di + ce=lGl 


where 6 — the deflection in radians 
t = time in seconds 

a = moment of inertia of the moving system 
b = the damping constant 
c = the restoring constant 
O = the displacement constant 

(see theory of the vibration galvanometer. Chapter VI). 

Referring to Equations (176) and (179) ( loc . cit.), we have for the solution 
of the above equation 

6 = Ae + Be m ~ 


. (193) 
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since the current is now constant and equal to i, w in. Equation (179) being 
zero. A. and B are constants to be determined from the initial conditions. 

Gi 

Let 0 D be the final steady deflection of the galvanometer. Then = — 

the expression As m ^ — representing a motion which may, or may not, 

be oscillatory, according to the relative values of the constants a, b , and c. 

To determine A and JB, suppose that when t is zero, the deflection Q is zero 
dO 

and also — — 0 (i.e. the galvanometer moving system is stationary in its 
zero position). 

Then, since when t ■ 

0 = 


Also, since when t — 0, 


0 , 6 = 0 , 

A ~\- B - f- —= A A- J3 d D 
dd 


Hence, 


dt 

0 = Am 1 4- 

7 ? 1 2 6 i> 


A = 


: 0 
Bm z 
and JB — 


— m z 


Hence, the equation for 6 becomes 

e = e^-eS — - 

L - - m 2 J 

-b -' r Vb* — 4a c — b — Vfe 2 - 4ac 

Isow, m 1 = -—-and m 2 = 


(194) 


2 a 


2 a 


Thus, if 6 2 > 4 ac, both m 1 and ?n 2 are real and negative. The motion of the 
galvanometer is thus non-oscillatory, the deflection gradually rising from 
zero to its maximum value d D . The galvanometer under these conditions is 
said to he 4 * over-damped.” If b' 2 C 4uc, both ?n x and m 2 are imaginary. Then 
referring to Equation (180), the equation of motion is 


6 = 6 , 


+ e sm ( -^-* + 


•) 


(195) 


This equation represents an oscillatory motion, the oscillations dying away 
gradually as the time t is increased, giving finally a steady deflection 
If / is the frequency of these oscillations, then 


2tt/ — 


V 4ac — b z 
2 a 

V4ac - 5 2 
4:ra 


(196) 


The galvanometer, under these conditions, is under-damped. If there is 
0 and T = 2 re '\/~ ("where T = the periodic time of the 


no damping b 
oscillations). 


If b 2 = 4 ac, then m, = rru = — — 

2a 

In this case of equal roots (= m 2 ), the general solution for 6 takes the form 


e = e D + s 2a [A + Bf\ 


( 197 ) 
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To find A and B , let 6 = 0 and ~ = 0 when t 

at 


0. 


Then 


or 

and 

or 


0 = + A 

A =-@ n 


0 = 
B = 


B-~ . A 
'2a 


2a 


• 6 „ 


Hence, 


_ cr 

e = e D -e D E 2a [i + ] 


(198) 


Under these conditions the motion of the galvanometer is just non-oscii- 
latory and the damping is said to be “ critical 

1 Ic 

The undamped natural frequency of the instrument is/ = 7T~sJ " ( S6e P- 262) 

and, with critical damping, b 2 — 4 ac so that / = — J- 
equation for the deflection becomes 

6 = 0^(1 - - 2 tt fte- 2 ^) 

Now, when f = ~, the value of the factor in brackets is 


62 or ~ = 2 77 /. The 


4a 2 


2a 


1 - £' 


2tt£ 


“2 77 


= 1 


0-00185 — 0*0116 = 0-9865 


Thus, in a time equal to the undamped periodic time, the instrument will, 
when critically damped, reach a deflection equal to 98*7 per cent of its final 
deflection when a current I is suddenly applied. 


Fig. 189 shows the forms of the deflection-time curves in the three 
cases when the galvanometer is (a) over-damped, (b) under-damped, 
(c) critically damped. The curves on the left show the rise of the 
deflection, starting at B — 0 when t — 0, while those on the right 
show the dying away of the deflection, starting at 6 = 6^ when 
t = 0. 

Influence o! the Resistance of the Galvanometer Circuit upon the Damping. 

In the above, the damping constant b was assumed to be dependent merely 
upon air friction and elastic hysteresis in the suspension. If the coil is wound 
upon a metal former, an e.m.f. will be induced in this former when it moves 
through the magnetic field of the permanent magnet. A current will flow in 
a closed circuit in this former, and will produce damping even though the 
galvanometer circuit may be open. The induced e.m.1. is” proportional to 

the angular velocity of the coil — and this additional damping may be taken 

into account by making the original damping 5, now b\ 

If the galvanometer cjinafet-ia-clQged^ ? the resistance of this circuit, 

the current flowing through, the galvanometer—neglecting its inductance— 
will be given by 


Ri = E-G 

at 
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where JB is the voltage applied to the galvanometer circuit. The term G — 

at 

represents a £1 baek e.m.f? 5 induced in the coil due to its motion through 
the magnet field, G being XHlr , _V being the number of turns on the coil, 
Z its active length, r its breadth and H the intens ty of the permanent 
magnet field. 

The equation of motion now becomes 


a 


<P6 
dt 2 



G 

R 


(e-g 


dd\ 

dt) 


or 


d 2 d 
a dt 2 



c8 = G | = 01 


(199) 



OF 


where I is the final value of the galvanometer current when the coil has 
attained its steady deflection. The effective damping constant is now, there¬ 


fore. 


-G 


4- b' ), and this now replaces b in the original theory. 

/ £2 

If V is small compared with — the galvanometer is critically damped when 
T — ) = 4 ac, and since G, and c are constants for any particular instru¬ 


ment, critical damping may be obtained by variation of JR. 


It is important, in order to save both time and trouble in using 
such galvanometers, that the damping shall be properly adjusted, 
and also that the sensitivity of the galvanometer chosen for a 
particular measurement shall not greatly exceed that demanded 
by the work in hand. 
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CHAPTER VIII 

POTENTIOMETERS 


A potentiometer is, essentially, a piece of apparatus by means of 
which e.m.f’s are compared. If one of two e.m.f’s is known, the 
other may he determined by comparison with the known one, and 
thus the potentiometer is used for the measurement of e.m.f’s by 
comparison with a standard e.m.f. It may also be applied to the 
measurement of current and resistance by methods which will be 
described below. 

Potentiometers for Use with Direct Current. The principle of the 
potentiometer is illustrated by Pig. 190, which shows the connec¬ 
tions of the most elementary form. A battery B sends a current 


R 



|— ■ -\Ay m 

5 """ .. 

C 

A 

<-®~K 

Slide Wire 


Fig. 190. Principle of the Potentiometer 


through a slide-wire of uniform cross-section, R being a regulating 
resistance to limit the slide-wire current. B 1 is a battery whose 
e.m.f. is to be measured. This is connected in series with a gal¬ 
vanometer G and a key X, the polarity of being as shown . 

Suppose that r is the resistance per unit length of the slide-wire, 
and that i is the current in it when the key K is open. Then, if the 
length AC is Z, the voltage drop across A<7 is irl. 

If the key K is now closed, a current will flow through the galvano¬ 
meter in the direction A to 0 if the voltage drop across the length l 
of the slide wire is greater than the e.m.f. of battery B 1 . (Note 
that the battery B 1 is connected so as to oppose the passage of this 
current.) If these two e.m.f’s are equal no current will flow through 
the galvanometer. 

Suppose, now, that the e.m.f’s of two batteries B 1 and B 2 are 
to be compared. Then, the first battery B ± is inserted, as shown in 
Fig. 190, in series with the galvanometer, and the sliding contact 
C is adjusted until no current flows through the galvanometer. Let 
the length AC then be l ± . B 1 is then replaced by B 2 and the contact 
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C again adjusted until no current flows through G. Let the length 
AC then be Z 2 . 

Then, if E 1 — e.m.f. of battery 

■^2 ~ 33 33 33 B* 

(obviously, both E ± and E 2 must be less than the e.m.f. of the 
supply battery B) 


we have 
so that 


E t = irl j and E 2 = irl 2 

^2 h 


A scale is provided in this elementary form of potentiometer, so 

that l ± and 1 2 may be read off, and the ratio gives the ratio of the 
two e.m.f’s as shown above. *2 

If one of the batteries (say B 2 ) is a standard cell of known voltage, 
E the e.m.f. of battery B l9 is given by 


^ = ? x e 2 


^rpcnu tinny_The supply battery B should be of ample capacity, so that 

the current i in the slide-wire may remain constant throughout the test. A 
resistance should be connected in series with the galvanometer, or a universal 
shunt used, for protection during the initial adjustment of the contact C, 
this resistance being cut out as balance (i.e. zero deflection) is obtained. Such 
a resistance is also necessary in order that no appreciable current shall be 
taken from the standard cell—when inserted in the galvanometer branch— 
during the preliminary adjustment of G. The e.m.f. of a standard cell cannot 
be relied upon if it is allowed to give any appreciable current. 
v dTt should be noted that when the potentiometer is balanced no current is 
passing through the battery under test, so that the e.m.f. measured is the 
open circuit e.m.f. of the battery. 

\j>bviously, in the above elementary form of the potentiometer the accuracy 
of measurement depends to a large extent upon the accuracy with which the 
l 

ratio y can be determined. Assuming the same error in reading l x and Z 2 to 

be made, no matter what the length of the slide-wire, the longer the slide-wire 
the less the percentage error in measurement due to these constant errors in 
^ l x and ? 2 . In the modem forms of potentiometer designed for precise measure- 
* ments, the ^ffect of a very l ong ia nhf.flinnr} Hy connecting numb er 

{ of resistance coils in wi+.V» « <-- 1 --— 1 1 - L ~ 1 - J - : —- 1 - :1 J 


^ iem Form of Potentiometer, It. E. Crompton first modified 
the simple slide-wire - form of potentiometer described above, the 
general arrangement of bis form of tbe instrument—which, is still in 
common use—being shown in Fig. 191. 

A graduated slide-wire AC is connected in series with fourteen 
(or more) coils, each of which has a resistance exactly equal to that 
of the slide-wire (of the order of AO ohms). There are two moving 
contacts, P t and P 2 , sli din g over the slide-wire, and the studs of the 



326 


ELECTRICAL MEASUREMENTS 


resistance coils, respectively. B is the supply battery (2 volt), and 
R 1 and R 2 are two variable resistors, the former consisting of a 
number of coils for coarse adjustment of the potentiometer current 
and the latter taking the form of a slide-wire for fine adjustment. 

The galvanometer G is connected in series with a key K , and a 
multiple circuit switch, by means of which either the standard cell 
S, or other e.m.f *s to be measured, can be connected in the galva¬ 
nometer circuit. The terminals to which the apparatus under test is 
connected are marked positive (~) and negative (-) to avoid the 
possibility of damage to the potentiometer due to the wrong polarity 



being used. The standard cell and supply battery terminals are 
marked similarly. 

Method of Use. The potentiometer is first “standardized,” i.e. 
made direct reading by adjustment of the current from the supply 
battery as follows. 

A standard cell—usually of the Weston type, e.m.f. 1*0183 volts 
—is connected to the terminals marked SC [being sure to connect 
with the correct polarity). The galvanometer is at first heavily 
shunted, or is connected in series with a high resistance,* for protec¬ 
tion. The potentiometer is then set to read, directly, the e.m.f. 
of the standard cell—corrected to the room temperature, if necessary. 
If a Weston cell is used, contact P 2 will be placed on stud 1*0 and 
contact P ± on 0*0183 on the slide-wire. [Resistors R 1 and R 2 are 

* If the galvanometer is shunted it may be necessary to include a series 
resistance for the protection of the standard cell. 
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then adjusted until no deflection of the galvanometer is observed 
with the galvanometer shunt adjusted to give full sensitivity. 
Leaving the resistors R x and R 2 at the settings so obtained, 
switch over the selector switch to terminals 1, 1, to which the 
battery whose e.ra.f. is to be measured has been connected. 
Shunting the galvanometer, at first, for protection, adjust P 2 and, 
finally, jP 2 , until the potentiometer is again balanced. The reading 
of the potentiometer will then give the e.m.f. to be measured, 
directly. If the adjustment of the potentiometer to obtain balance, 
in this second case, takes any appreciable time, it is advisable to 
check the initial standardization again. In order to obtain stea din ess 
of the potentiometer current, during a test, it is well to allow the 
current to flow through the potentiometer for a few minutes before 
making a measurement. 

Constructional Details. If a steady current is to be obtained, it is important 
that the resistance of all portions of the supply battery and slide-wire circuit 
shall he constant. Since the only resistances in this circuit which are liable 
to vary are and i? 2 » it- is necessary that care be taken in their design to 
ensure that their moving contacts shall not be subject to resistance variations 
when once set in position. 

There is not much difficulty in the design of the resistor i? x to fulfil this 
condition. The moving arm and studs must be fitted with care, and the stud 
contacts kept clean. The resistor j? 2 , which is of the slide-wire type, consists 
of a manganin wire wound, in the form of a double spiral, in a groove cut in 
an ebonite cylinder. Two fixed contacts are fitted, the length of wire included 
between them being varied by rotation of the cylinder, which is mounted on 
a spindle having a screw thread cut on it so that rotation causes the cylinder 
to move up or down in the direction of its axis. 

Potentiometers are often designed for a slide-wire current of 10 milliamps. 
Thus, referring to Fig. 191, if the slide-wire AC and the fourteen resistance 
coils in series with it have a resistance of 10 ohms each—total 150 ohms— 
the total resistance of R x and together must be about 50 ohms if a 2 volt 
battery is used for the supply. 

Internal Thermo-electric e.m.f’s. It is very important that there shall be no 
appreciable thermo-electric e.m.f’s within the potentiometer itself, as such 
e.m.f’s would obviously affect the readings. For this reason, manganin, 
which has a very low thermo-electric e.m.f. with copper, is usually chosen as 
the material for the resistance coils and slide-wire. In some eases the con¬ 
struction is such that all contacts and joints in the potentiometer circuit are 
included within the case of the instrument. This ensures that all parts are 
at a uniform temperature and also protects the contacts from the atmosphere. 
This latter point is important, since any acidity of the atmosphere causes 
corrosion of the contacts and may set up small voltaic e.m.f’s at the joints. 
To avoid corrosion the contacts are often made of a special gold-silver alloy. 

Leakage. In order to avoid leakage between adjacent parts of the potentio¬ 
meter circuit, the insulation must be good. For this reason the working parts 
of the instrument are mounted on an ebonite board and the internal connec¬ 
tions are spaced so as to be as far apart as possible. A Bakelite cover is often 
fitted above the ebonite board for protection of the instrument from light 
and dirt. The knobs operating the moving parts project through holes in 
this cover, which also carries the graduation marks. 

Standardizing Device. To save time, and for greater ease of operation of 
the potentiometer, the instrument is often arranged so that it is unnecessary, 
when standardizing the potentiometer, or when checking this standardization 
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during the measurements, to set the moving contacts to any particular value 
(1-01 S3 in the case of a Weston standard cell). The simplest way of doing this 
would be to utilize a standardizing coil in series with the slide-wire as shown 
in Fig. 192. The resistance of this coil would have to be such that when the 
standard slide-wire current passed through it, the voltage drop across it 
would be exactly equal to the e.m.f. of the standard cell. Since this simple 
series arrangement would necessitate the use of a 4-volt supply in order 



Fig. 192. Coinfections foe Potentiometer with Standardizing 

Device 

to obtain the necessary voltage drops across this coil and the slide-wire circuit 
itself, one of the following alternative arrangements is adopted— 

(а) The necessary resistance of the standardizing coil is obtained by 
connecting in series with the slide-wire a coil whose resistance is consider¬ 
ably less than the required value, mak i ng up the balance by using a portion 
of the slide-wire circuit; or 

(б) A high resistance is connected in parallel with the slide-wire circuit 
(i.e. the slide-wire plus its series coils), the standard cell being connected, 
by the standardizing switch, across a fraction of this resistance. This frac¬ 
tion is such that the voltage drop across it is equal to the e.m.f. of the 
standard cell when the voltage across the total is exactly equal to the 
nominal voltage of the slide-wire circuit, e.g. if the nominal voltage drop 
across the slide-wire circuit is 1-9 and the resistance in parallel with it is 
1,900 ohms, the standard cell would be connected across 1,018*3 ohms 
(the e.m.f_ of the standard cell being 1-0183 volts). 

In either case, balance of the standard cell e.m.f. is independent of the slide- 
wire settings. Since the resistance of the standardizing coil bears a direct 
relationship to the e.m.f. of the standard cell used with the potentiometer, 
small variations in this e.m.f. due to temperature changes or other causes 
are often allowed for by making the standardizing coil adjustable over a 
small range sufficient for the purpose. 

Such an adjustable arrangement is called for in fche specification of potentio¬ 
meters for meter-testing stations. (See Electricity Commission Publication, 
Electricity Supply (Meters) Act, 1936: Approved Apparatus for Testing 
Stations. (Published by H.M. Stationery Office, 1937.) ) 

Other Forms of Potentiometer. Vernier Potentiometer. Pig. 
193 shows the internal connections of a potentiometer manufactured 
by Messrs. H. Tinsley & Co. This instrument has two ranges—the 
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normal range of 1-90100 down to 0-00001 volt, and a lower range 
of 0-190100 down to 1 microvolt. 

There are three measuring dials. The first dial—on the left— 
measures up to 1-8 volts (on the normal range), the middle dial reads 
up to 0-1 volts, while the last dial reads up to 0-001 volt. There is 
no slide-wire. The resistances of the middle dial shunt two of the 
coils of the first dial, the moving arm of which carries two contacts, 
spaced two studs apart, as shown. This follows the principle of the 
Kelvin-Varlev slide (described in the previous chapter). The studs on 
the two lower dials are staggered to avoid cramping. 

This type of potentiometer is standardized by actually setting 
the dials to the voltage corresponding to that of the standard cell, 
there being no series resistance for this purpose. 

The lower range of the potentiometer is obtained by moving the 
plug in the contact blocks marked “reducing ratio” from the 
position “X by 1 55 to “X by 0-1.” This inserts a resistance equal to 
nine-tenths of the total resistance of the working portion of the 
potentiometer in series with the latter, and at the same time shunts 
the working portion by a resistance of one-ninth of its total resistance. 
This has the effect of reducing the current in the measuring dials to 
one-tenth of its normal value (which is lOmilliamps), whilst keeping 
thecjifrent from the supply battery the same. ^ 

V&books Deflection Pqtenttomirt-r-r (Ref. (3) ).[_In this type of 
potentiometer the resistance of the galvanometer circuit is kept constant 
for all positions of the moving slide-wire or dial contacts. Thus, the 
deflection of the galv anometer is at all times proportional to the 
out-of-balance e.mS It is largely used in metallurgical work for 
the thermo-electric measurement of high temperatures, and is 
especially useful if these temperatures are subject to rapid changes. 
In using this potentiometer exact balance is not aimed at. This 
constitutes a great advantage, as the obtaining of an exact balance 
with the potentiometers already described is difficult if the e.m.f. 
to be measured is not steady. For the same reason this potentio¬ 
meter is very satisfactory for the checking of ammeters and volt¬ 
meters (in conjunction with a “volt-box” (see page 337) in the 
latter case, and with shunts in the former case), when a mains 
supply is to be used. 

Fig. 194 gives a simplified diagram of connections of the poten¬ 
tiometer as applied to the measurement of an e.m.f. which may¬ 
be unsteady but which is less than that of the supply battery B — 
i.e. the e.m.f. to be measured lies within the range of the poten¬ 
tiometer without the use of a volt-box being necessary. In the 
figure the connections of the standard cell, for the initial standard¬ 
ization of the potentiometer, are omitted for simplicity. Such con¬ 
nections are similar to those used in any other type of potentiometer. 

R is the rheostat for adjustment of the supply current from the 
battery B (whose e.m.f. is E); ah is the resistance representing the 




Fig. 193. Connections op Vernier Potentiometer 
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dials and slide-wire of the potentiometer, while ej is a resistance in 
the galvanometer circuit, this, and the moving contacts, c and d , 
being arranged so that the resistance of the galvanometer circuit 
is constant. 

Theory. Let resistance ac = r 1 
cb =r 2 

3J >3 dc '• - 7*3 



measured 

Fig. 194. Simpeebtei) Connections of the Brooks 
Potentiometer 


Let resistance of the galvanometer and its circuit (omitting r 3 ) 
= £ a . 

Then, ta kin g mesh currents I 5 and I Q as shown, we have, from 
Kirchhoff’s laws, 


I b R -f- (Z B - Iq)^ + / b 7* 2 = E 
or I b (R + r x + r a ) - I Q r x = E 

and IqRq + + ( 7 g - ^s) r i + F = 0 

or I g {R q +• r x + r 3 ) - I B r x + F = 0 


Solving, algebraically, for / Q gives 

Er-, 


R -j- r 2 + 


- F 


-Rq 4" r 3 + 


r i(-R -f r 2 ) 

-R + + r 2 


Er n 


E +■ r i -h r 2 



(i) 

(ii) 


(200) 



xoa jlioa uuliwi 



Fig. 195. Full Connections and Construction of the Brooks Defleotional Potentiometer 
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\Xow, neglecting the internal resistance of the battery, JR -f- r x -j- r t 

E 

is the total resistance of the battery circuit, and thus ■=- 

xt -f- r, -f- r 2 


is the slide-wire current. Thus ■ 


- is r t x slide-wire current, 


E “h r l “T r 2 

which is the reading of the potentiometer and is marked on the dials 
and slide-wire (R having been adjusted initially to produce the 
standard potentiometer current by comparison with the standard 
cell). 

If, now, the e.m.f. V to be measured falls to (V — dV), the gal¬ 
vanometer current—assuming the potentiometer setting to be left 
the same—is 


Er r 


E + r x 


(V-dV) 


E Q -f- r 3 -f- 


^(R + r 2 ) 
E + r 2 + r 2 


dV 


E Q -j- r 2 + 


r i(E ~r ^ 2 ) 

R + r ± + r 2 


( 201 ) 


-[ 


!NTow, J R q -f- r 3 -f- 


h Cg + *2) " 

R + fi + r z_ 


is the resistance of the galvano¬ 


meter circuit—the portion r x being shunted by R -f- —and is 
constant for all positions of the moving contact C. 
gal van om i recti y 


TKfgalvanometer normally used is of the pivoted moving-coil type, 
and its scale is graduated in terms of the out-of-balance e.m.f. dV. 
Thus, the reading of the galvanometer must be added to, or sub¬ 
tracted from, the potentiometer setting—according to the direction 
of the deflection—in order to obtain the true value, at any instant, 
of the e.m.f. to be measured. The resistance of the galvanometer 
circuit should be such that the instrument is, as nearly as possible, 
critically damped in order to save time in operation. 

The full connections of the potentiometer are given in Tig. 195. 
The instrument is made by the Leeds & Northrup Co. 

If currents, or voltages above the normal range of the potentio¬ 
meter, are to be measured, the method of measurement adopted is 
similar to that for other types of potentiometer, but the shunts and 
volt-box used must be specially designed to work in conjunction 
with a particular potentiometer, and are often included in the 
poteipMSmeter itself. 

VCflESSELHORST OR “ ThERMOKRAFTEREI ** POTENTIOMETER (Ref. 
4). This potentiometer is designed and arranged so as to eHminate, 
as far as possible, errors due to thermo-electric e.m.f’s, set up at 
junctions of dissimilar metals, and produced also by the heat from 
the operator’s hand during adjustment of the working parts of the 
potentiometer. It is, particularly, of use in the measurement of 
very small e.m.f’s. 
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Fig. 196 gives a diagram of connections of the xDotentiometer. 
B is the supply battery with its rheostat R } while V is the e.m.f. 
to be measured. S l and S 2 are reversing switches. G is the galvano¬ 
meter which, with its key K, is in series with the unknown e.m.f. 
and c, o' are two sliding contacts moving over decades of coils as 

E.M.F to be 
measured 



shown. These contacts are mechanically connected so that a move¬ 
ment of contact c (say) to the left causes an equal movement of d 
to the right, and thus maintains the resistances of the paths cPWd 
and cQd constant. At d and d' also, there are sliders, each having 
two contacts, sliding over decades M and M' and over N and JSf\ 
Decade 21 is similar to decade 21 \ as is decade N to N\ and therefore, 
again, the resistances of the two paths mentioned above remain 
constant for all positions of d and d’ (see diagram). P, Q> and W 
are series resistances, while m , ?i, jp, and q are four equal fixed 
resistances, each connected in series with a variable dial-pattern 
resistance to form, in all, four variable shunts across coils of the 
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decades over which contacts c and c r slide. The sliding contacts 
a and a,', and b and b' are mechanical!y connected, so that they both 
give the same reading in all positions. The resistances in these dials 
are arranged so that a variation of contacts a and a' of one stud 
alters the value of the total resistance of the path cPWc r by an 
amount equal to one-hundredth of the resistance of one of the coils 
in decades M or 21'. A similar arrangement is employed in the case 
of the dials over which b and b' slide. 

The resistances of the paths cPTFc' and cQc are arranged 
so that the current in the former path is ten times that in the 
latter path. 

In operation the potentiometer current is first adjusted to its 
standard value by the use of a standard cell, as in the case of the 
simpler forms of potentiometer (the standard cell circuit is omitted 
in the diagram for. simplicity). The sliding contacts cc', ad', aa\ 
and bb' are then adjusted until balance is obtained, when the sum 
of the readings of the five dials gives the value of the unknown 
e.m.f. (In the diagram the decades over which c and c' slide are 
shown separately, but in the actual potentiometer they are arranged 
in dial form similar to the other four dials, with c and c' moving 
together as do aa! and bb'.) A second measurement with both 
switches S 1 and S 2 reversed should give the same value to within 
very narrow limits. 

Thi s potentiometer is very largely free from internal th errno- 
electric __ejfgcts. Briefly, this is due to the fact that the internal 
connections of the instrument form a differential arrangement 
since paths cPWc' and cQc are in parallel. The thermo-electric 
e.m.f’s of the two paths tend to neutralize one another. The full 
theory of the apparatus is given by Diesselhorst [loc. cit.) and by 
Laws (Ref. (1) ). 

A potentiometer of this type is made by H. Tinsley and Co. It 
measures e.m.f’s down to 0-1 microvolt, is subdivided to 1 part in 
100,000 and has a maximum volt-drop of 0*11111 volt. 

Use of the Potentiometer for the Measurement of Resistance, 
Current, and Voltage- (a) Resistance. The measurement of low 
resistance by the method of comparison with the resistance of a 
standard, using the potentiometer for the comparison, was discussed 
in the previous chapter. The connections to the potentiometer when 
such a measurement is to be made are shown in Fig. 197, which is 
self-explanatory. Care must be taken to ensure that the polarity 
of the connections is correct, and also that the battery which sup¬ 
plies current to the unknown and standard resistances is insulated 
from the supply battery of the potentiometer slide-wire. As pointed 

. . , ,. resistance of unknown . ,. 

out in the previous chapter, the ratio —— -t— -i—v is the 

resistance of standard 

same as the ratio of the volt drops across the two resistances as 
measured by the potentiometer. Since only the ratio of the volt 
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drops is required for the determination of the unknown resistance, 
standardization of the potentiometer by means of a standard cell 
is not absolutely necessary. 

Correction for Thermal e.m.f’s. To take into account any thermal e.m.f. 
which may he set up at the junctions of dissimilar metals within the two 
resistances, proceed as follows— 

Suppose that the voltage drop across the standard resistance has just been 
measured, and that the galvanometer is giving no deflection under the balance 
conditions. Then, first of all determine whether an increase of the sKde-wire 
setting causes the galvanometer to deflect to the left or to the right. Next, 
open the galvanometer key and set the potentiometer slide-wire or dials to 
zero, and adjust the galvanometer shunt to give the full sensitivity, as used 



197 . Measurement or Resistance by Potentiometer 

in balancing the potentiometer during the measurement of the voltage drop 
across the standard resistance. Break the current circuit of the standard 
resistance and immediately depress the galvanometer key, clamping it down to 
avoid thermal effects due to the operator’s hand. Observe the magnitude and 
direction, of the galvanometer deflection, and calculate the value of the 
thermal e.m.f. by dividing this deflection by the predetermined value of the 
deflection per microvolt out-of-balanee. Whether this thermal e.m.f. (in 
microvolts) is to he added to or subtracted from the potentiometer reading 
obtained when measuring the voltage drop across the standard, depends upon 
the direction of the deflection produced by the thermal e.m.f. If this direc¬ 
tion is the same as that produced, initially, by increase of the potentiometer 
setting, the thermal e.m.f. has obviously been “assisting” the potentiometer 
during the measurement, and hence the value of the thermal e.m.f. should 
be added to the potentiometer reading to give the correct value of the vol¬ 
tage drop to he measured. If the thermal e.m.f. produces a galvanometer 
deflection in a direction opposite to that produced by increasing the poten¬ 
tiometer setting, its value should be subtracted from the reading of the 
potentiometer. 

The same procedure should be adopted in the case of the unknown 
resistance. 

It should be noted that these thermo-electric e.m.f’s are usually quite 
small and, if the measurement is not required to be highly accurate, may be 
neglected. 
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^(6) Current. For the measurement of current by the use of the 
potentiometer the connections are similar to those of Fig. 197, 
except that the unknown resistance is, of course, omitted, the 
standard cell and standard resistance only being required. The 
magnitude of the standard resistance must be so chosen that the 
voltage drop across it. when the current to be measured is flowing 
through it, is of the order of 1 volt, and can thus be easily measured 
on the potentiometer. 

The potentiometer is first standardized, and the voltage drop 
across the standard resistance is then measured. The value of 



Fig. 198 . Internal Connections or Volt-box 


the current flowing through this standard is obviously given by 

volt drop across standard ,, , , , , v 

------—-—. The method may be used for the cali- 

resistance of standard 

bration of an a mm eter, the ammeter being connected in series with 
the standard resistance and its readings, for various measured values 
of the current, noted. 

outage . The use of the potentiometer for the measurement 
of e.m.f's which lie within its range-—i.e. are less than 2 volts— 
has already been described. A “ xolt-box” or “ratio-box/ 5 must be 
used in conjunction with the potentiometer if the voltage to be 
measured is above 2 volts. The volt-box consists of a high resistance 
(from 30 to 50 ohms per volt) having a number of tappings, the 
resistances between the various pairs of tappings being carefully 
adjusted. Its function is that of a potential divider. 

Fig. 198 gives a diagram of connections. The leads to the poten¬ 
tiometer are taken from two tapping points, which include between 
them (say) 75 ohms. If a voltage of the order of 150 volts is to be 
measured, this voltage is connected between the two terminals 
marked respectively “common J5 and 150 volts. Thus, if the mea¬ 
sured value of the voltage on the potentiometer is 1*25 volts, the 

actual value of the voltage applied to the volt-box is 1 *25 X 'i=fv~ 



338 


ELECTRICAL MEASUREMENTS 


= 125 volts. Instead of being marked 75 volts, 150 volts, etc., most 
volt-boxes have the markings “"multiply by 50,” “multiply by 100,” 
etc., opposite the voltage terminals. 

Remembering that, at balance, no current flows in the galvano¬ 
meter circuit—i.e. no current is taken by the leads from the volt-box 
to the potentiometer, it is obvious that such a piece of apparatus 
will give exact subdivision of the applied voltage if the resistances 
between the tapping points are correctly adjusted. 

Muirhead and Co., Ltd. make a voltage-dividing resistance box 
of 2, 3 or 4 dials with a total resistance of 10,000 ohms. The accuracy 
on d.c. is ~ 0*1 P er cent. The maximum permissible input voltage 
is 200 Y r.m.s. 

The same manufacturer makes a volt-ratio box of 50,000 ohms 
total resistance for a maximum voltage of 1,000 V. 

Voltage Standardizer. Messrs. H. Tinsley & Co. manufacture an 
instrument called a “voltage standardizer,” which can be used 
on d.c. circuits for the purpose of maintaining at a constant and 
known value the voltage applied to a test circuit. Thus, in the 
calibration of substandard wattmeters, the current in the watt¬ 
meter current coil will be measured on a potentiometer; the volt¬ 
age on the pressure coil could be measured through a volt-box, on 
the same potentiometer. It is more convenient and more accurate, 
however, to utilize the voltage standardizer, which consists of a 
special form of volt-ratio box, the resistance tappings of which are 
so adjusted that when various standard voltages are connected 
across the “'line” terminals, the potential difference across the low- 
potential terminals is equal to the e.m.f. of a standard cell. Thus, 
by connecting a standard cell, through a galvanometer, to these 
low-potential terminals and maintaining zero galvanometer deflec¬ 
tion, one ensures that the “line” voltage is maintained at the 
correct value. 

There is a variable dial for correcting for variation of the standard 
cell voltage with temperature. This instrument has been approved 
by the Electricity Commissioners under the Electricity Supply 
(Meters) Act, 1936, for use in meter testing. 

Potentiometers for Special Purposes. In addition to the applica¬ 
tions to the measurement of resistance and current described above, 
potentiometers are also used, in conjunction with auxiliary apparatus, 
for the measurement of other quantities which are not, essentially, 
electrical. Such are the measurement of temperature, for which 
the potentiometer is used together with thermo-couples, and the 
measurement of the degree of acidity, or alkalinity, of a solu¬ 
tion, when a special type of cell, containing the solution under 
test, is used in conjunction with the potentiometer. The measure¬ 
ment of temperature by potentiometer will be described in 
Chapter XIII. 

For the measurement of acidity of solutions, a special form of cell, 
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with, a reference electrode system of calomel and potassium chloride 
solution, is used. There is a liquid junction between this reference 
half-cell and the solution under test. An e.m.f. is set up in the cell, 
and its value depends upon the acidity of the solution. 

This e.m.f. is given as 

E = G*0581pH + 0*2488 volts at 20° C. 


where pH is a quantity from which the normality of the solution 
may be obtained. The voltage E may be measured by the potentio¬ 
meter, and pH —and hence the normality—deter min ed therefrom. 


Reference Glass 



Fig. 199 . Fustctionajc Diagram of pH Meter 


Several direct-reading pH meters and recorders have been 
developed. Some of these are self-contained and are portable. 

The Cambridge Instrument Company make a direct-reading pH 
indicator which needs standardization against a buffer solution only 
once a day after which it can be used for routine readings. The pH 
is read directly on a 120-mm scale covering the pH range 0 to 14. 
There is temperature compensation for the solution temperature 
over the range 10° to 100° C. The instrument is operated from 
200- to 240-V a.c. mains. 

The General Electric Co., Ltd. make a battery-operated pH meter 
covering the same range. 

Both the Marconi pH meter (Marconi Instruments, Ltd.) and that 
made by Muirhead and Co., Ltd. utilize an electrometer valve. 
In the former, the circuit diagram for which is shown in Tig. 199, 
the e.m.f. from a standardized potentiometer circuit (standardized 
against a Weston standard cell within the instrument) is applied to 
the electrometer valve in series opposition to the e.m.f. to be 
measured. The valve operates a moving-coil balance indicator and 
the controlling-dial is calibrated to read pH directly. 

12-(T.57OO) 
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The Muirhead instrument has an electrometer circuit comprising 
a pentode operating as a d.c. amplifier and taking a very low and 
constant grid current. It has a linear grid potential/anode current 
characteristic. The anode current is directly proportional to the 
applied e.m.f. and a backed-off meter in the anode circuit reads pH 
directly. Intrinsically the instrument is a millivoltmeter of variable 
sensitivity. 

These two instruments are calibrated by means of buffer solutions 
having known values of pH and tablets are supplied from which the 
required solutions can be made up. They are both battery-operated. 

Electronic Instruments, Ltd. make a pH meter and also a pH 
transmitter which is mains operated. It is intended for the automatic 
recording and controlling of pH in chemical manufacturing processes. 

tentiometers for Use with Alternating Current. T he potentio¬ 
meter method is an exceedingly useful one for the accurate measure¬ 
ment of alternating currents and voltages, since such measurements 
are not easily carried out by other methods. 

The principle of the alternating current potentiometer is the same 
as that of the direct current instrument, the most important differ¬ 
ence in operation being that, whereas in the direct current poten¬ 
tiometer only the magnitudes of the “unknown” e.m.f. and slide- 
wire voltage drop must he made equal to obtain balance, in the 
alternating current instrument the phases of these two voltages, as 
well as their magnitudes, must he equal for balance to be obtained. 
This condition obviously necessitates modification of tbe potentio¬ 
meter as constructed for direct current work, and means that the 
operation is somewhat more complicated. 

C. V. Drysdale, who played a major part in the development of 
the a.c. potentiometer, has given the history of the development 
(Ref. (5) ), and has described several types using somewhat 
different methods. 

The frequency and waveform of the current in the slide-wire 
portion of the potentiometer—i.e. of the supply—must, in all a.c. 
potentiometers, be exactly the same as those of the voltage to be 
measured, and for this reason the supply for the instrument must 
be taken from the same source as the voltage or current to be 
measured. The various forms differ principally in their method of 
dealing with the question of phase difference between the slide-wire 
and “unknown” voltages. 

There are two general types: (a) those which measure the un¬ 
known voltage in polar form, i.e. in terms of its magnitude and 
relative phase; and (6) those measuring the rectangular co-ordinates 
of the voltage under test. Of the potentiometers described below, 
tbe Drysdale instrument is of type (a), and the Gall and Campbell- 
en are of type (6). 

D Tinsley A.C. Potentiometer. This instrument con¬ 

sists" of a potentiometer of the ordinary direct-current type—the 
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coils in which are non-inductively wound—together with auxiliary 
apparatus. The auxiliaries include— 

\a) A Drysdale phase-shifter, or phase-shifting transformer. This 
consists of a ring-shaped stator within which, fitting closely inside 
it, is a rotor which carries a winding supplying the potentiometer 
slide-wire circuit. The stator is wound with either a three-phase or 
two-phase winding. A rotating field is produced when currents flow 
in the stator winding, and the phase of the secondary, or rotor, 
current can be changed, relative to the stator supply voltage, by 
rotating the rotor through any desired angle, the phase displacement 



Fig. 200. Collections or the Dbvsdaxe Phase-shifter 


of the secondary e.m.f. being equal to the angle through which the 
rotor is moved from its zero position. The windings are so arranged 
that this alteration of phase is not accompanied by alteration of 
the magnitude of the rotor-induced e.m.f. The phase alteration 
produced is measured on a divided scale fixed to the top of the 
instrument. Fig. 200 shows, diagrammatically, the connections of 
the phase-shifter arranged for operation from a single-phase supply, 
using a phase-splitting device consisting of a capacitor and resistance 
as shown. By successive adjustment of the capacitor and resistance 
exact quadrature between the currents in the two stator windings 
may be obtained. This method, using a single-phase supply, forms 
a very convenient means of supplying the stator windings. 

A precision type electro-dynamometer ammeter is required 
for standardization purposes. To standardize the a.c. potentio¬ 
meter the slide-wire circuit is switched on to a direct current supply, 
and the standard current is obtained in the ordinary way, using a 
standard cell. This standard current, required to make the potentio¬ 
meter direct reading is measured by the precision ammeter which is 
included in the battery supply circuit of the potentiometer. During 
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operation on alternating current, tlie ammeter is still included in 
the supply circuit, and the r.m.s. value of the slide-wire current is 
maintained at the same value as was required on direct current. 
This type of ammeter reads correctly on both direct and alternating 
current, and since the coils of the slide-wire circuit are non-induc- 
tively wound, the potentiometer remains direct reading when used 
with an alternating current supply A. change-over switch, to enable 
the potentiometer to be used bn either direct or alternating current, 
is also included in the auxiliary apparatus. 

Operation with Alternating Current. A simplified diagram of con¬ 
nections of the potentiometer for use with alternating current is 



Fig. 201. Drvsdaxe-Tinsley A.C. Poctintiometeb, 
Diagram: of 


given in Tig. 201. The Kelvin-Varley slide principle is employed in 
the slide-ware circuit as shown. VG is a vibration galvanometer— 
used as a detector for measurements at commercial frequencies. 
This must be carefully tuned to give resonance at the frequency of 
the circuit under test (which is also that of the potentiometer 
supply, since the two are identical), r is a shunting resistance for 
the reduction of the range of the potentiometer. When this shunt 
is put in circuit—by the switch S x —the resistance R is simultan¬ 
eously connected in series with the slide-wire circuit in order that 
the resistance of the working portion of the potentiometer may be 
maintained constant. R r is a rheostat for adjustment of the slide- 
wire current. A is the precision ammeter mentioned above. The 
phase-shifting transformer, whose connections are given in Fig. 200, 
is omitted for clearness. 

The potentiometer is first standardized by adjusting rheostat 
2T, and the standard current is noted, the switch JS being thrown 
over to the battery side for this standardization, the vibration 
galvanometer being replaced by a D’Arsonval galvanometer. 

The swatch S is then thrown over to the alternating supply side, 




measured relative to the supply voltage T] If the voltage measured 
is that across a standard resistance through which, the current in 
the circuit under test is flowing, the magnitude of this current is 
obtained by dividing the measured value of the voltage by the value 
txf the standard resistance, while its phase relative to the voltage of 
the circuit is read off from the scale of the phase-shifting transformer. 
JFojxaccurate results it is necessary that th e voltage 
of th e supply shall be steady and that the waveform 
shall b e reasonably sinusoid al. 

Constructional details of the potentiometer and phase-shifting 
transformer are given in Dr. Drysdale’s paper ( loc. cit.), where it is 
stated that, if the phase-splitting is properly carried out, the angle 
of rotation of the rotor represents the change in the phase of the 
rotor e.m.f. within an accuracy of about dr 0*1°. 

^^Call-Tinskey A.C. Potentiometer^ This potentiometer con¬ 
sists of two separate potentiometer circuits enclosed in a common 
case. One is called the “in-phase” potentiometer and the other 
the c 4 quadrature ’ 5 potentiometer. The slide-wire circuits are supplied 
with currents which have a phase difference of 90°. On the first of 
these potentiometers, that component of the “ unkn own” voltage 
which is in phase with the current in the slide-wire circuit of the 
potentiometer is measured. On the other potentiometer the com¬ 
ponent of the “unknown” voltage in phase with the current in its^, 
slide-wire circuit is measured. Since the two slide-wire currents are 
in quadrature, the two measured values are the quadrature com¬ 
ponents of the unknown voltage. If these measured values 
are V 1 and V 2 resp ectively, then the unknown voltage is given by 
V — V Vj 2 -f- T 7 2 2 , and its phase difference from the current in the 
“in-phase” potentiometer slide-wire circuit is given by the angle 6 

y 

where tan 6 = 

V i 


Fig. 202 shows the connections of the potentiometer, simplified 
somewhat for the sake of clearness. The in-phase and quadrature 
potentiometers are shown, with their sliding contacts bb' and cd 
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and rheostats R and R' for current adjustment. The supplies to 
these may be from a two-phase alternator, or may be obtained from 
a single-phase supply by means of a quadrature device used by 
D. 0. Gall, the designer of the potentiometer.* This device is 
illustrated in Fig. 203. 

T 1 and T 2 are two step-down transformers for the purpose of 
obtaining a 6-volt supply for the potentiometer slide-wire circuits 



and to isolate the potentiometers from the line, r is a variable 
resistance and T is a transformer for the purpose of phase-splitting. 
Quadrature is obtained by variation of r. Referring again to Fig. 
202, V.G. is a vibration galvanometer (tuned to the supply frequency) 
with its hey K. A is a reflecting dynamometer instrument which is 
necessary for the maintainanee of the currents in the two slide-wires 
at the standard value (50 milliamperes). S 1 and S 2 are two “sign¬ 
changing 55 switches which may be necessary to reverse the direction 
of the unknown e.m.f. applied to the slide-wires. The necessity 
of these switches depends upon the relative phases of the unknown 
and slide-wire voltages. S 3 is a selector switch by which the unknown 
voltages to he measured are placed in circuit. There are four pairs 
of terminals for the application of such voltages, the connections 
to only one pair—to which an unknown voltage V is applied—being 
shown in the figure. This sejectoiLSwitch, when in the position shown 
in the figure—called the ££ tesFposxtion ”■—allows the current in the 

* In his book (Hef. (9) ) Grail enters into a very full discussion of the opera¬ 
tion and applications of the potentiometer- 
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quadrature potentiometer slide-wire to be compared with that in 
the in-phase potentiometer wire, utilizing the mutual inductance M 
for the purposeXy 

Opera r^he-^urr ent in the in-phase potentiometer wire is 
fhsfTacifusted to its standard value by means of a direct current 
supply and a standard cell, the vibration galvanometer being re¬ 
placed by a galvanometer of the D J Arsonval type for this purpose. 
The dynamometer is of the torsion-head type, and the torsion head is 
turned to give zero deflection on direct current. This setting is left 
untouched during the calibration with alternating current, the 


Supply 
Phase 1 



Supply 
Phase. 2 


UU&J J 2 
-juuamsjajuiL, 


SINGLE PHASE 
SUPPLY 

Fig. 203. Gall Quadrature Device 



slide-wire current being adjusted to give zero deflection again. The 
vibration galvanometer is then placed in circuit and the direct 
if supply replaced by the alternating supplies. 

the magnitude of the current in the quadrature potentio¬ 
meter wire must be the same as that in the in-phase potentiometer 
—namely, the standard value of 50 mill lamps. These two currents 
must also be exactl y in quadr ature^ Rheostat R is adjusted until 
the current in the in-phaiepotentiometer wire is the standard value 
(as indicated on A). The selector switch S z is then switched on to 
the test position (shown in Tig. 202). JSTow, the e.m.f. induced in 
the secondary winding of the mutual inductance M —assuming M 
to be free from eddy current effects—will lag 90° in phase behind 
the current in the primary winding, i.e. in the quadrature potentio¬ 
meter slide-wire. Also, if i is the primary current, then the e.m.f. 
induced in the secondary is 2tt x frequency x M X i where M is 
the value of the mutual inductance. Thus, for given values of 
frequency and mutual inductance, the induced e.m.f., when i has 
the standard value (50 milliamps), can easily be calculated. 

E.g. if / = 50 cycles per second 

M = 0*0318 henry 


and 
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the secondary induced e.m.f. 

= 2tt X 50 x 0*0318 x 0*050 

= 0*5 volt 

O 

when i has the standard value. 

The slide-wire of the in-phase potentiometer is thus set to this 
calculated value of induced e.m.f. in the secondary of M (the 
slide-wire current being maintained at its standard value), and 
rheostat R' ^and resistance r (see Fig. 203) are/^adjlisted until exact 
balance is obtained. For balance, the current in the quadrature 
potentiometer slide-wire must be both equal to the standard value 
and also must be exactly 90° out of phase with the current in the 
in-phase slide-wire. This latter condition follows from the fact that 
the e.m.f. in the secondary of M lags 90° in phase behind the prim¬ 
ary current and, therefore, for this e.m.f. to be in 'phase with the 
voltage drop across a portion of the in-phase slide-wire, the current 
in the primary of M must be^in exact quadrature with the current 
in this in-phase slide-wire. 4nv difference in polarity between the 
two circuits is corrected for by the sign-changing switches S x and 

j made these adjustments the unknown voltage is switched 
in circuit by means of the selector switch S 3 . In this position of S z 
the two slide-wire circuits are in series with, one another and with 
the vibration galvanometer. Balance is obtained by adjusting 
both pairs of sliding contacts (ibb' and cc') together with the 
reversal of switches S t and S 2 , if necessary. At balance, the read¬ 
ing of the slide-wire of the in-phase potentiometer, together with 
the position of S lf give the magnitude and sign of the in-phase 
component of the unknown voltage, while the reading of the quad¬ 
rature potentiometer with the position of S 2 give the magnitude 
and sign of the quadrature component. 

For example, if both jS ± and S 2 are in the positive position and 
V 1 and F 2 are the in-phase and quadrature components of the 
unknown voltage F, then the phase of F is as shown in Fig. 204, 
while its magnitude is V F a 2 + F 2 2 . 

Errors- The errors which may occur in using this potentiometer may be 
due to— 

(а) Slight differences in the reading of the reflecting dynamometer instru¬ 
ment. on a.c. as compared with the reading on d.c. Such errors may cause 
the standard current value on a.c. to be slightly incorrect. 

(б) Mutual inductance between the various parts of the circuit. An error 
in the nominal value of the mutual inductance M would cause the current in 
the quadrature slide-wire circuit to be somewhat different from the standard 
value. 

(c) Inaccuracy of the method of measuring the frequency, which again 
would cause an error in the quadrature slide-wire standard current value. 

(d) The fact that intereapacitan.ee, earth capacitance, and mutual inductance 
effects are present in the slide-wire coils and affect the potential gradient. 
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(e) The existence of harmonics in the supply waveform. Standardization 
of the potentiometer is upon an r.m.s. current basis, while the potential 
balances on the slide wires are dependent upon the fundamental only. 

Fig. 205 gives the vector diagram of the quadrature device shown in Fig. 
203. The equivalent circuit, replacing the quadrature potentiometer slide 
wire and transformer T z by a resistance R, is shown in Fig. 205 (a), in which 
E is the supply voltage. The voltage V across the resistance R is to be brought 
into quadrature with E by adjustment of r. 

In the vector diagram the vector OJB gives the total voltage drop in r and 
Z/ 2 together, and when this is combined with the voltage vector coMI lt the 
vector representing the voltage V is obtained. The vector OA represents the 
total voltage drop in r and together, and when this is combined with the 


S 2 + 



vector 0 )MI s , representing the voltage induced in L x by current I 3 , the voltage 
vector E is obtained, this being perpendicular to vector V as required. 


In a later form of this potentiometer, this phase splitter, which 
was used to minimize the harmonics in the current waveform, was 
replaced by the simpler variable capacitor and variable resistor in 
series with the primary of the quadrature isolating transformer. The 
difficulty regardin g harmonics has been overcome by using nickel- 
iron cores in the isolating transformers. The result has been a large 
reduction in the power required for the operation of the potentio¬ 


meter. 

H. Tinsley and Co. also make a precision polar-co-ordinate 
potentiometer which can be used either as a Drysdale, or as a G-all 
co-ordinate, potentiometer. 

vf^mpbell-Larsen Potentiometer. In this instrument the two rect¬ 
angular components of the voltage under test are measured in 
terms of the voltage drop across a slide-wire resistance (for the 
in-phase component) and the voltage induced in the secondary of 
a mutual inductance (for the quadrature component). In the 
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original Larsen potentiometer the slide-wire and primary circuit 
of the mutual inductance were in series and carried the same cur¬ 
rent, but difficulties in construction of the latter and in the opera¬ 
tion of the potentiometer at different frequencies led to Campbell’s 
modification of the instrument (Ref. (10) ). 

A simplified circuit, as modified, is shown in Rig. 206. D is an 
a.c. detector—either vibration galvanometer or telephones, accord¬ 
ing to the frequency. While current I passes through the primary 
of the mutual inductance 31, only a portion of this current, namely 
I r , passes through the slide-wire circuit. If the resistance between 


R 



the movable contacts ab is S and round the path adb is R, then 
I r = I . S/(R A~ S)- The setting of S, by means of a dial resistance, 
is arranged to be proportional to the frequency at which the test 
is being carried out, the dial being calibrated directly in terms of 
frequency. Since R + S is constant in magnitude, I r oc S oc fre¬ 
quency, so that both the voltage drop in the slide-wire I r . r and 
the voltage in the secondary of the mutual inductance are pro¬ 
portional to frequency. S and M are chosen so that the settings of 
r and M give the two components of the voltage being measured 
directly in v qltsr\ 

A special thermal device (Refs. (9), (11) ) is used for the a.c. 
standardization. The preliminary d.c. standardization utilizes a 
standard cell, and the reference current, indicated on A, is thus 
obtained. The a.c. supply to the potentiometer and the voltage 
under test must be obtained from the same source, but the instru¬ 
ment is isolated through a transformer. 

This potentiometer is manufactured by the Cambridge Instru¬ 
ment Co. 
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Applications of A.C. Potentiometers. Such applications are 
numerous, as the a.c. potentiometer is the most universal instru¬ 
ment which exists for alternating current measurements. Only a 
lim ited number of applications can be given in the space available 
here.* 

One application—namely the measurement of self inductance— 
has already been given in Chapter YI. Others are as follows. 

(a) Voltmeter Calibration. Low voltages—up to 1*5 volts or 
thereabouts—can be measured directly. Higher voltages can be 
measured by using a volt-box (for medium voltages) or two 



Fig. 206 


capacitors in series (for high voltages) in conjunction with the 
potentiometer. 

(b) Ammeter. Calibration. The measurement of various alter¬ 
nating currents required for such calibration may be made by the 
use of non-inductive standard resistors with the potentiometer, 
the method being similar to that adopted when the calibration is 
to be/6arried out with direct current. 
nJ^) Wattmeter and Energy-meter Testing. Fig. 207 gives a 
simplified diagram of the connections for such tests, the arrangement 
being suited to tests at any power factor. The current coil of the 
wattmeter is supplied through a step-down transformer and the 
pressure coil from the secondary of a variable transformer whose 
primary is supplied from the rotor of a phase shifting transformer. 

* The reader should refer to Drysdale’s paper (Kef. (5)), to T. Spooner’s 
paper (Ref. (7) ), or to D. C. Gall’s book (Ref. (9) ) for the description of 
other applications. 
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The applied voltage to the pressure coil, and current in the current 
coil, are measured by the potentiometer, using a volt-box and low- 
resistance standard as shown. The power factor is varied by rota¬ 
tion of the rotor of the phase-shifter, the reading on the dial of 
which gives the phase-angle between voltage and current. A small 
mutual inductance M is included to ensure accuracy of measurement 
at zero power facto^ (see Drysdale's paper, loc. cit.). 

Other applications include the measurement of the ratio and 
phase-angle errors of current transformers, the measurement of 
core loss and magnetizing current for specimens of sheet steel, the 



measurement of alternating magnetic fields and the measurement of 
capacitance. 

A.C. Stabilizer. G. 1ST. Patchett has designed a stabilizer, made by 
H. Tinsley and Co., to provide a very stable supply, with high purity 
of waveform, for a.c. measurements such as those with a.c. poten¬ 
tiometers. The requirement for such purposes is a stability of better 
than ±0-1 per cent with a total harmonic distortion of not more than 
2 per cent and the instrument mentioned fulfils this requirement. 
On normal supply mains a short-term output stability of about 
1 in 10,000 can be obtained and the total harmonic distortion is 
less than 1 per cent. 

The output voltage can be varied over the range 215 to 250 volts 
and the current ranges are 1 A, and 2 A, at 230 V. The perform¬ 
ance of the instrument is unaffected by frequency changes over the 
range 48 to 52 c/s. 
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CHAPTER IX 

MAGNETIC MEASUREMENTS 

Magnetic tests can be divided into two general classes: direct 
current tests and alternating current tests. Although they may be 
subdivided to a considerable extent, these are the two most distinctly 
defined classes of tests. The methods of testing magnetic specimens 
will therefore be dealt with under these two general headings. 

Direct Current Tests. Such tests are most generally made upon 
solid (as distinct from laminated) materials, the alternating current 
test methods being used chiefly for laminated materials. 

The two most important quantities to be measured in these tests 
are the flux density in a specimen and the magnetizing force pro¬ 
ducing this flux density. £ * l-( 

Magnetometer Methods. These are fundamentally the simplest of 
all methods of magnetic testing, and were largely used in the early 
work on magnetism. Magnetometers are used for the measurement 
of magnetic field. Often the horizontal component of such a field 
is measured by them. They may be applied, also, to the measure¬ 
ment of flux density in bar specimens of magnetic material, their 
advantage for this purpose being that they measure the actual (or 
static) value of flux density in the specimen as distinct from methods 
such as those using a ballistic galvanometer, which measure a 
change in flux density. The intensity of magnetization J of a 
specimen is measured by the magnetometer, and the corresponding 
flux density B is obtained from the formula 

B — 4cttJ -f- H 

where H is the strength of the magnetic field producing this intensity 
of magnetization. For full details of such applications the reader 
should refer to the works given in Refs. (2) and (3). 

Magnetometers consist essentially of a suspended magnetic needle 
or system of needles, the suspension itself having good torsional 
elastic qualities and exerting, usually, only a small torsional control 
upon the needle. 

Referring to Tig. 208, let ns represent a magnetic needle, suspended 
at O, and of length l cm. Let n and s he its poles, of strength m units, 
and suppose that a horizontal control field of strength H exists in 
the direction JZ'. If another horizontal field, of strength F, having 
a direction at right angles to XX' 3 is made to act upon the needle, 
a deflection 0 is produced. The couples acting upon the needle are 
E7/1I sin 6 clockwise, and Fml cos 6 anti-clockwise. When the needle 
is at rest in the deflected position, 

Eml sin 6 — Fml cos 0 
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from which the strength of the field F is given by 

F — H tan d 

If U is the horizontal component of the earth’s magnetic field—as 
it often is—its value can be easily found, from physical tables, for 
any point on the earth’s surface. 

If the deflecting field is due to a bar magnet in the neighbourhood 
of the magnetometer needle, the pole strength of this magnet can 
be obtained as follows— 

Theory. Referring to Rig. '209, let ns be the magnetometer needle 



Fig. 20S 


of length Z and pole strength m. Let NS be the bar magnet under 
test, of length L (between its poles) and pole strength m !. Suppose 
that both ns and NS are in the horizontal plane and are placed as 
shown. Then, the force upon pole n of the needle, due to pole N of 

the bar magnet, when resolved into the direction XX' is cos ^1 

h. 

where l x and are as shown. Pole N will exert the same force upon 
pole S of the needle, but in the opposite direction to the force on 

pole n. The pole S will exert forces of cos <£ 2 in direction XX' 

upon the two poles of the needle in the opposite directions to the 
forces due to N. Thus, the deflecting moment upon the needle due 
to the two poles of the bar magnet will be 
r ["cos <f> x cos <j> 2 J 


mm'l 


L 


7 2 
t-2 


Now, cos j — and cos <f> 2 — 


L 

2 


h 


The deflecting moment 


is, therefore 



mm'l 
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If the needle is situated in a horizontal control field H in a direction 
perpendicular to XX', and if the deflection of the needle is 6, then 
we have 


Hml sin 0 = ?nm'l 




cos 6 


Hence, 


H tan 6 



L 4 3 4 s _1 


from which the ferric induction in the magnet or sample may be 
determined (see Chapter I). 



Fig. 209. Magnetometer Meastjeemeot 


It is assumed that the length l of the needle is small compared 
with the distance r. 

Instead of using the horizontal component of the earth’s field as 
the controlling field, a stronger control field may be used, this being 
obtained by using a permanent magnet, or otherwise. The strength 
of such a field may be measured by comparing it with that of the 
earth by the oscillation method, which forms a simple means of 
measuring field strength. The magnetic needle is allowed to oscillate 
freely whilst situated in the field whose strength is to be measured, 
and the time of one complete oscillation is measured. Let this time 
be T x sec. The needle is then placed in a known magnetic field such 
as that of the earth, and the time of free oscillation again measured. 
Let this time be T % . 

Then, from the expression for the time of one complete free oscilla¬ 
tion, namely 

T = 271 a/MF 

(where I is the moment of inertia of the needle about the axis of 
oscillation, M is the magnetic moment of the needle, and J? the 
strength of the magnetic field in which it oscillates), we have 

T x = 2tt J j^jr 

= 2tt y 


and 


. ( 202 ) 
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F x and. F 2 being the strengths of the tiro fields, the latter being 
known. 


Hence 


or 


Ti 

T* 

*x 


277 JMF 1 
2tt /X 

V MF t 

m 2 

T7T 2 



. (203) 


The magnetometer method has the advantage that it is an abso¬ 
lute method, but the disadvantage that it is susceptible to the 
influence of external magnetic fields, and also that it requires the 
samples under test to be in the form either of long, thin rods, or in 
the form of ellipsoids, owing to the demagnetizing effect of the ends 
of bar-shaped samples.* 

During the second World War several accurate and sensitive 
magnetometers were developed in Great Britain. These took 
advantage of the high permeability of alloys, such as Mumetal 
(see p. 689) to concentrate the magnetic field. Differential arrange¬ 
ments could be made so that a very small movement of a coil 
removed it from the field to be measured. Another development in 
magnetometer design is based on the fact that, Mumetal becoming 
saturated at a relatively low flux density, it is possible to obtain high 
sensitivity by using this alloy in the region of saturation; a small 
change in the magnetic field causes a large change in permeability. 

A mumetal-wire magnetometer is described by S. Whitehead 
(Ref. (49) ). 

The Ballistic Galvanometer. Before proceeding with the descrip- 
tion of methods of testing bar- and ring-shaped samples of magnetic 
material, the ballistic galvanometer and fiuxmeter—instruments 
which are largely used in such tests—will be described. 

The ballistic galvanometer is used to measure a quantity of elec¬ 
tricity passed through it. This quantity, in magnetic measurements, 
is the result of an e.m.f. instantaneously induced in a 4 ‘search coil” 
connected to the galvanometer terminals, when the magnetic flux 
interlinking with the search coil is changed. Such a galvanometer 
is usually of the D’Arsonval type, since this type is least affected by 
external magnetic fields. It does not show a steady deflection when 
in use, owing to the transitory nature of the current passing through, 
but gives a “throw” which is proportional to the quantity of elec¬ 
tricity instantaneously passed through it. This quantity—and 
hence the change in the flux producing it—is determined from the 
calibration of the galvanometer, as will be described later. The 


* Several forms of magnetometer are described by D. W. Dye in. the Dic¬ 
tionary of Applied Physics, p. 455, amongst which is F. E. Smith’s magneto¬ 
meter for the measurement of the intensity of the earth’s magnetic field. 
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proportionality of the throw only holds if the discharge of the elec¬ 
tricity through the galvanometer has been completed before any 
appreciable deflection of the moving system has taken place. For 
this reason the moving system of such a galvanometer must have a 
large moment of inertia—often obtained by the addition of weights 
to the moving system—compared with the restoring moment due 
to the suspension. This means that the galvanometer has a long 
period of vibration—usually from 10 to 15 seconds in practice. The 
damping of the galvanometer should also be small in order that the 
first deflection (or throw) shall he great. 

For convenience in working, a galvanometer which is almost 
dead-beat is best, but the damping must be electromagnetic, so 
that it may be determined from the constants of the instrument. 
Appreciable air damping should not be present, as this is indeter¬ 
minate. A key by which the galvanometer may he short-circuited 
saves time in bringing the moving system to rest. 

Other important points in the construction of such galvanometers 
are that the moving coil should be free from magnetic material, and 
also that the suspension strip should be carefully chosen and 
mounted to avoid “set.” The terminals, coil, and connections 
within the instrument, should be of copper, throughout, in order to 
avoid thermo-electric effects at the junctions. In the best instru¬ 
ments the suspension is non-conducting, the current being led into 
the coil by delicate spirals of very thin copper strip. 

Theory . As already stated above, the quantity of electricity 
must be discharged through the galvanometer in a very short time, 
during which, the moment of inertia of the moving system being 
large, the movement from the zero position is negligibly small. 
The passage of the electricity through the instrument gives to the 
moving system energy which is dissipated gradually thereafter in 
friction and electromagnetic damping. 

During the actual motion the deflecting torque is thus zero, and 
the equation of motion is 


a 


tPd dd 
dt 2 + dt 


+ cd = 0 


a being the moment of inertia of the moving system, b the damping 
constant, c the control constant, 8 the deflection in radians, and t 
the time in seconds. 

As shown, on page 261 the solution of this equation is 
6 = As™).* + Be™** 
where A and B are constants and 


— b -f- V&2 — 4 ac 


— b — V& 2 - 4 ac 
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The damping, and therefore 6, is small so that both m 1 and ?n 2 are imaginary. 
Under these conditions, as on page 262 the solution may be written 

6 = *'5f . sin 62 . * + a) 

F being a constant which may be evaluated from a knowledge of the initial 
conditions of the motion. Since b is small a justifiable simplification is 

6 ~ s ~ a . F . sin (^<\/~ t 4" 


Initial Conditions . When t == 0 the deflection 8 — 0. 

Again, if i is the current in amperes at any instant during the 
discharge of electricity through the instrument, the torque may be 
represented by Gi and hence 


Gi — a 


m 

dt 2 


C T r r d 2 8 

from which J Gi dt = J a . dt where r = total time of 

the discharge. Since f idt = the quantity of electricity dis- 

Jo 

charged = Q coulombs we may write 


g£ idt = GQ — a 


dd 

dt 


dd 

dt 


is the velocity of the moving system at the end of time -r, i.e. 

at the beginning of the first deflection, since r is very small. 

We may thus write (as a close approximation) when t = 0, 

o 

dt ~ a ■ V- 

Now, differentiating the above expression for Q we have 


d6 

dt 


F sin 


4 - • 


(v / ^ + a ) 
•^Y^ 008 Wl t+ a ) 


dd 

dt 


2a 


1 . F sin tx. -T- £° . F, 


V? 


and, when t — 0 
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Again, since 0 = 0 when t = 0 

0 = s° . F sin (0 -f *) or, a = 0 



Substituting in the expression for 6 we hare 



Fig. 210 


The deflection at any time is thus proportional to Q and the 
motion is oscillatory, the frequency of the oscillation being 



The periodic time of the motion is thus 



The graph of deflection against time is shown in Fig. 210, the 
successive diminishing maxima corresponding to times 

T' 3 T' 5T' 

~ 4 ~» ~ 4 ~ 3 efcc * 
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Substituting the values of time in the expression for 9 give 
7T b 


d 1 == ™ . Q . s 


ac 


Without damping the amplitudes would all have been 

»—i-o-vf 

it- r\t 0 1 a _ 4 V' 


7r & 

2 ’ Vac 


Vs; - 


= ®i vf 


Logarithmic Decrement . The “logarithmic decrement 55 A is a 
constant of the galvanometer which is proportional to the damping 
and depends upon the resistance of the galvanometer circuit. 

From above we have 

n JT & 

= £ 2 ^ 


so that 


0! 75 6 . 

lo S* 5- = o T7= = X 


6'= d 1 B* = 0 1 


= 0i i + 


approx. * 


Obviously, from the equations for d 19 0 2 , etc. 

tc b 

01 6 2 _ & n - 1 _ _ 2 


01 = £« _ 

02 03 

01 02 

02 X 0, X 

* This follows since 
l 


... * X ^ 


1+ § + (i)‘ + <i)‘ + 

1 + nr + it- +4 
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9i 




/.(n-i) 

A(n- 1) 


, 1 , 

or A== __ loge _ 

From the preceding equation for the ideal undamped deflection 


O', namely, 6' = — . Q 

CL 


VI 


we have 


Q = . Q' coulombs 

G 


showing that the quantity of electricity to he measured is directly 
proportional to the undamped deflection d'. 

Since the periodic time T' = 2tt we have, by substitution. 

Vac — c I”. c T' 


n Vac a, c ja & 
Q= — .e -gj-e = 


£ 2tt 




To eliminate the quantities c and 6 r , suppose that a direct current 
of I G amperes pa-ssed through the galvanometer produces a steady 
deflection then 

G.i„=*c.e 


or q— e 


Hence, finally 


Q 


TL. 

2tt 


6 


* 6 ' 


or <3 = 1; ‘ + ■ ■ ■ •< 204) 

This equation may be written shortly as 
Q=K . 0* 

, „ 2" I G [ , A \ 

irbere * = 2^'¥( 1+ 2j 

and must be found by calibration. 

Since the value of depends upon the damping and shunting 
of the galvanometer it is essential that the resistance of the galvano¬ 
meter circuit during calibration shall he the same as when the 
galvanometer is being used for testing purposes. 


Calibration of the Galvanometer. This may he carried out in a number of 
ways. Some of the methods used are— 

(a) By Means or the Hibhert Magnetic Standard. The principle of this 
standard is illustrated diagrammaf ically in Fig. 211 (a), and its construction in 
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Fig. 211(6). It is manufactured by W. G-. Pye & Co. The circular bar magnet 
A and iron yoke B have a narrow annular air gap between them (about 2 mm. 
width) as shown. Down through this air gap a brass tube, carrying a single 
layer coil (of about 1 cm. axial length) in a shallow channel, can slide freely 
over a support—attached to A —which acts as a guide. The brass tube is 
released from a fixed position by a trigger and falls under gravity, thus en¬ 
suring that the coil always cuts through the magnetic field in the air gap at 
the same rate. The induced e.m.f. per turn on the coil is therefore constant. 
By the use of this standard the number of “line-turns”—i.e. the product of 
turns on the coil and lines of force through which these turns cut—which 
produce an observed throw on the ballistic galvanometer, can be determined 
in terms of the magnetic flux in the air gap of the standard and the number of 
turns on the coil. By means of tappings on the coil, the number of turns can 



(a) (&) ( W . G . Pye & Co ., Ltd .) 

Fig. 211. Hibbert Magnetic Standard 


be altered to give different numbers of line-turns. The number of turns 
obtainable is usually from 3 to 100, and the flux in the gap of the order of 
20,000 lines, giving a maximum of 2,000,000 line-turns. 

Such standards are reliable, and are easy to use, but have the disadvantage 
that only fixed numbers of line-turns—in multiples of (say) 20,000—can be 
obtained. 

(b) By Means of a Capacitor. A capacitor which has been charged to a 
known voltage, by means of a standard cell, is discharged through the gal¬ 
vanometer. The quantity of electricity discharged can be calculated from the 
known voltage, and the capacitance of the capacitor. This method is not in 
general use owing to the diffi culty of determining exactly the capacitance of the 
capacitor under all conditions, and also because of the fact that the damping 
of the galvanometer during calibration is different from that during testing. 

(c) By Means of a Standard Solenoid. This method is most commonly 
used for calibration purposes. A standard solenoid consists of a long coil of 
wire wo un d on a cylinder of insulating and non-magnetic material. There 
may be one or more layers of wire, but the design is such that the axial length 
of the solenoid is large compared with its mean diameter. Usually, the axial 
length is at least 1 metre, while the mean diameter is of the order of 10 cm. 
The winding must be uniform and the number of turns per centimetre axial 
length should be such that a strength of field H of 100 or more is obtained 
at the centre of the coil when carrying its maximum allowable current. If 
the axial length is great compared with the mean diameter, the field strength 
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in the neighbourhood of the centre of the core of the solenoid is uniform and 
is given by 

4 it NI 

H= Tor" 

where N ~ 2STo. of turns on. the solenoid, 

I = the current in amperes flowing in the winding, 

L — the axial length in centimetres. 

If this condition as regards axial length and mean diameter is not fulfilled, 
the field strength at the centre is given by 


where 


S « 


k = 


k 

10 i 



( r + |) + T\ t • f) + T 

(-D + VRFf 


(205) 


where d 
r 


the radial depth of the winding on the solenoid in centimetres, 
mean radius of the solenoid in centimetres. 


If the radial depth, d, is small then, as seen in Chapter I, the field strength 
at the centre of the solenoid is given by 


S 


4 - ni 
To — cose 


where 8 is the angle subtended at the centre of the coil by the mean radius r 

T 

at one end of the coil, i.e. 6 — tan* 1 — 

Jj 

1 


Thus, 


or 


E = 


4k NI_ 
10 L 


L 

2 




B-t! 

10 


NI 
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At the centre of the solenoid is wound a small secondary coil, usually of 
several hundred turns of thin wire. The axial length of the secondary coil 
should be small, and it may either he wound over the solenoid, or placed 
within, and coaxial with it. In either case its dimensions must be accurately 
known. 

This secondary coil is connected to the ballistic galvanometer, and a meas¬ 
ured current is passed through the solenoid from a battery, through a reversing 
switch (Fig, 212). An e.m.f., producing a throw of the galvanometer, is 
induced in the secondary coil when the solenoid current is reversed. The 
number of line-turns producing this throw is obtained from the known value 
of E at the centre of the solenoid, and from the number of turns and dimen¬ 
sions of the secondary coil. For example, suppose that H at the centre of the 
solenoid is 60 when a certain current is flowing in it. Suppose, also, that the 
secondary coil has 400 turns, and that its mean area is 15 sq. cm. 
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Then, Flux threading through the secondary coil = 60 x 15 = 900 lines 
No. of line-turns = 900 x 400 = 360,000 

Change in the number of line-turns during 

reversal of the solenoid current = 720,000 

Other methods of calibration of ballistic galvanometers, using a Duddeil 
inductor or standard cell and a known current, are given by T. F. Wall (Ttef. 
(2) ) and by B. W. Dye (Ref. (3) ). 

Use of the Ballistic Galvaxometef foh t he Measure me nt 
of Magnetic Flux. Referring to Fig. 213, in order to measure 



Fig. 212. Ballistic Galvanometer Calibration by Standard 
Solenoid 


the flux in the ring specimen of magnetic material corresponding 
to a given current I in the magnetizing winding which is uniformly 
wound on the specimen, a search coil of a convenient number of 
turns is wound on the specimen and connected, through a resistance 
and calibrating coil, to a ballistic galvanometer JBG as shown. 
The magnetizing current I is reversed, and the galvanometer throw 
6 observed, the change in the flux produced by the current reversal 
being given by kKQ' where 6' is the undamped deflection (i.e. 


6 



and K is the ballistic galvanometer constant, obtained 


by the use of the calibrating coil, which forms the secondary coil 
of a standard solenoid as previously described. Jc is a constant 
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depending upon the resistance of the galvanometer circuit and 
number of search coil turns. 

Theory. 

Let N = Xo. of turns on search coil. 

„ <d> = flux embraced by the search coil. 

j, R — resistance of the ballistic galvanometer circuit. 

„ t = the time (in seconds) taken to reverse the magnetizing 
current (and hence the flux cj>). 



Then, e.m.f. induced in search coil upon reversal of the flux 

= N ^57 X 10 -8 volts 
at 

97 

Average e.m.f. induced = N X —■ X 10' 8 volts 
Average current in the ballistic galvanometer circuit 

= N x is x 108 ara]p 

Quantity of electricity discharged through the galvanometer 
during t sec. 
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= X X 


U 

tR 


X t x 10 _s coulombs 



X lO' 8 


But this equals KQ'. 

Hence, the flux in the specimen is given by 


so that 


i — 
k = 


RK6' x 10 s 
2N 

R x 10 s 
2N 


(207) 


The Grrassot Fluxmeter. This instrument is really a special type 
of ballistic galvanometer in which the controlling torque is very 
small and the electro-magnetic damping is heavy. The construction 
is illustrated by Fig. 214. 

A coil of small cross-section is suspended from a spring support 
by means of a single thread of silk, and hangs with its parallel sides 
in the narrow air gaps of a permanent-magnet system, as shown. 
Current is led into the coil by spirals of very thin, annealed silver 
strips. By this construction the controlling torque is reduced to 
a minimum. The instrument is usu¬ 
ally fitted with a pointer (attached 
to the moving system) and a scale, 
although it may also be used as a 
reflecting instrument. The scale is 
graduated in terms of line-turns. 

The instrument is very portable 
and, although not so sensitive as a 
ballistic galvanometer, it has the 
great advantage that the length of 
time taken for the change in the flux 
producing the deflection need not be 
small. The deflection obtained, for 
a given change of flux interlinking <» 
with the search coil connected to the 
instrument, will, in a good instru¬ 
ment, be the same whether the time 
taken for the change be a fraction of a second or as much as one 
or two minutes. 

If no contro llin g torque were present the instrument would 
remain in its deflected position indefinitely. Actually the pointer 
returns very slowly to zero, but readings may be taken by observing 
the difference in deflection at the beginning and end of the change 
in flux to be measured without waiting for the pointer to return to 
zero, the scale being uniform. The resistance of the search coil 



Fig. 214. Gkassot 

FliUXMETEK 
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circuit connected to the fluxmeter should be fairly small, although 
its actual value is not important, a variation in this resistance of 
several ohms usually having a negligible effect upon the deflection. 
The inductance of the search coil circuit is also unimportant, and 
may be quite large, with negligible effect upon the deflection. 

Theory of the Flaxmefcer. Assume that the controlling torque is negligibly 
small, and also that air damping and friction are negligible. 

Let N. — ZSlo. of turns on the search coil which is connected to the 

fluxmeter terminals. 

r a and l s — the resistance and inductance of the search coil circuit. 

R and L = the resistance and inductance of the fluxmeter. 

e s = the e.m.f. induced in the search coil at any instant. 
e f = the e.m.f. being induced at any instant in the fluxmeter 
coil due to its movement in the permanent-magnet field. 
i = the current in the circuit at any instant. 


Then, 


where ~ is the rate of change of flux linking with the search coil. 
dt 


' dt 


Also, 


K dd 

K ~di 


where A is a constant depending upon the dimensions of the fluxmeter coil, 
its number of turns, and upon the strength of the permanent magnet field; 

^ is the angular velocity of the fluxmeter coil. 

The equation connecting the electrical quantities is, therefore. 


e s = e f (E -j- Z s ) ~ Hh (r s dr . 


(208) 


The term (r g -f- jR)i may be neglected if r s is small, since i is also very small. 
Hence, W g = K. § + (i + fj - - • • (209) 

Integrating with respect to t we have 

di 


r*9--r 

the total time take 

J<h Je 1 


*§•* + 


-r 

'Jo 


& + y 


dt * 


T being the total time taken for the change in the flux. 

' & rQ z rn 

Thus / Nd<£ = / Kd6 / (L + l s )di 

-Ah 


and «b x are the interlinking fluxes, d 2 and 6 X the deflections, and i 2 and i x 
the currents in the search-coil circuit, at the end and beginning of the change 

f* 2 

in the flux. Since and i x are both zero the value of / (T -}- l$)di is also 

J tj 

zero (which means that the inductance does not affect the deflection). 

Hence, N(cfi 2 - <f> x ) = K(6 2 - 6 X ) 
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or, if <j> is the change in the flux and 0 the change in the fluxmeter 
deflection 

6=^.6 . . . . ( 210 ) 

If the fluxmeter permanent-magnet field is uniform for all posi¬ 
tions of the moving coil, K is constant, and the change in the flux 
is directly proportional to the change in the deflection. 

Theory when Shunted. If a very large flux is to be measured (e.g. that in 
one of the poles of a large machine), the number of line-turns may be too 





]Fig. 21 o. Fluxmetee Cmcuir whex Seoxted 



Thus, 





Thus, the deflection for a given change in the flux, when shunted, 

is to the deflection for the same change when unshunted, as —. 

S + r s 

It should be noted that it is the resistance , r s , of the search coil 
which is important when shunting is used, and not the resistance of 
the fluxmeter itself. 

Measurement of Leakage Factor by Means of the Flux- 


meter. In dynamo-electric machinery the magnetic flux per pole 
which crosses the air gap—the “useful flux”—is less than the flux 
in the body of the pole. This is due to the fact that some lines of 
force—referred to as “leakage flux”—pass from the pole to the 
adjacent poles without crossing the air gap to the armature. The 
flux at the root of the pole is called the “'total” flux, and the ratio 

is the “leakage factor” of the pole. 

Useful flux r 


This factor can be measured by means of a fluxmeter, a ballistic 
galvanometer being unsuitable on account of the high inductance 
of the field winding, which results in a slow rate of increase of the 
flux when the voltage is switched on to the field winding. 

The total flux may be measured by winding two search coils on 
the yoke of the machine—in the case of a direct current machine 
with a stationary field—one on either side of the pole (see Fig. 216). 
As the yoke carries half of the total flux, these search coils must he 
connected in series so that the fluxmeter measures the flux embraced 


by both of them. The flux so measured will be the total flux. 
Another search coil, placed on the (stationary) armature in such a 
position that it embraces the useful flux from the pole, is then 
connected to the fluxmeter and the useful flux measured, the leakage 
factor being obtained from the two measurements. 

It will usually he found that search coils of one turn only will 
be most suitable,'in which case the fluxmeter reading gives the flux 
directly. In the case of a large machine it may he necessary to use 
shunts across the search coils, as described previously. 
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The Chattoek Magnetic Potentiometer. Before proceeding with 
the methods of testing magnetic specimens, this device for the 
measurement of the magnetic potential between any two points 
in a magnetic field will be described. The device consists of a 
uniform helix of thin wire, wound on a thin strip, or rod, of some 
flexible insulating and non-magnetie material This can be used, 
in conjunction with a ballistic galvanometer, to measure magnetic 
potential differences. 

Let the cross-sectional area—assumed uniform—of the strip upon 
which the helix is wound be A sq. cm., and the number of turns per 



centimetre length he n. Suppose that, when the helix is situated 
in a magnetic field, p av is the average magnetic potential difference 


between the two ends. Then p a „ = , where H is the field 


strength, at any point within the helix, in the direction of the 
element of length of path dl, the integral being taken between a 
certain “average” point on one end of the strip and a corresponding 
point on the other end. 


The quantity 


4-Pav = J P ■ 

-f 


dA 
E .dV 


where dV is an element of volume within the helix. 

Now, if the strip upon which the helix is wound is of non-magnetic 
material, the permeability is unity and the flux crossing any given 

cross-section of the helix is given by J*H . dA where H is the field 

strength at the point at which the cross-section is taken. Since the 
flux embraced at any cross-section of the helix is not constant, the 
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e.m.f. induced in the helix when the strength of the magnetic field 
in which it is situated is altered must be expressed by 


iff 


HdA . ndl 


the integral term giving the effective '‘flux-turns’* of the helix. 


Thus, 

or 



HdV 



(n .A . p av ) = nA 


(213) 


i.e., the induced e.m.f. is proportional to the rate of change of 
magnetic potential between the two ends of the helix. From the 
theory of the use of the ballistic galvanometer, given on page 356, 
it can be seen that the galvanometer deflection, when the magnetic 
potential is changed, will he proportional to this change, i.e. if 
A p be the change in potential 

A p = KQ' 


where 6' is the corrected throw of the galvanometer and K is the 
galvanometer constant. 

The change in potential A p may he produced by a change in the 
magnetizing current producing the magnetic field in which the helix 
is situated, or it may be produced by the rapid movement of one 
end of the helix from one point in the field to another, the other end 
being kept in the same position. 

Applications of this device are the measurement of the magnetic 
potential drop across a given part of a magnetic circuit, such as a 
joint, and the measurement of magnetic leakage. Measurements 
may be made upon alternating magnetic fields by using a vibration 
galvanometer instead of a ballistic galvanometer. 

From the theory of the potentiometer it can be seen that the 
results are the same whether the strip upon which the helix is wound 
is straight or otherwise. This is a great advantage, as the use of a 
strip of flexible material is very convenient in investigations of this 
nature. 

Other Methods of Measuring Magnetic Field Intensity. Several 
other methods of exploring magnetic fields, although not in very 
general use, deserve mention. 

( a ) St and Ann Search Com. A search coil, consisting of a single 
layer of (say) 50 to 100 turns of fine silk-covered wire, wound upon 
a short cylinder of non-magnetic material—usually marble—may 
be used to investigate the variation in strength, from point to 
point, of a magnetic field in air. The marble cylinder must be care¬ 
fully turned so that its cross-sectional area may be uniform through¬ 
out its axial length (about 2 or 3 cm.). 
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The product of cross-sectional area and. number of turns for the 
search coil may be determined to within a few parts in 10,000 by 
the use of a standard solenoid. 

(b) Bismuth Spibal. This method depends upon the fact that 
the resistance of a bismuth wire is increased when it is placed in a 
strong magnetic field. A curve, showing the order of t his increase, 
is given in Fig. 217, the curve relating to a temperature of 20° C. 
A flat spiral of pure bismuth wire—about 1 mm. diameter—is used 
for the exploration of magnetic fields. The resistance of the spiral, 
when situated at a point in the magnetic field, is measured, and this 



resistance is compared with the resistance when the spiral is removed 
from the field, the temperature being the same in both eases. The 
field-strength is obtained from a curve such as that of Fig. 217, when 
the ratio •^ es ^ s ^ ance s P^ a l whilst in the magnetic field been 
Resistance of spiral when removed from the field 
determined. 

The disadvantages of this method are that it is rather insensitive 
—the change in resistance per kilogauss change in field strength 
being comparatively small—and also that this change in resistance 
depends very largely upon the temperature. 

Its advantages are that it is very simple to use, the resistance 
being conveniently measured by the Wheatstone bridge method, 
and that, since the spiral covers a small area—of the order of 1 sq. 
cm.—the exploration of the magnetic field can be carried out in 
greater detail than is possible with most other methods. 

(c) Magnetic Balance and Deelecting-coil Methods. Such 
methods depend upon the fact that a force is exerted upon a current- 
carrying conductor when it is placed in a magnetic field, the force 

13—(T.5700) 
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depending upon the magnitude of the current in the conductor and 
upon the strength of the magnetic field. 

In the magnetic balance the force upon the conductor is balanced 
by weights on a pivoted beam, to one end of which the conductor 
is attached, the weight required for balance being used to determine 
the strength of the magnetic field in which the current-carrying 
conductor is situated. 

In deflecting-eoil methods a narrow coil, some 2 or 3 mm. wide 
and 1 or 2 cm. long, is used. This coil is suspended by a fine strip 
suspension from a torsion head, a mirror being attached to the 
suspension for use in conjunction with a lamp and scale to indicate 
deflection. A current is passed through the coil, which is placed in 
the magnetic field to be measured with its plane parallel to the field. 
If this current is known, the field strength corresponding to a certain 
deflection may be determined by calibration, using a magnet of 
known gap-flux density. 

The reader is referred to the works given in Refs. (1), (3), and (7) 
for fuller information regarding such methods. 

The Testing of Ring Specimens. Ring specimens are used, in 
preference to rods or strips, when accurate measurements of permea¬ 
bility, and hysteresis loss, up to a maximum value of field strength 
(H) of 200 or 250, are required. The use of such specimens has the 
disadvantage that they are more difficult to prepare than bar 
specimens, and also are more difficult to wind with the magnetizing 
winding which, when bar specimens are used, may be a permanently 
wound solenoid inside which the bar is slipped. The more reliable 
results obtainable with ring specimens on account of their freedom 
from self-demagnetizing effects may, in some cases, justify their use. 

Such specimens are cut from a representative piece of the iron, 
the rings being machined so that their dim ensions may be accurately 
determined. The radial thickness of such rings should he fairly 
small compared with their mean diameter.* If this condition is 
not fulfilled, most of the flux in the iron passes through the portion 
of the ring nearest to the inner circumference, thus causing a dis¬ 
tribution of flux density across the cross-section of the ring which is 
far from uniform. The mean value of the flux density (as given by 

T'otai flux — under these conditions) will not correspond to the 
Cross-section 

mean value of H for the cross-section of the ring, and the E-H curve 
obtained will be erroneous. For accurate results the ratio of outside 
diameter of the ring to the radial thickness should he at least 15. 

If sheet material is to be tested, the ring specimen should be built 
up of ring punchings taken, if possible, from a number of different 
sheets. The punchings should be built up with the direction of 
rolling used in the manufacture of the sheet distributed radially 
to obtain a uniform distribution of reluctance round the ring. The 
* This question is fully considered in a paper by E. Hughes (Ref. (8)). 
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permeability in a direction perpendicular to that of rolling is only 
some 75 per cent of the permeability, at the same flux density, in a 
direction parallel to the direction of rolling. During the shearing 
of the rings from the sheet, the material near the sheared edges (and 
for some distance inwards from the edge) is strained, the effect being 
to reduce its permeability. "Unless the rings are to be annealed, 
after punching, to remove these strains, their radial width should 
be fairly large—say 2 or 3 cm.—in order that the strained portion 
shall not form an appreciable percentage of the whole cross-section. 

Dete rmina tion of the Magnetiz ation, or B-3EL Curve , {a) Method 
Reversals . For this test a ballistic galvanometer is used as 
previously described. Before winding, the dimensions of the ring 
must be determined. When sheet material is being tested it may be 
necessary to determine the effective cross-section from the weight 
of the ring, taking the specific gravity as 7-8 (for soft sheet iron). 
This is necessary for accurate measurements on account of the air 
spaces between individual punchings, which cause measurements 
of thickness to be erroneous. 

A layer of thin tape is then wound on the ring, and a search coil 
consisting of a few turns of thin wire, insulated by paraffined silk, 
is wound over the tape. The number of search-coil turns depends 
upon the sensitivity of the ballistic galvanometer. This number of 
turns must, of course, be noted. The search coil is protected by 
another layer of tape, over which the magnetizing winding is 
uniformly wound. 

The connections for the test are shown in Fig. 213. Before com¬ 
mencing the test, it is essential that any residual magnetism which 
may he present in the specimen shall be removed by demagnetiza¬ 
tion. The short-circuiting key K of the galvanometer is left closed, 
and the current in the magnetizing winding is given such a value 
that the magnetizing force 3 acting upon the specimen is greater 
than the maximum value to be used in the test. This current is 
then very gradually reduced—the reversing switch S being con¬ 
tinually thrown backwards and forwards meanwhile—in order to 
pass the iron specimen through as many cycles of magnetization as 
possible during the process. The minimum value of the current 
finally reached should give a magnetizing force in the specimen 
which is well below the smallest test value. 

After demagnetization, the test is started by setting the mag¬ 
netizing current at the lowest test value (such that H = 1 (say) ). 
The galvanometer key K being closed, the iron specimen is then 
brought into a “reproducible cyclic magnetic state” by throwing 
the reversing switch S backwards and forwards some twenty or 
more times. The key K is next opened, and the flux in the specimen* 
corresponding to this value of H, is measured on the ballistic gal¬ 
vanometer as previously described. The change in flux, measured 
by the galvanometer, when the reversing switch S is quickly reversed. 
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will be twice the flux in the specimen corresponding to the value of 
E which has been applied. 


This value of H is given by 


4tt 

10 


X£i 

l 


where N — number of turns 


on the magnetizing winding, I x — the magnetizing current, l = the 
length (in centimetres) of the mean circumference of the ring 
specimen. 

The flux density B 1 corresponding to this value of H is obtained by 
dividing the value of the flux in the specimen (as measured by the 
ballistic galvanometer) by the cross-sectional area of the specimen. 


In order to check whether the demagnetization of the specimens has been 
complete and also to determine whether a reproducible cyclic state has been 
attained, a second measurement of flux density—for the same value of H — 
may be made after subjecting the specimen to a further number of reversals 
of magnetization. The second value of JB should agree with the first. As 
further checks upon the measurements, a reversing switch in the ballistic 
galvanometer circuit (not shown in Fig. 213) may be used as follows: Measure¬ 
ment of flux density for a given value of H may be made, with this reversing 
switch in one position, first by throwing the reversing switch S over from 
terminals 13/ to 22' and the test repeated by throwing over from 22' to 11', 
having carried out a number of reversals of S in between the two measurements. 
This procedure may be repeated with the ballistic galvanometer reversing 
switch in its other position, four measurements of B being thus obtained. 
These should be very nearly equal to one another, the mean giving the value 
of the flux density. 


The whole of this procedure is repeated for various increased 
values of H up to the maximum testing point, the 20 or more 
reversals of the magnetizing current at each value of H, before the 
measurement is made, being important. It should be noted also 
that if the resistance of the ballistic galvanometer circuit is changed 
during the test, the logarithmic decrement X must be determined 
for each resistance value, in order that the observed galvanometer 
throws may be properly corrected, the deflection used in determining 
the flux being given, by 

e' = ^(i + |) 

where 8 X is the observed throw. 

The B-H curve may be plotted from the measured values of B 
corresponding to the various values of H . 

(b) The “Step-by-step” Method is sometimes used. In this 
method there is "no reversal of the magnetizing current, the procedure 
being as follows. The circuit shown in Tig. 213 is set up in the same 
way as for the test by the method of reversals, but the direct current 
supply to the magnetizing circuit is through a potential divider 
having a number of tappings, as shown in Fig. 218. The tappings 
are arranged so that the magnetizing force H may be increased, in 
a number of suitable steps, up to the desired maximum value. The 
specimen, after the application of the search coil and magnetizing 
winding, is first demagnetized. The tapping switch S 2 is then set 
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on tapping 1 and the switch S 1 closed, the galvanometer throw 
corresponding to this increase in the flux density in the specimen, 
from zero to some value B ls being observed, and B x calculated as 
previously described. H lt corresponding to this position of switch 
S 2 , can be determined from the magnetizing current which then 
flows. The magnetizing force is then increased to H 2 hy switching 
S 2 suddenly on to tapping 2, and the corresponding increase in flux 
density AB determined from the galvanometer throw observed. 
Then B 2 —corresponding to H 2 —is given by B x -f- AB. This process 
is repeated for other values of E up to the maximum point, and the 
complete B-H curve is thus obtained without any reversal of the 
flux in the specimen. 

Determination of the Hysteresis Loop, ( a) Step-by-Step Method . 
The determination of the hysteresis loop by this method is carried 
out simply by continuing the procedure just described for the 
determination of the B-H curve. Having reached the point of 
maximum H —when S 2 (Fig. 218) 
is on tapping 10—the magnetizing 
current is next reduced, in steps, 
to zero by moving switch S 2 down 
through the tapping points, 9, 8, 

7, etc. After the reduction of the 
magnetizing force to zero, nega¬ 
tive values of H are obtained by 
reversing the reversing switch S 
(Fig. 213) and then moving the 
switch S 2 (Fig. 218), in steps as 
before. 

(b) By the Method of Rever¬ 
sals. This test again is carried out 
by means of a number of steps, hut 
the change in flux density measured 
at each step is the change from 
the maximum value + B max down 
to some lower value, the iron speci¬ 
men being passed through the remainder of the cycle of magnetiza¬ 
tion back to the flux density + B max before commencing the next 
step in the test, thus preserving the cyclic state. 

The connections for the test are shown in Fig. 219. R l3 R 2 > an d R 4 
are resistances for the adjustment of the resistances of the magnet¬ 
izing and ballistic galvanometer circuits. R 3 is a variable shunting 
resistance which is connected across the magnetizing winding by 
moving over the switch S 2 , thus reducing the current in this winding 
from its maximum value down to any desired value—depending 
upon the value of R z . 

The procedure is as follows— 

The value of H max required to produce the value of B max to he 


lo 



Fig 218 Potential Divider, fou 
Step-by-step Method 
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used during the test, is obtained from the previously determined 
B-H curve of the specimen. The resistances R 2 and are then 
adjusted so that the magnetizing current is such that this value of 
H is obtained when switch S 2 is in the “off” position. (E is, of course, 


given by H = 


4tt 

To 


NI 

l 


, where I is the magnetizing current, N the 


number of turns on the magnetizing winding, and l the length of 
magnetic path, or mean circumference, of the specimen.) The 
resistance R 1 is adjusted so that a convenient deflection of the 
galvanometer is obtained when the ma x i mum value of the mag¬ 
netizing current is reversed. i? 3 is adjusted to such a value that a 



Fig. 219. Coinfections foe Method of Reveksaxs 


suitable reduction of the current in the magnetizing winding is 
obtained when this resistance is switched in circuit. 

Switch RS 2 is then placed on contacts 11' and the short-circuiting 
key K opened. The magnetization of the specimen—since the 
maximum magnetizing current is now flowing—corresponds to 
point A on the loop (Tig. 220). 

The next step is to throw switch S 2 quickly over from the “off” 
position to contact b 3 thus shunting the magnetizing winding by R s 
and reducing the magnetizing force to H c (say). The corresponding 
reduction in flux density, - AB, is obtained from the galvanometer 
throw, and hence the point C on the loop is obtained. 

The key K is now closed, and switch RS 2 reversed on to contacts 
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22'. Switch S 2 is then opened and RS 2 moved back again to con¬ 
tacts 11'. This procedure passes the specimen through the cycle 
of magnetization and back to point A again, ready for the nest step 
in the test. The section A D of the loop is obtained by continuation 
of this procedure. 

To obtain the section DEF of the loop, -with K closed and S 2 in 
the “ofi” position, place RS 2 on contacts IT. Then place S 2 on con¬ 
tact a, open the key and rapidly reverse RS 2 on to contacts 22', 
observing the corresponding galvanometer throw. From this throw 
the change in flux AJ5'(Fig. 220) may be obtained, since the switching 



operations described cause H to be changed from -j- E max to - H K 
(say). To bring the magnetization of the specimen back to point 
A y close key K , open S 2 and reverse RS 2 on to contacts 11'. 

By continuing this process, other points on the section DEF of 
the loop are obtained. The section FGLA of the loop may be 
obtained by drawing in the reverse of ADEF , since the two halves 
are identical. 

By measuring the area of the hysteresis loop so obtained—by 
means of a pla nim eter—and expressing this area in B-H units of 
area, the hysteresis loss for the material may be obtained, since 

Hysteresis loss per cycle per cubic centimetre, in ergs 
Area of loop in B-H units 
4 77 
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The Testing of Specimens in the Form of Rods or Strips. It is 
obviously much easier to prepare a specimen in the form of a 
machined rod than to prepare a ring specimen as previously des¬ 
cribed. Such specimens suffer, however, from the disadvantage of 
“ self -demagnetizationT When a rod is magnetized electromagnetic- 
ally, poles are produced at its ends, and these poles produce, inside 
the rod, a magnetizing force from the north pole to the south which 
is in opposition to the applied magnetizing force, thus rendering 
the true value of H acting on the rod a somewhat uncertain quantity. 
For accurate results, therefore, if the methods of measurement 



Fig. 221. Curves of Demagnetizing Factors 

using a ballistic galvanometer as described above, are used, this 
demagnetizing effect must be corrected for, or, since the effect is 
least when the ratio of diameter to length of the rod is small, the 
dimensions of the specimen should be chosen so that the effect is 
negligible. 

The demagnetizing force due to this “end effect” is given by the 
expression 

H i = IL.B } . . . . (214) 

477 

where JB f is the ferric induction., i.e. the flux density due to the 
magnetization of the iron itself, and F is a constant which depends 
upon the relative dimensions of the rod. The expression might also 
be written H d = F . J, where J is the intensity of magnetization. 
The value of F for various ratios of length to diameter for cylin¬ 
drical rods may be determined horn a curve such as that given in 
Fig. 221, which has been plotted from values given by Du Bois 
(Ref. (5) ) and by Thompson and Moss (Ref. (9) ). 
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For an ellipsoid or very long rod, the value of the coefficient F 
may be calculated from the expression 



a — the minor axis of the ellipsoid, 
b — the major axis of the ellipsoid. 


To obtain the true value of the magnetizing force H acting on a 
bar specimen H d must be subtracted from the value of H calculated 
from the ampere-turns per centimetre length of the magnetizing 



g. From the curves given it can be seen that the ratio 

L e ngth ^ ^j ie specimen must he of the order of 25 or more for 
Diameter 

the effect to have a negligible influence upon the value of H. 

On account of this demagnetizing effect the value of H is often 
measured by means of search coils wound on thin strips of glass and 
placed with the glass lying flat on the bar specimen (Refs. (2), (3) ). 
The flux density in the air at the surface of the specimen (which is 
the same as H in the specimen) is measured by this means instead 
of relying upon calculated values and corrections. 

Bar and Yoke Methods. Such methods are commonly used for 
the testing of bar specimens. They combine the advantages of both 
ring and bar specimens, the demagnetizing effect being largely 
eliminated by the use of heavy-section yokes, while the advantages 
of the bar specimen, as regards preparation and ease of application 
of the magnetizing force, are retained. 

There are a number of such methods which are all essentially 
modifications of the original yoke method due to Hopkinson. 

A search coil is wound upon the bar specimen at its centre, and 
the bar is then clamped between tbe two halves of a massive iron 
yoke, whose reluctance is small compared with that of the specimen, 
as shown in Fig. 222. The magnetizing winding is fixed inside the 
yoke, as shown, the specimen fitting inside it. 
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Let N = No. of turns on the magnetizing winding. 

„ I = current in the magnetizing winding. 

,, l = length of specimen between the two halves of the yoke. 
„ A = cross-section of the specimen. 

„ ju s = permeability of the specimen when the magnetizing 
current is /. 


,, S y = the reluctance of the yoke. 

„ S g = the reluctance of the two joints between specimen and 
yoke. 

„ <f> = the total flux in the magnetic circuit. 


Then 


4 > = 


To * A/ 


-f- + 


Now, if H is the actual magnetizing force acting on the specimen, 
and B is the flux density in it. 


B = ft, . H = 




Hence, i? = 






This may be written 


4tt 

To 




S v Afj, s -f* S g Afjc s -f -1 


H = > ^bere m = ^ (S„ + S.) . . (215) 

The quantity m is made small by carefully fitting the specimen into 
the yoke, and by making the yokes of very heavy section, thus 
reducing both S g and S y to small quantities. In preparing the 
specimen its dimensions must be very carefully adjusted so that 
it exactly fits the holes in the yoke to be used. The length of the 
specimen usually used is about 20 or 25 cm. and the diameter (if of 
rod form) about 1 cm. 

If m is small, 


4tt NI 

H — — . -y- (I — m) approx. 


(216) 


which means that the actual value of H in the specimen differs from 
the value calculated from the magnetizing ampere-turns and length 
of specimen by the amount 


4 7T m 
10 ‘ l 


m 
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The flux density may be measured by ballistic galvanometer in the 
usual way. 

Permeameters. Permeameters, of which there is a large number 
of different types, are essentially pieces of apparatus constructed 
for determination of the B-H curve of magnetic specimens, of bar 
form, by means of a test which is conveniently simple, and for the 
performance of which the time required is short. Only a small 
number of such permeameters can be described in the space available 
here. In the works given in Refs. (1), (3), (10), (11), (12), and (14), 
many other forms are described. 

Ewrsro Double-bar Method. In this permeameter two exactly 


C 

c 


-fe 


-^yBar 

/Specimens 


X 


K Znd. Position of 
Left Hand Yoke 


Fig. 223. Ewdtg Double-bae Method 


similar bar specimens of the material under test are used, with two 
pairs of magnetizing coils, one pair of the latter being exactly half 
the length of the other pair. The number of turns, per centimetre 
axial length, is the same for both pairs of coil. Two yokes of annealed 
soft iron, with holes to receive the ends of the bar specimens—the 
fit being tight—are used. The arrangement of bars and yokes is 
shown in Fig. 223. 

The object of this arrangement is the elimination of the reluctance 
of the yokes and air gaps—assumed to be the same, for a given flux 
density, in all positions of the yokes—by making two tests, one with 

a length of specimen l and the other with a length . The difference 

in m.m.f. required to produce the same flux density in the two 
cases being that required for a length of l in each specimen. Thus, 

Let n = ISTo. of turns per centimetre length for both pairs of 
magnetizing coils. 

„ I 1 = the current in the coils when the specimen length is L 

,, I 2 = the current in the coils for length 

,, H ± = the apparent magnetizing force for length Z. 

I 
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Let a == the m.m.f. required for the yokes and air gaps in each 
case. 

„ B = the flux density in the specimen (the same in each case). 


Then 


•r-f -±7T nld 4t 7 T 

Hl ~ To ‘ — T~ ~ ^ ‘ nIx 


10 


l 


# 2 = 


4 ~ • o 4r . 


Then, if H be the true magnetizing force in the iron for a flux 
density B, 

HI = . nlj - a = Z/jZ — o 

l 4 z7T t l jj l 

and H ^ = a = H 2 --a 

Hence, a=l(H z — H 1 ) ..... (217) 

and H = = 2H 1 - ff 2 . . (218) 

The flux density corresponding to this actual value of H is meas¬ 
ured by means of search coils and ballistic galvanometer in the 
ordinary Tray. The complete test is carried out by first obtaining 
and plotting a B-H curve for the specimens with a length of Z—the 
apparent values of H being plotted. The specimens are then de¬ 
magnetized, and a second B-H curve is obtained, and plotted, with 
a specimen length of Z/2, the two curves being plotted on the same 
axes. The true B-H curve is obtained from these two, obtaining the 
true value of H corresponding to any value of B, from the expression 
above. 

The disadvantages of the method are that the joint- and yoke- 
reluctances are not quite the same for two different positions of the 
yokes. The test requires, also, two carefully prepared specimens, 
and is somewhat lengthy in operation. 

Etog Permeability Bridge. In this apparatus a standard 
bar, whose B-H curve is known, is used, the value of JB required 
to produce a certain flux density in the bar specimen under test 
being compared with that required by the standard bar for the same 
flux density. The two bars—each of which is placed inside a mag¬ 
netizing coil—are joined together at the ends by yokes. The number 
of turns on the coil which magnetizes the standard bar is fixed, 
and the magnetizing force H which acts upon this bar, for a given 
current in this coil, is known. The same current flows through both 
coils, but the number of turns on the coil which magnetizes the 
test bar can be altered by dial switches, an arrangement for keeping 
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the circuit resistance constant being provided- The adjustment of 
the number of turns on this winding is continued until there is no 
difference of magnetic potential between the two yokes, when the 
flux density is the same in the two bars. The equality of potential 
of the two yokes is detected by means of a length of iron in the shape 
of an inverted U 3 having an air gap containing a pivoted magnetic 
needle at its centre. The two lower ends of this U are in contact 
with the two yokes, and if these are at different potentials flux will 
pass through the U piece and cause the needle to deflect from its 



zero position. When the magnetizing turns on the test bar coil have 
been adjusted until this needle ceases to deflect, the flux density in 
the test bar is the same as that in the standard bar. The value of 
H for the test bar is obtained from the number of turns on its 
magnetizing winding compared with the number on the magnetizing 
winding of the standard bar, and the B-H curve of this bar is then 
constructed from that of the standard. This apparatus is not very 
widely used owing to its somewhat limited scope, and to inaccuracies 
which are chiefly due to variations of the reluctance of the joints 
in the magnetic circuit. 

Ii/ltovtci Pjibmeameteb. The arrangement is shown in Tig. 224. 
There are two magnetizing windings connected in parallel, one 
uniformly distributed on the specimen, and the other—which acts 
as a compensating winding—on the yoke. Each has a variable 
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resistance in series with it, the winding on the specimen having, also, 
an ammeter in series with it. The operation of the permeameter 
depends upon the fact that when the magnetomotive forces of the 
two magnetizing windings—on the yoke and specimen—have been 
adjusted until they are just sufficient to drive the existing flux 
through the reluctance of that part of the circuit upon which they 
are wound, there will be no magnetic potential difference across 
either of these parts* The magnetic potentiometer is used to indicate 
when this condition has been attained. Thus, when the magnetic 
potential drop across the specimen is zero, the m.m.f. in its mag¬ 
netizing winding is just sufficient to drive the existing flux through 
its own reluctance. The true value of H in the specimen is then 
given by the m.m.f. then existing in this winding divided by the 
length of the specimen between the two arms of the yoke. The 
effect of yoke reluctance is thus eliminated. The flux density in 
the specimen is measured by a search coil and ballistic galvanometer 
in the usual way. 

In carrying out a test the bar specimen is placed on the yoke 
with the search coil and magnetizing winding over it, the magnetic 
potentiometer being then clamped in position and the specimen 
demagnetized. 

The current in the magnetizing winding of the test bar is then 
adjusted to give the value of H required, and the throw-over switch 
S is placed on contacts aa f . Resistance R 1 is then adjusted until no 
galvanometer throw is observed, when the reversing switch RS is 
reversed. The value of H in the specimen is then given by 

„ 4tt m 
H == T6'~T 

where S is the number of turns on the magnetizing coil on the 
specimen, l the length (in centimetres) of the specimen between the 
arms of the yoke, and I is the current indicated by the ammeter. 
The switch S is now thrown on to contacts bb’ and the flux density 
in the specimen corresponding to this value of H is measured by 
observing the galvanometer throw when RS is reversed. 

Tests up to E = 400 can be made with this apparatus, its prin¬ 
cipal advantages being its simplicity and its independence of the 
reluctance of the yoke. 

EIoepsel Pehmeameter. This piece of apparatus will be de¬ 
scribed because its principle is different from that of most other 
permeameters of the bar and yoke type. Tig. 225(a) shows the 
construction, from which it can be seen that the apparatus resembles 
a D’Arson val instrument, the permanent magnet being replaced by 
the bar specimen and the heavy section yokes YY f in which the 
specimen is clamped. The moving coil C swings in a narrow air 
gap and is supplied with a known current from a battery, through 
a milliammeter. This coil carries a pointer moving over a seale. 
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and the deflection, for a given current, is obviously proportional to 
the flux density in the air gap, which, again, is proportional to the 
flux density in the specimen. The ra.m.f. absorbed in the yokes 
is compensated for by the two coils AA\ M is the magnetizing coil 
surrounding the specimen, the proportions and number of turns on 
this coil being such that H in the specimen is 100 times the current 
in the coil (in amperes). The moving coil is so designed that the 
scale gives the flux density B in the specimen, directly, if the current 

50 

in the moving coil in milliamperes is —, where S is the area of cross- 

o 

section of the specimen in square centimetres. The compensating 



Fig. 225 . KoepseIi Pekkbameter 


coils A A' are connected in series with coil M, and are shunted by a 
variable resistance. Before starting a test this resistance is adjusted 
until the moving coil shows no deflection with a heavy current in 
M , and with no specimen between the yokes. 

A number of different bushings for use in the holes in the yokes 
allow different sizes of specimens to he used. 

In carrying out a test the apparatus is set up so that the axis of 
the specimen is perpendicular to the magnetic meridian. The speci¬ 
men is then clamped in position and demagnetized, the resistance 
shunting coils A A' having been previously adjusted for compensa¬ 
tion. The current in M is then adjusted to give the required value 
of H, and the deflections with this current—both direct and reversed 
—are observed, the moving-coil current being adjusted in accordance 
with the cross-section of the specimen. The mean of the two deflec¬ 
tions—which may be appreciably different—gives the flux density 
in the specimen. 

The apparatus may he used for the determination of both B-H 
curves and hysteresis loops. The values of H for given values of 
flux density were found by C. W. Burrows, when investigating the 
characteristics of this type of permeameter, to be erroneous by an 
amount which depended upon the quality and size of the magnetic 
specimen. Hysteresis loops obtained by its use gave too low a value 
of residual flux density and too high a value of coercive force. 
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These errors may be corrected for by checks with standard bars 
whose magnetization curves are known. 

Traction Perme ameters . This type of permeameter makes 
use of the fact that the pull between two magnetized surfaces is 
given by 

B 2 A 

^ = 11 , 200,000 Ib ' Wt ‘ 


where B is the dux density in lines per square centimetre and A is 
the cross-section in square centimetres. 

In the Thompson form of permeameter the pull required to 
separate a bar specimen from a yoke is measured by a spring balance 



and the flux density obtained from the above expression. H is 
obtained from the constants of the magnetizing coil—which sur¬ 
rounds the bar—and from the current in this coil. 

Another form of traction permeameter—the Du Bois magnetic 
balance—consists of a semicircular yoke which is divided into three 
parts by two air gaps near the lower ends (see Pig. 226). The sur¬ 
faces at the air gaps are carefully faced to form plane surfaces. The 
bar specimen is placed inside a magnetizing coil and fits into the 
two lower fixed parts of the yoke. The weight W is slid along the 
scale carried by the pivoted upper part of the yoke, until the right- 
hand side of the yoke is pulled over by the pull across the air gap. 
The position of the weight, when this occurs, gives a measure of the 
flux density in the specimen. The apparent value of the magnetizing 
force acting on the specimen must be corrected by calibration of 
the apparatus, using a standard bar or otherwise. The correction 
required depends upon material which is being tested. 

The inaccuracy of such permeameters causes them to be little 
used except for rough tests upon bar specimens. 

Burrows Double-bar and Yoke Permeameter. This permea¬ 
meter, which was first developed by Dr. C. W. Burrows (Ref. (12)), 
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has been adopted as the standard apparatus for the testing of bar 
specimens in America, and is used by the Bureau of Standards. 
The effect of magnetic leakage at the joints between yoke and 
specimen are eliminated in this permeameter by the use of a number 
of compensating coils which apply compensating m.m.f’s at different 
parts of the magnetic circuit, these m.m.f’s being just sufficient to 
drive the flux through the reluctance of the part upon which the 
coils are placed. 

Fig. 227 shows the arrangement of the magnetic circuit and coils. 
S L is the bar specimen to be tested, S 2 being a bar of similar dimen¬ 
sions to S ± . These bars are surrounded by magnetizing windings 
M 1 and M 2 , which are uniformly wound along the lengths of the 


W/nding 



Fig. 227 . Magistetic Circuit or Burrows Double-bae and Yoke 


bars. A ls A 2 , B 1} and B 2 are compensating coils for the elimination 
of leakage effects at the joints between the two bars and the massive 
yokes Y Y' into which the bars fit; c and c/ are two exactly similar 
search coils wound at the centres of the two bars, while d^ and d 2 
are two similar search coils wound in the positions shown, on the test 
bar, and each having exactly half the number of turns of search coil o. 
Coils d x and d 2 are connected permanently in series, as are also the 
four coils A l9 A 2 , B x , B 2 . The dimensions of the coils M % are 
such that H in the specimen is approximately 100 times the current 
in the windings, the ma xim um value of H for which the apparatus 
is used being from 300 to 400. The dimensions of the bar specimens 
are approximately 30 cm. long and 1 cm. in diameter. 

The coils A lf A 2 , B ls B 2 , are supplied from a separate battery 
supply, coil M x from another separate supply, and M 2 from another. 
In carrying out the test it is necessary, first of all, to ensure that, 
for a given value of the current in M x —i.e. of H in the test bar— 
the flux threading through all four search coils c, c\ d l9 and d 2 > is 
the same, the current in the compensating coils, and in M 2 , being 
adjusted until this condition is fulfilled. If the flux threading coils 
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d 1 and d 2 is the same as that threading c and c' s there can be no appre¬ 
ciable leakage of flux through the air in the neighbourhood of the 
joints. This means that the m.m.f. for the joints is being supplied 
by the compensating coils, and that the m.m.f. in coil M 1 is used up 
merely in timing the flux through the bar specimen S 1 inside it. 


4t t N1 

Thus H in the specimen is given by yy . — where 


N — No. of turns on coil 
I = current (in amperes) in M t 
l = length of specimen in centimetres 

It may, in some eases, be necessary to make corrections for the 
fact that the magnetizing solenoids are not infinitely long, hut such 
corrections are usually negligible. 

The procedure for obtaining equal flux threading all four search 
coils is as follows. 

First, the specimen having been demagnetized, the current in 
the magnetizing coil M x is set at the required testing value. Search 
coils c and c f are then connected in series, but in opposition, to a 
ballistic galvanometer. The currents in coil M 1 and are then 
simultaneously reversed. A throw will be observed on the galvano¬ 
meter. The current in M 2 is adjusted until no throw is obtained 
when the two currents are reversed. Since search coils c and cf have 
equal numbers of turns, this means that equal fluxes are now 
threading through them. Next, search coil c is connected in series 
with, but in opposition to, coils d x and d 2 , and then to the ballistic 
galvanometer. The current in the compensating coils A x> A 2> B ± , B 2 , 
is then adjusted until no galvanometer throw is obtained upon 
simultaneous reversal of the currents in these coils and in M x and 
if 2 . Then, since d t and d 2 together have the same number of turns 
as coil c, the flux threading all three coils is the same. 

The flux density corresponding to the value of if in coil M x 
(obtained as described above) can be measured by connecting coil c 
alone to the ballistic galvanometer, and noting the throw when the 
currents in the two magnetizing coils and the compensating coils 
are simultaneously reversed. 

Fig. 228 gives a diagram of connections showing how the switching 
may be arranged for convenience in carrying out the test as described 
above.* 

Faht Simplex Permeameter. This permeameter, which has 
been used by the Bureau of Standards, and is being used quite com¬ 
monly in this country for the routine testing of bar specimens, has 
the advantage of simplicity both in construction and operation, 
while its accuracy is of the same order as that of the Burrows 
apparatus. 

An outline of its construction is given in Fig. 229. Two iron 

* Fuller descriptions of the apparatus, testing methods, and the application 
of corrections, will be found in the works given in Refs. (1), (2), (3), (12). 





Fig. 229. Faey Simplex Pebmr a meter 
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clamping posts clamp the specimen (of cross-section f in. by If in.) 
against a laminated steel yoke. The latter carries the magnetizing 
winding, and the specimen is surrounded by a search coil for the 
measurement of the flux density in it. The magnetizing force H 
acting on the specimen is measured, like the flux density, by a 
ballistic galvanometer, utilizing an air-cored search coil of several 
thousand turns located between the two clamping posts as shown. 
The values of E so measured are corrected by calibration of the H 
search coil, utilizing a specimen of known magnetic characteristics 
in place of the test specimen. 

Drysdale Plug Peemeamei er. This permeameter, devised by 



Fig. 230. Deysdale Plug Peemlametee 


Dr. C. V. Drysdale, is for the testing of a large mass of magnetic 
material. A special drill is used to cut a cylindrical hole in the mass 
of iron to be tested, the drill being so formed that it leaves a thin 
rod or pin of the metal (about 0*1 in. diameter) standing in the centre 
of the hole. A rose cutter at the upper end of the drill cuts a conical 
hole at the surface of the iron, so that after drilling, a section through 
the hole is as shown in Pig. 230 (a). A split conical plug, having a 
small magnetizing coil and search coil fixed to its lower end, is then 
pressed into the hole so that it grips the centre pin tightly and also 
makes good contact with the side of the conical hole in the iron mass 
(Fig. 230(6)). The whole then forms a bar and yoke permeameter 
on a small scale, the centre pin of material being the bar specimen 
and the mass of the material, together with the conical plug, forming 
the yoke. Two holes in the plug allow leads from the magnetizing 
coil and search coil to be brought out. 

A measured current is passed through the magnetizing coil from 
a battery through a reversing switch, H being obtained from the 
characteristics of the magnetizing coil. The corresponding flux 
density is measured by the search coil and ballistic galvanometer, 
or fluxmeter, in the usual way. 

Magnetic Testing with Intense Fields. The methods of testing so 
far described have been suitable for testing with values of the 
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magnetizing force H up to 400 or 500 in most cases. For tests at 
greater field strengths than these special methods have to be used. 

Various “isthmus” methods, most of which are modifications of 
the original isthmus method due to Ewing, are used for this purpose, 
the title being derived from the fact that the specimen, in such 
methods, forms a narrow “isthmus” between the two specially- 
shaped poles of an electromagnet. 

Ewing’s Isthmus Method. Ewing carried out tests up to H 
= 24,500, and B about 45,000, by the use of the apparatus illus¬ 
trated in Fig. 231. 

The electromagnet carries magnetizing windings as shown. The 
Conical 


0 >) 

Fig. 231. Ewing’s Isthmus Method 

pole pieces are conical and have a cylindrical seating, so that the 
specimen may be rotated through 180° during the test. The specimen 
itself is turned down to a bobbin shape, having a cylindrical 
portion in the middle and conical ends which abut against faces on 
the pole pieces, the latter forming a continuation of the conical ends 
of the specimen. The whole of the flux in the pole pieces is thus 
forced to pass through the specimen of very much smaller section, 
thus giving a very high flux density in the specimen. The flux 
density obtainable depends upon the area of cross-section of the 
isthmus, or cylindrical part, of the specimen. 

Two search coils, having equal known numbers of turns, and of 
known cross-sections, are fitted on the cylindrical portion of the 
specimen, as shown in Fig. 231. The inner coil—for the measure¬ 
ment of B —fits the specimen closely, while the outer coil—for the 
measurement of H —is separated from the inner coil hy a small 
annular space. 

In carrying out a test a magnetizing current is passed through 
the winding on the electromagnet, the inner search coil being con¬ 
nected to a ballistic galvanometer. The specimen—with its search 
coils—is then quickly rotated through 180°, this being equivalent, 
as regards interlinking flux, to a reversal of the magnetizing current. 
The galvanometer throw is observed and the flux density obtained 
therefrom. The outer search coil encloses some air flux as well as 
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the flux in the specimen, and the difference between the flux which 
it encloses, and that enclosed by the inner search coil, is measured. 
This difference in flux, when divided by the difference in cross-section 
of the two search coils, gives the flux density in the air surrounding 
the specimen, and this air flux density is equal to the magnetizing 
force H in the specimen. The difference in the flux enclosed by the 
two search coils may be measured by connecting the two coils in 
series—opposing one another—and to the ballistic galvanometer, 
when the throw produced by a rotation of the specimen through 
180° gives a measure of the flux between the coils. Otherwise, the 
total flux enclosed by the outer coil may he measured and the 
difference in enclosed flux obtained by subtraction. The inner 
search coil must of necessity enclose some air flux as well as the flux 
in the specimen. This air flux is taken into account, using the 
measured value of H as the air flux density. The small cross-section 

of the specimens used in such 
tests renders this correction 
necessary in most cases. 

The slope of the conical pole 
and specimen end pieces for 
maximum concentration of flux 
is about 60° (between the cone 
side and axis), whilst the angle 
for the most uniform field with¬ 
in the specimen is about 39°. 
A compromise is usually made 
in practice. 

Gttmxich’s Method. This 
method is the same in principle as the method described above, but 
employs an improved method of determining H in the specimen. 
The arrangement is shown in Fig. 232. 

A laminated ring yoke is used with two diametrically opposite 
pole pieces PP f . These are 2o mm. in diameter, and have a central 
air gap of 12 mm. The pole pieces are bored centrally to take a 
specimen of diameter 6 mm. A magnetizing coil M surrounds the 
pole pieces and specimen, and upon the latter are wound four search 
coils in four layers. The radial spaces between the layers—and 
hence between the search coils—are known, and the coils have equal 
numbers of turns. 

The flux density in the specimen is measured by connecting the 
inner coil—of known cross-section—to a ballistic galvanometer, and 
reversing the magnetizing current. Then, by connecting the search 
coils in pairs, opposing one another, to the ballistic galvanometer, 
and reversing the magnetizing current in each case, the air flux 
density in inter-coil spaces can be measured. These are plotted 
vertically on a graph, taking radial distances from the surface of the 
specimen as abscissae. By extrapolation the flux density at the 


'Ring Yoke 

A Search 
Co/Is 

specimen 


Magnetiz/ng 

Winding 


Pig. 232. Gttmxtcbc’s Method 
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surface of the specimen—and hence H in the specimen—can be 
obtained. A correction can be made also, from this graph, for the 
air flux enclosed by the inner search coil. 

This apparatus can be used up to E = 6,000, and can be adapted 
to tests upon sheet material by using pole pieces with rectangular 
holes. Other methods of carrying out tests at high inductions are 
described in the publications given in Refs. (1), (2), (3), (13). 

The Testing of Feebly Magnetic Materials. For measurements 
upon material which is distinctly magnetic, but whose permeability 
is low (of the order of unity), the circuit shown in Fig. 233 may be 



Fig. 233. Apparatus fob Testing Feebly Magnetic Matebials 


used. The magnetizing winding has a search coil at its centre, this 
search coil being fixed so that the specimen can be slipped inside it 
or withdrawn without disturbing the search coil itself. This search 
coil is connected, through a ballistic galvanometer, to the secondary 
of a mutual inductance, the primary of which is connected in the 


magnetizing circuit. 

Since the material under test is only feebly magnetic, it is assumed 
that there is no demagnetization due to end effect. The procedure 
in testing is as follows. 

Current is passed through the magnetizing coil to give the required 

4-77 NI 


field strength which is given simply by E ■■ 


10 


(NI being 


the number of ampere-turns on the magnetizing coil and l its axial 
length), since the demagnetizing effect of the ends of the specimen 
is negligible. Before placing the specimen inside the search coil 
the mutual inductance is adjusted to give no galvanometer throw 
when the magnetizing current is reversed. The specimen is then 
inserted, and the galvanometer throw upon reversal of the current 
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observed. The flux density obtained from this throw will be that 
due to the ferric induction in the specimen. Calling this flux density 
B f , we have for the total flux density, when the field strength is H y 

T> | TT 

B = B f + H, and for the permeability pc = — - 

The Curie balance, and various modifications of it (Refs. (3), (15) ) y 
may be used for the measurement of the susceptibility of materials 
such as ores and rock specimens. A simplified drawing of the 
arrangement is shown in Fig. 234. 

The specimen is placed in a glass tube which is suspended from a 

jS/lk Fibre 
Copper Vane 

£- m f r % 9 %* 

r- Mirror 

=c^ "BaJance 
(Weights 

_jb, 

Fig. 234. The Curie Balance 



Light arm which also carries a balance weight and a copper vane, the 
latter moving in the gap of a permanent magnet for damping pur¬ 
poses. The moving system also carries a mirror and another balance 
weight, as shown. A permanent magnet of ring shape is mounted on 
an arm which may he rotated so that the air gap of the magnet may 
be moved towards or away from the tube containing the specimen. 

In carrying out the test a measurement is first made upon the 
glass tube alone. The magnet M is rotated until maximum deflection 
of the moving system is obtained, this deflection 6 ' being observed. 
The specimen is then placed in the tube and the maximum deflection 
6 1 of the moving system with different positions of M again observed. 
A third measurement is then made with the specimen replaced by 
some material whose susceptibility is known (distilled water, whose 
susceptibility is 0*79 X 10" 6 is often used for this purpose). 

Let the deflection now be 0 2 - Then 


Kx ___ Z ¥2 
k* ~~ mJfi 2 “ 0 ') 


( 219 ) 


where k x and k s are the susceptibilities, and m x and m $ the masses, 
of the unknown and standard materials respectively. 

It should be noted that if 6' is in the opposite direction to 6 1 and 
0 2 it must be treated as negative. 
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V. Sucksmith and R. R. Pearce (Ref. (43) ) have described a 
method, using a balance, for the measurement of magnetic sus¬ 
ceptibilities in a controlled atmosphere, or in vacuo at temperatures 
up to 1,500° C. 

The Testing of Permanent Magnets. The details of the method 
of testing permanent magnets, when manufactured, depend upon 
the shape of the magnet, this varying greatly according to the 
purpose for which the magnet is to be used. Owing to the self- 
demagnetizing force, it is necessary, in testing such magnets, to 
measure H by means of search coils, of small cross-section, laid fiat 



against the surface of the magnet as previously described. These 
search coils give the value of the air flux density at the surface of 
the magnet at different points, and thus measure E for these points. 
The flux density B is measured by search coils in the ordinary way.* 

Betteridge Apparatus fop Magnet Testing (Ref. (17) ). The 
principle of this apparatus for the commercial testing of permanent 
magnets may be understood from Fig. 235. The magnet to be tested 
is placed with its straight ends inside two magnetizing coils and so 
that its ends press against two pole pieces, in the air gap between 
which a thin iron disc, plated with copper, is mounted. This disc 
is mounted in ball bearings and the clearances between it and the 
pole pieces are small. It is driven round at constant speed by a 
small motor, and has two small brushes mak in g contact with its 
spindle and its rim. When a current flows in the magnetizing 
windings flux crosses the gap between the pole pieces, and the flux 
density in the gap will be proportional to that in the magnet. An 
e.m.f. will he induced in the revolving disc, this e.m.f. being pro¬ 
portional to the gap flux density and being measured by the milli- 
voltmeter V. 

* Retails of tests upon different shapes of magnets, upon magnet steels, 
and of tests for the determination of temperature effects upon magnets, will 
be found in the works given in Refs. (3), (13), (14), and (16). 
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Thus, the voltmeter reading gives a measure of the flux density 
in the specimen, while H is obtained by the usual formula from the 
constants of the magnetizing coils and from the current in these 
coils. 

Some leakage exists between the two arms of the magnet, but 
with proper design of the apparatus its effect upon the results is small. 

British Standard Specification No. 406—1931 gives a complete 
specification for this apparatus, and also for another apparatus of 
the moving-coil pattern which uses a fiuxmeter of special design. 

Magnetic Testing with Alternating Current. When iron is subjected 
to an alternating^magnetic held a loss of power occurs due to 
hysteresis effects in the iron. Power is absorbed, also, due to eddy 
currents, which are set up in the iron due to the fact that it is elec¬ 
trically conducting material, and that the flux threading through 
it is changing. Such eddy currents will be discussed more fully in 
Chapter XIV. 

Although the hysteresis loss per cycle in iron may be determined 
from the hysteresis loop obtained in a d.c. test, this loss may be 
somewhat different under the actual alternating magnetization 
conditions with which it will be used in practice. Also, eddy current 
losses can only be measured by the use of alternating current. For 
these reasons, inspection tests upon sheet steel which is to be used 
in the manufacture of transformers and other a.c. apparatus are 
very commonly a.c. tests. 

Separation of Iron Losses. It is often sufficient, in acceptance 
tesfs^oFsheetmaterial, to measure the total loss in the steel at the 
standard frequency (50 cycles) and with a maximum flux density 
of about 10.000 lines per square centimetre. The separation of the 
losses into their two components—i.e. hysteresis loss and eddy cur¬ 
rent loss—involves a rather more lengthy test. 

Hysteresis loss, as already seen, is given by the expression 

where IF* is the loss in watts per cubic centimetre of material, / 
being the number of cycles of magnetization per second (i.e. the 
frequency), B max the maximum flux density, and h a constant for 
any given material. This law holds approximately for values of 
B max between 1,000 and 12,000 lines per sq. cm. 

Eddy current loss, provided the sheets are sufficiently thin for 
“skin effect” (see Chapter XIV) to be negligible, is given by the 
expression 

where W e is the loss in watts per cubic centimetre, / the frequency, 
t the thickness of the sheet, and B max the ma ximum flux density. 
K f is the “form factor” of the alternating wave of flux and depends 
upon the shape of this wave. 
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Thus, if the form factor remains constant throughout a test, and 
the maximum flux density B max is kept constant, the total power 
loss being measured at different frequencies, then this total loss 
may be written 

W t = Mf + Nf 2 
where M — 

and N = UK? . ** . B max 2 

both M and N being constant for this test. 



These constants may be determined—and the total loss thus 
split up into its two components, for any given frequency—by 

Wi 

plotting — against / as shown in Fig. 236. 

W t 

Then, ~~ — M + Nf, so that the intercept on the vertical axis 


gives M ; and N can be obtained from the slope of the graph. M 
is the hysteresis loss per cycle. The eddy-current loss for any 
frequency f x is given by the intercept PQ, as shown in Fig. 236. In 
this way the two components of the total loss for any given form 
factor and maximum flux density, can be separated. 

Again, if the frequency and B max are kept constant and the form 
factor varied, the total loss being measured for various values of 
form factor, then we have 


W t = C + DK? .(220) 


If W t is now plotted vertically against values of K? horizontally 
the constants C and D may be obtained. The intercept upon the 
vertical axis (Fig. 237) gives C, and the slope of the line gives Z>. 

Thompson and Walmsley (Ref. (20)) have described a method of 
measuring and of separating the iron losses of a transformer, using 
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thermionic valve rectification to obtain the form factor of the 
voltage wave. 

The effects of variation of both form factor of the applied voltage 
and of temperature are considered in this paper. 

Methods of Measurement. Wattmeter Method. This is perhaps 
the commonest method of measuring the total loss in sheet steel 
with alternating current. The sheet material to be tested is arranged 
in the form of a ''magnetic square/’ of which there are several forms, 
Epstein being the originator of the arrangement. In this square 
there are four bundles of strips of the sheet material. These are 
bound with tape to form four cores to fit inside four magnetizing 
coils, the individual strips being insulated from one another by thin 

tissue paper. The ends of the cores, 
projecting beyond the magnetizing 
windings, are, in the Epstein appar¬ 
atus, interleaved and clamped at 
the corners. 

Fig. 238 shows a magnetic square as 
used by Lloyd and Fisher and now 
in use at the National Physical 
Laboratory and Bureau of Stan¬ 
dards. The strips of material—cut 
half in the direction of rolling of the 
sheet during manufacture and half 
perpendicular to this direction— 
are about 25 cm. long and 5 or 6 
cm. wide. They are built up into four bundles and assembled to 
form a complete magnetic circuit with the aid of bent corner pieces 
and clamps, as shown in the figure. These corner pieces should be 
of the same material as the strips, or at least of material having 
similar magnetic properties. The overlap at the comers should be 
only a few millimetres and a correction may be applied, if necessary, 
to account for the fact that the cross-section of the magnetic circuit 
is doubled at the overlapping points. 

A very small number of strips is shown in the figure for the sake 
of clearness. The bundles of strips are placed inside four similar 
magnetizing coils of heavy wire, connected in series to form the 
primary winding. Each of these coils has, underneath it, two 
single-layer coils of thin wire and having equal numbers of turns. 
These secondary coils are connected in series in groups of four 
—one on each core—to form two separate and similar secondary 
windings. 

The primary winding is connected either directly, or through a 
transformer having a variable secondary, to an alternator having a 
waveform which is as nearly as possible sinusoidal. By this means 
regulation of the magnetizing current by means of resistance, with 



Fig. 237. Separation or 
on Losses 
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consequent alteration of waveform, is avoided. If the total loss 
in the sample is to be measured, the connections are as shown in 
Fig. 239, the wattmeter pressure coil being supplied from one 
secondary winding and an electrostatic voltmeter from the 
other. 

The iron specimen must be weighed and its cross-section deter¬ 
mined before assembly. The magnetizing current is adjusted to 
give the value of B max required, the frequency of the supply being 
previously adjusted to the correct value. The wattmeter and volt¬ 
meter readings are observed. 

Theory of the Method. Then, the voltage induced in secondary 



winding S 2 , whose r.m.s. value is measured by the voltmeter, is 
given by the expression 


E = 


4-K f . B max A.f. N 2 
10 s 


volts . 


( 221 ) 


where K f is the form factor, A the cross-section of the specimen, 
in which the maximum fLux density is B max , f the frequency, and 
N 2 the number of turns on secondary winding S 2 . 

Hence the value of B max may be obtained, 


B~nnte - 


E x 10 8 
4:K f . A.f. N 2 


( 222 ) 


It may be necessary to correct this expression, especially at high 
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values of B max , for the fact that the coil S 2 encloses some air flux as 
well as the tins in the sample, since the cross-sectional area of the 
coil must be greater than that of the sample itself. 

Let A c — the cross-sectional area of the coil. 

„ A s = the cross-sectional area of the sample. 

„ H max — the maximum magnetizing force (equal to the flux 
density in the air space within the coil). 

„ B max = the actual maximum flux density in the sample. 


Fig. 239. Connections fob Wattmeter Method of Iron-loss 
Measgrezveent 

Then the total flux within the coil is 

B ma x A s -f H max (A c -A s ) = B' max A s 

where B' max is the apparent maximum flux density in the sample. 
Thus, 

E = 4JZ f . fN 2 [ B max A s + H max (A e -A s )] x 10“ 8 
= 4K f . /. J\ T 2 . A s B' max x 10‘ 8 volts 

where B’ max = B max + H max 

H max may be determined from the permeability curve of the sample. 
As regards the power loss in the iron— 

Let TF f = total iron loss. 

,, IF — wattmeter reading. 

,, V = voltage applied to wattmeter pressure coil. 

„ E — voltmeter reading 

= voltage induced in coil S lr since S ± and S 2 have equal 
numbers of turns. 

,, r p — resistance of wattmeter pressure coil. 

„ r c = resistance of coil S x . 

,» i v = current in the pressure coil circuit. 

Then E = i 9 {r v + r c ) 

V = % r 

r v 
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Hence, power loss in the iron, together with the copper loss in the 
winding S ± and in the wattmeter pressure coil 

___ pp- ^ _ jy fry ~h O _ j y fry ~}~ ^ c ) 

* V i p r v ~ r v 

= w ( i+r ?) 

Again, the copper losses in r v and r c are 

/ E \ 2 E 2 

'* {r » + r ° ] = (vk) (rj> + fc) = 


Fig. 240. Measurement or Power Loss at Different Form 
Factors 

Therefore, W, = W (l + —^ ^ . . . (223) 

V r J r » + r c 

As mentioned previously, the hysteresis and eddy current com¬ 
ponents of the loss can be graphically determined from the results of 
power measurements such as the above, at different frequencies. 

Fig. 240 gives the connections for the measurement of power loss 
at different form factors, the form factor being obtained from 
measurements of r.m.s. and mean voltages induced in the two 
windings S t and S 2> which have equal numbers of turns. Variation 
of form factor is obtained by adjustment of R and L —variable 
resistance and inductance—and of the number of turns on the 
secondary of the supply transformer. The voltmeter Lc measures 
the r.m.s. voltage, and voltmeter F DC , in conjunction with a syn¬ 
chronously-driven two-part commutator and slip rings, measures 
the mean, or average, voltage. 

Richter Apparatus. This apparatus, designed for the testing 
of complete sheets of steel instead of small strips cut from them, 
does not involve a different method of measurement but only a 






402 


ELECTRICAL MEASUREMENTS 


difference in the arrangement and assembly of the sample. The 
wattmeter method of measurement of losses is used. The sample 
consists of four sheets of steel having dimensions 100 cm. wide and 
200 cm. long approximately. These sheets are placed inside a 
hollow wooden dr um having a lattice arrangement inside to hold 
the sheets, and wooden clamps to clamp the ends of each sheet 
together. The drum is wound with about 100 turns of thick copper 
wire to carry a heavy magnetizing current. 

The dis advantages of the apparatus are that corrections for the 
air space dux must be made for all values of B maz) the copper losses 



Fig. 241a. Maxwkdl Bridge for Iron-doss Measurements 


are large, and the sheets are in a strained condition during the test, 
which means that the losses measured do not give the true losses 
under unstrained conditions. 

A.C. Bbidge Methods. The a.c. bridge network can be adapted 
to the measurement of iron loss and effective permeability of mag¬ 
netic samples. Such methods are very useful when the available 
samples are small, and when the test is to be carried out at commer¬ 
cial- or audio-frequencies, and with fairly low values of flux density. 
Tig. 241a shows the connections of the Maxwell bridge as applied 
to iron loss and permeability measurements. 

R lf R 2 , and i? 3 are resistances, the latter being variable. In series 
with R Z) in the same arm, is a variable inductance L and resistance r. 
It may be necessary to connect R z in series with the winding on the 
sample if the resistance of the latter is small. The specimen, in ring 
form, is wound with a winding whose inductance is L s and effective 
resistance R s , this effective resistance containing an iron-loss com¬ 
ponent. R w is the actual resistance of the winding on the ring. G is 
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a vibration galvanometer or telephone, and A an ammeter. The 
supply is from an alternator having a pure sine waveform. 

Balance of the bridge is obtained by adjustment of L and R 3 . 
Theory. At balance 

I-iRx — 2 2 22 a 

and I\ ( B s + jo)L s ) = J 2 t(r -f B a ) + jcoL ] 

using the symbolic notation, co = 2 tc X frequency. 

" h = £ 

^2 -Ki 

I\E s = I 2 (r -j- 22,). 

2^ = 2^ 

22 2 __ r + 22 3 
1? s 


Then 

and 

from which 


and 


22« 


A. = L 


■®.) : 


22» 


The iron loss in the sample is given by — 22 1 2 - 

Now, the current I = I x I 2 (I x and i 2 being in phase) 


Thus 


I = I X + 


Ix - 


22, 




. 2 


2?j_ -f- 2?< 

Hence, the iron loss W t is given by 

R , 


hT, = I 2 


/ S l-Y 
ViJx + -Kj 


(R,-R w ) 


(224) 


If = No. of turns on the specimen, 

l = length of mean circumference of specimen (in centimetres), 
a — cross-section of specimen in square centimetres, 
fj, = effective permeability of specimen, 
then, the inductance is 


L s 


47 T . NI r 


10 9 — 

afj, 


X 


N_ 


4:7TN 2 a 

ion p 


henries 


from which ju may be calculated when L s has been measured. 

Campbell Bridge Method. Fig. 241b shows the connections of 
a bridge method due to Campbell (Ref. (19)), this method being one 
of the best known for the purpose of iron-loss measurement by a 
bridge network. 

The ring specimen carries two windings, a primary and a secon¬ 
dary, having and N 2 turns respectively, and having the same 
cross-sectional area. M is a variable mutual inductance connected 
as shown. R x and Ii 2 are variable resistances, and A is an ammeter. 

14—(T.5700) 



404 


ELECTRICAL MEASUREMENTS 


G is a vibration galvanometer or telephone according to the supply 
frequency. The waveform of the supply voltage should be sinu¬ 
soidal, and R 2 should be made sufficiently large to ensure that the 
current waveform is also sinusoidal. M and R 2 are adjusted until 
the galvanometer G shows no deflection or until the telephone gives 
minimum sound. Under balance conditions the vector diagram is 
as shown in the figure: cj> is the flux in the sample and I the current 
in the primary winding, leading the flux by a small angle on account 
of iron loss; e l7 e 2 , and e m are the induced voltages in the primary 
winding, the secondary winding, and in the secondary of the mutual 



inductance M respectively. Balance is obtained when the vector 
sum of e m and is equal, and opposite, to the vector IR 2 repre¬ 
senting the voltage drop in resistance R 2 . 

From this vector diagram (since e m = coMI and e 2 — cum/, m 
being the mutual inductance between the primary and secondary 
windings on the specimen), we have, 
e m = e 2 (very nearly) 
or m = 21 


and also, the iron loss 


W t = ej/cos e = &J. . ^ = PB 2 ^ 


IB ., 
e 2 




Now ej — e 2> therefore the iron loss in the specimen is given by 


W t = ^B 2 .P 


(225) 


Let a be the cross-section of the specimen and l its mean circum¬ 
ference, a' being the cross-section of the windings on the specimen. 
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Then, flux per ampere flowing in the primary winding, linking the 
two windings 

4 ttNJ 


\afi -j- a — aJ 

, 4 TrNJau a' - a) 

or * =-M- 

where /j, is the permeability of the specimen. Hence, the mutual 
inductance 

_ _ 4:rrN x N 2 (afx + a'-a) 


If the current I is measured as an r.m.s. value, and is of sinusoidal 
waveform, 


H max in the specimen = 


4tt . h\ . /„ 


4ttN x IV2 

10 1 

If, also, B max is the maximum flux density in the specimen, the flux 
threading the secondary, per ampere in the primary, is 

^Bmax ~l~ jfo ^y^jnax 

V21 


N z [aB„ 


(a' - a)H mxx ] 


V2I x 10 s 


Tor the description of other bridge methods of iron-loss measure¬ 
ment, see Ref. (3). 

Measurements on Iron Powders. T. H. Oddie (Ref. (44)) has 
described researches on the permeability and magnetic loss coeffic¬ 
ients of carbonyl- and hydrogen-reduced iron powders, at frequencies 
horn 200 c/s to 40 Mc/s. The method used, over the range 200 to 
100,000 c/s, employs the resonance bridge circuit shown in Tig. 242. 
The powders under test were moulded in the form of (a) cylindrical 
cores with an axial hole or ( b ) toroidal cores of rectangular cross 
section. 

The resonance bridge network is used in combination with a beat- 
frequency type oscillator-analyser. The apparent resistance and 
inductance of the coil containing the test core are obtained from 
the settings of tne standard capacitor, of the variable resistances 
and the potential drop across R s for balance. These apparent 
values for the coil have to be corrected for losses in the mica standard 
capacitor, the self capacitance of the coil (found from the apparent 
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increase of inductance with frequency) and the small inductance 
due to the air path in the magnetic circuit in parallel with the core. 
The corrected value of inductance 

L m = 4-61 X 10- 9 . u m . A' 2 . h log 10 ^ 

where X = number of turns on the coil, d 1 and do are external and 
internal diameters of the core, k is the length of the core. 



Cj = air capacitor, C t — mica capacitor, C z — trimmer capacitor, L — test coil, 

R x = ratio arms, R t = fine adjustment slide wire, R s — resistance box, 

T = input transformer, V — valve voltmeter. 

The permeability of the core t u m can be found from this expression. 
The maximum flux density 

-'S3 X 10 8 . / . L m 

-do) 

where I is the r.m.s. current (in amperes) in the windings. 

The magnetic losses in the core are found from analysis of the 
measured resistance R into component losses by methods given in 
Refs. (44), (45), and (46). 

Measurement of Iron Loss by A.C. Potentiometer. The a.c. 
potentiometer, which has already been described, may he used for 
the measurement of the power loss in samples of iron at low flux 
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densities and forms a very satisfactory method. The connections 
are given in Fig. 243, in which the potentiometer is assumed to be 
of the Tinsley-Gall pattern. This potentiometer is very suitable 
for such measurements, since it measures the magnetizing- and iron- 
loss components of the exciting current separately. 

The sample—of ring form—carries two windings. The primary 
winding has N x turns and the secondary N 2 turns, the supply to the 
former being through a regulating transformer, from an alternator 





"Quadrature” 
Po tentiometer 


—, 


A 

Supply 
Phase 2 


Fig. 243. Iron-loss Measurement by A.C. Potentiometer 


which also supplies current to the two potentiometer slide-wire 
circuits. The alternator should have a sinusoidal voltage waveform 
in which case the current waveform will be approximately sinu¬ 
soidal, if the flux density in the sample is low. A variable resistor 
R and a standard resistor are connected in series with the primary 
winding, the latter being for the purpose of measuring the current 
in the primary winding by measuring the magnitude and phase of 
the voltage drop across it. G is a vibration galvanometer. 

The flux density B max in the sample is obtained from the 
expression 

_ ^XlO 8 
max 4cK f . A .f.N 2 
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where E is the e.m.f. (r.m.s. value) induced in the secondary wind¬ 
ing, A is the cross-section of the sample and f the supply frequency. 
If the form factor K+ is 1-11—i.e. if the supply voltage wave is 


sinusoidal— B max 


u fx 10 s 

is given by — 


The voltage E is measured by moving the switch S on to contact 
1, setting the "quadrature 55 potentiometer at zero, and adjusting 
the "in-phase 55 potentiometer until the vibration galvanometer 
shows no deflection, it being assumed that the necessary standard¬ 


izing adjustments of the potentiometer have first of all been made 
as described in Chapter YIIL The setting of the “in-phase 55 


potentiometer for balance then gives the value of the voltage E 


directlv. 


The switch is then thrown over to contact 2, and both the “in- 
phase 55 and “quadrature 55 potentiometers adjusted to give zero 
galvanometer deflection. The reading of the “in-phase 55 potentio¬ 
meter then gives the value of I e R s , where I e is the loss component 
of the current in the primary winding and R s is the value of the 
standard resistance. The reading of the “quadrature 55 potentio¬ 
meter gives the value where J M is the magnetizing component 

of the primary current. 

Hysteresis Loss in Small Specimens. In development work on 
electrical sheet steels, it may be necessary to determine both the 
rotational and alternating hysteresis loss in the sheet when the 
available samples are quite small. Owing to the considerable 
variation in magnetic properties in different directions relative to 
the direction of rolling, it is also convenient to be able to carry out 
tests upon the same sample with different directions of magnetiza¬ 
tion. F. Brailsford (Refs. (39) and (40) ) has described methods of 
measurement of such rotational and alternating hysteresis losses, 
utilizing for the purpose a modified torque magnetometer. The 
samples used are in the form of discs of 1J in. diameter, three such 
discs being used as one sample. These are mounted on a brass rod 
which is suspended, by a phosphor-bronze suspension, in the air 
gap of an electromagnet with which field strengths up to H = 450 
can be obtained. Since the method of testing does not involve 
continuous rotation, eddy-current losses are absent. 

The reader is referred to Brailsford 5 s papers for a full description 
of the apparatus and for the theory of the method. 


BIBLIOGRAPHY AND REFERENCES 

{1) Properties and Testing of Magnetic Materials, T. Spooner. 

(2) Applied Magnetism , T. F. Wall. 

(3) Dictionary of Applied Physics , VoL H. 

(4) Electrical Measurements, F. A. Laws. 

(5) The Magnetic Circuit, H. du Bois. 

(6) Magnetic Induction in Iron and Other Metals, J. A. Ewing. 



MAGNETIC MEASUREMENTS 409 

(7) “The Measurement of Flux Density in the Air Path of a Magnetic 
Circuit,” W. P. Conly, Jour . I.E.E., Vol. LXI, p. 161. 

(8) “Errors in the Magnetic Testing of Ring Specimens,” E. Hughes, 
Jour. I.E.E., Vol. LXV, p. 932. 

(9) S. P. Thompson and E. W. Moss {Proc. Phys. Soc., Vol. XXI, p. 630). 

(10) “A New Universal Permeameter,” A. Illiovici, Bulletin de la SocieU 
Internationale des Electriciens (1913), Vol. Ill, p. 581. 

(11) “An Improved Form of the Picou Permeameter,” R. V. Picou, jRevue 
Generate de VElectricite (1926), Vol. XX, p. 346. 

(12) “The Determination of the Magnetic Induction in Straight Bars,” 
C. W. Burrows, Bull. Bur. Stands. (1909), Vol. VT, p. 31. 

(13) “The Magnetic Testing of Bars of Straight or Curved Form,” A. Camp¬ 
bell and D. W. Dye, Jour. I.E.E. , Vol. LIV, p. 35. 

(14) “Precision Permeability Measurements on Straight Bars and Strips 
in the Region of High Permeability,” C. E. Webb and L. H. Ford, Jour. I.E.E. 
Vol. LXVII, p. 1302. 

(15) P. Curie, Proc. Phys. Soc., 1909-10, XXII, p. 343. 

(16) “Propri4tes Magn£tiques des aciers tremp4s,” Mme. Curie, Comptes 
Rendus (1879), CXXV, 1165-1169; “Magnetic Properties of Tempered Steels,” 
Mme. Curie, Electrical Review (1899), XX.IV, 40-42, 75-76, and 112-113. 

(17) “Apparatus for the Commercial Testing of Permanent Magnets,” 
Betteridge, Electrician , No. 17 (1916). 

(18) B.E.S.A. Standard Specification No. 406 (1931), “Apparatus for Work¬ 
shop Testing of Permanent Magnets.” 

(19) A. Campbell, Proc. Phys. Soc. (1910), XXII, 24. 

(20) “Notes on the Testing of Static Transformers,” J. D. Thompson and 

H. Walmsley, Jour. I.E.E., Vol. LXIV, p. 505. 

(21) “Testing Magnetic Sheet Steels,” B. G. Churcher, World Power , Vol. 
IX, No. XLIX. 

(22) “An Accurate Method of Testing Bent Permanent Magnets,” C. E. 
Webb and L. H. Ford, Jour. I.E.E., Vol. 68, p. 773. 

(23) “The Power Losses in Magnetic Sheet Material at High Flux Den¬ 
sities,” C. E. Webb, Jour. I.E.E., Vol. XLIV, p. 409. 

(24) “A Flux Voltmeter for Magnetic Tests,” G. Camilli, Jour. Am. I.E.E., 
October, 1926, p. 989. 

(25) “The Magnetization of Iron at Low Inductions,” L. W. Wild, Jour . 

I. E.E., Vol. LH, p. 96. 

(26) “Investigation by Electrolytic Means of the Magnetic Leakage of 
Salient Poles,” A. A. Ahmed, World Power, December, 1924, p. 338. 

(27) “Iron Losses in D.C. Machines,” E. Hughes, Jour. I.E.E., Vol. LXIII, 
p. 35. 

(28) “The Magnetic Behaviour of Iron under Alternating Magnetization 
of Sinusoidal Wave-form,” N. W. McLachlan, Jour. I.E.E., Vol. LILT, 
p. 809. 

(29) “Representation of the Total Losses in Iron, due to Alternating Mag¬ 
netization, by an Expression of the Form W = cB n N. W. McLachlan, 
Jour. I.E.E., Vol. LIV, p. 350. 

(30) “The Effect of the Time of Passage of a Quantity of Electricity on 
the Throw of a Ballistic Galvanometer,” F. Wenner, Phys. Rev. 25, 139. 

(31) “On the Theory and Measurement of the Magnetic Properties of 
Iron,” D. C. Gall and L. G. A. Sims, Jour. I.E.E., Vol. LXXIV, p. 453. 

(32) “Alternating-Current Permeability and the Bridge Method of Magnetic 
Testing,” C. E. Webb and L. H. Ford, Jour. I.E.E., Vol. LXXVI, p. 185. 

(33) “Magnetic Characteristics of Nickel-Iron Alloys with Alternating 
Magnetizing Forces,” E. Hughes, Jour. I.E.E., Vol. LXXIX, p. 213. 

(34) “The Variation of the Magnetic Properties of Ferro-magnetic Laminae 
with Frequency,” C. Dannatt, Jour. I.E.E., Vol. LXXIX, p. 667. 

(35) “Nickel-Iron Alloys of High Permeability, with special reference to 
Mumetal,” W. F. Randall, Jour. I.E.E., Vol. LXXX, p. 647. 



4.10 ELECTRICAL MEASUREMENTS 

(36) “A New Magnetic Flux Meter,” G. S. Smith, Trans. A.I.E.E., Vol. 
LVT, p. 441. 

(37) “A New Photo -electric Hvsteresigraph,’ 5 R. F. Edgar, Trans. A.I.E.E 
Vol. LVI, p. 805. 

(38) “Use of Bismuth Bridge Magnetic Fluxmeter for A.C. Fields,” G. S. 
Smith, Trans. A.I.E.E., Vol. LVXEI, p. 52. 

(39) “Rotational EEvsteresis Boss in Electrical Sheet Steels,” F. Brailsford, 
Jour. I.E.E., Vol. L.XXXIXI, p. 566. 

(40) “Alternating EEvsteresis Loss in Electrical Sheet Steels,” F. Brailsford, 
Jour. I.E.E. , Vol. LXXXIV, p. 399. 

(41) 44 The Grassot Fluxmeter,” E. W. Golding, Electrician , 27th October, 
1933. 

(42) Permanent Magnets, F. G. Spreadbury. 

(43) 44 The Paramagnetism of the Ferromagnetic Elements,” W. Sucksmith 
and R. R. Pearce, Proc, Roy. Soc., Vol. 167, 1938, p. 189. 

(44) “Magnetic Measurements on Iron Powders,” T. H. Oddie, Jour . Sci. 
Insts ., Vol. 21, Xo. 9, p. 154, Sept., 1944. 

(45) BellSyst. Tech.J., V. E. Legg., Vol. 15, p. 39, 1936. 

(46) Electronic Engineering, V. G. Welshv, pp. 16, 96, 149, 191, 230 and 281, 
1943. 

(47) “Measurements of Magnetic Permeability,” Measurements Section 
Discussion Meeting, 20th January, 1953, Proc. I.E.E., Part II, Vol. 100, 
Xo. 75, June, 1953. 

(48) “Some Developments and Simplifications in Permeameters,” A. M. 
Armour, A. J. King, and J. W. Walley, Proc. I.E.E., Vol. 99, Xo. 20, Part IV, 
Monographs, 1952, p. 74. 

(49) “British Achievements in Electrical Measuring Instruments,” S. White- 
head, Proc. Joint Engineering Conference, 1951, p. 473. 

(50) “Some Aspects of the Theory of Iron Testing by Wattmeter and 
Bridge Methods,” X. F. Astbury, Jour. I.E.E., Vol. 95, Part II, p. 607. 



CHAPTER X 

ILLU3MDKTATI0N 

In the subject of illumination we are concerned with the light which 
is obtained from incandescent bodies of various forms. The light 
emitted from such bodies depends very largely upon their tempera¬ 
ture. A body which is hotter than the medium surrounding it 
radiates energy into that medium. This energy is radiated in the 
form of heat waves only, if the temperature of the body is below 
that at which it becomes “red-hot.” At the “red-hot” temperature 
the body is emitting light waves in addition to heat waves. The 
wave-length of the heat waves emitted at lower temperatures is 
comparatively great, but, as the temperature rises, the wave-length 
of the shortest wave which is being emitted diminishes until it 
enters the band of wave-lengths which are classed as light waves 
and gives the impression of red light. At higher temperatures 
still, the wave-length of the shortest wave emitted from the 
body gives the impression of white light, when the body is said 
to be “white-hot.” Throughout, heat waves are emitted as well as 
light waves. The velocity of all these radiated waves—heat and 
light alike—is the same, namely, 3 X 10 10 cm. per sec. The wave¬ 
lengths of the visible light waves are between 0*0008 mm. and 
0*0004 mm. The ratio 

Energy radiated in the form of light 
Total energy radiated by the body 

is called the radiant efficiency of the body, and obviously depends 
upon the temperature of the body. The maximum radiant efficiency 
is obtained at such a temperature that the wave-length of the 
shortest wave radiated by the body is 0*0004 mm., since further 
increase in temperature will only increase the total energy radiated 
without increasing the amount of energy which is radiated in the 
form of light. 

Before proceeding with the consideration of the laws of illumina¬ 
tion, some definitions of the quantities to be dealt with must be 
given. These have recently been revised (see Ref. (15)). 

Definitions. Light is defined as that part of the energy radiated 
from a body which produces the sensation of light upon the human 
eye. Light is thus energy. 

Luminous Flux (Symbol F or <D) is the light energy radiated per 
second from a luminous body. Luminous flux is therefore a form of 
power . 

The Luminous Intensity (Symbol I) in any given direction is the 
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luminous flux radiated per unit solid angle (i.e. the solid angular 
densitv of flux) measured in the direction in which the intensity is 
required. Referring to Fig. 244, if 0 is a point source of light and OX 
is the direction in which the intensity is required, then the luminous 
flux contained within the solid angle Sco, divided by Sco, is the 
intensity in the direction OX . The angle Sco is a very small solid 
angle conta inin g the direction OX. If a is the area, at radius r, which 

subtends the solid angle bco at O, then Sco — —. If E is the flux 

F F 

within the solid angle, then intensity in direction OX is = —r 2 . 
The Lumen (abbreviation 1m). The unit of flux is the lumen, 



Fig. 244 


which is the flux emitted in unit solid angle from a point source 
having a uniform intensity of one candela. 

The Candela (abbreviation cd) is defined as the unit of luminous 
intensity “such that the luminance of a full radiator at the temper¬ 
ature of solidification of platinum is 60 units of luminous intensity 
per square centimetre. 55 

Candle-power is “the light-radiating capacity of a source in a given 
direction, in terms of the luminous intensity expressed in candelas. 55 

[In the past the lumen was defined as the flux, per unit solid angle, 
from a point source of 1 candle-power so that the total flux from the 
source was 4 tt lumens.] 

Luminance (symbol L) which now replaces the old term “Bright¬ 
ness 55 is defined, for a point of a surface and in a given direction, as 
“the quotient of the luminous intensity in the given direction of an 
infinitesimal element of the surface containing the point under 
consideration, by the orthogonally projected area of the element 
on a plane perpendicular to the given direction. 55 

The recommended unit of luminance is the Foot-lambert (abbrevi¬ 
ation ft-L) which is “the luminance of a uniform diffuser emitting 
one lumen per square foot. 55 

The Mean Horizontal Candle-power (m.h.c.p.) of a source of light 
is the average value of the candle-powers in all directions in a hori¬ 
zontal plane passing through the source of light. 

The Mean Spherical Candle-power (m.s.e.p.) of a source is the 
mean of the candle-powers in all directions from the source of light, 
and is the same as the candle-power of a source of light which radiates 
the same total flux uniformly in all directions. 
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The Mean Hemispherical Candle-power (m.h.s.c.p.) of a source 
may be measured for the space either above or below a horizontal 
plane, through the source. It is, therefore, the mean of the candle- 
powers taken in all directions within the hemisphere, either above 
or below the horizontal plane containing the source of light. 

The Candle-hour is a unit of quantity of light, and is the quantity 
of light emitted in one hour by a source of unit mean spherical 
candle-power (i.e. emitting unit flux in a unit solid angle). 

The Lumen-hour is also a unit of quantity and is the light emitted 
when a flux of one lumen continues for one hour. 

The Reduction Factor of a source of light is the ratio 

Mean spherical candle-power 
Mean horizontal candle-power 


for the source. 

The Illumination (symbol E) of a surface is measured by the flux 
received per unit area of surface, in lumens per square foot (abbrevi¬ 
ation lm/ft. 2 ). 

This unit (lm/ft. 2 ) is now preferred to the previous unit, the foot- 
candle, which is its equivalent. The definition of the foot-candle 
was “the illumination of the inner surface of a sphere of 1ft. radius 
when a point source of light of 1 candle-power is placed at the 
centre of the sphere.” Another unit of illumination, the Lux, is 
one lumen per square metre. 

Laws of Illumination. (I) The illumination of a surface is in¬ 
versely proportional to the square of the distance of the surface 
from the source of light, provided the latter is a point source or is 
sufficiently distant from the surface to be regarded as such. 

This is obviously true, since the solid angle subtended at the point 
A 

source by the surface is — (where A is the area of the surface and r 

its distance from the source) and hence, for a given flux per unit 

solid angle from the source, the flux per unit area cc 

(2) Lambert’s Cosine Law. This law states that, if a surface is 
inclined at an angle 90 - 6 to the direction of the luminous flux, then 
the illumination of the surface is reduced from that given according 

to law 1 (above) in the ratio .- . From Fig. 245 it can be seen 

that if F is the l umin ous flux fa llin g upon the surface when in 
position 1, then the flux falling upon the surface when in position 2 
will be F cos 6 where 6 is the angle between the two positions. 
Hence, if A is the area of surface, the illumination in position 1 will 

be —, and m position 2,- - — 

al -A 
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Standards. The earliest standard was the simple candle which 
was carefully specified but which was incapable of providing the 
accuracy which was demanded as lighting techniques developed. It 
was superseded by flame standards—two of which are briefly des¬ 
cribed below. These flame standards are retained as standards of 
reference but for most practical purposes they have been replaced 
by electric lamps with tungsten filaments. 

The Peimary Standard. Proposals were frequently made that a 
specified area of a full radiator (black body) at a definite temperature 
should be used as a primary standard. This temperature was 


(I) 



F/ame 

Gauge 



Fig. 246. Hefner Standaed 
Lamp 


finally accepted as that of the melting point of platinum (2,042° K) 
which is accurately reproducible, and in 1931 a standard on this 
basis was realized at the Bureau of Standards in America. J. W. T. 
Walsh (Ref. (17 )) describes the form of this standard, in which the 
platinum is melted in a high-frequency induction furnace, and makes 
the suggestion that the use of iridium, with a melting point of over 
2.700' K would overcome a disadvantage of the melting platinum, 
namely that its comparatively low temperature causes it to have a 
considerable colour difference from that of modern light sources. 

As already stated on p. 412, the unit of luminous intensity (the 
candela) is defined in terms of this platinum standard, the radiator 
having, at the melting point, an intensity of 60 candelas/cm. 2 . 
In the old system of units this source has a brightness of 58*8 
candles cm. 2 but the round number (60) was chosen for the new unit. 

Flame St and abbs. There are two flame standard lamps which 
merit description. These are the Hefner and the Harcourt pentane 
lamp. 

Hefner Standard Lamp. This lamp was adopted as the German 
standard of candle-power. Its construction is illustrated in Fig. 
246. It consists of a brass tank containing the fuel, which is a 
specially pure grade of amyl acetate. The height of the flame— 
which should be 4 cm. from .the tip to the top of the tube—is 
adjusted by means of a screw which adjusts the height of the wick. 
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The flame height is observed through a gauge containing a lens, and 
a ground glass screen with a horizontal hair line to fix the tip of the 
flame. It is necessary to protect the flame from draught, as the 
candle power varies directly with the height of the flame within 
limits of a few per cent above or below the standard height. 

The formula for candle-power is 

c.p. = 1 + 0*0055(8*8 ~e)~ 0*00015(760 - b) (228) 

where the candle-power is in Hefner units, e the humidity in litres 
of water vapour per cubic metre of moist air, and b the atmospheric 
pressure in millimetres of mercury. The correction for carbon dioxide 
in the atmosphere is made by adding 0*0072(0*75 - k) to the above 
expression for candle-power, k being the number of litres of carbon 
dioxide present in one cubic metre of air, but this correction is some¬ 
what uncertain and should be avoided if possible. 

Under standard conditions, the candle-power (i.e. 1 Hefner candle- 
power) of this lamp is 0*9 British candle-power. The British candle- 
power was adopted as the International unit before the acceptance, 
in 1948, of the “candela” as the International unit. The disadvant¬ 
ages of the lamp as a primary standard are the unsteadiness of its 
flame, the colour of the flame—which is reddish—and its low candle- 
power. It has the advantages, however, of simplicity, both in con¬ 
struction and operation, while it is easily reproducible and is durable. 

The Harcourt Pentane Lamp . This lamp, the construction of 
which is shown in the simplified sketch of Fig. 247, was adopted 
as the British standard of candle-power. Its candle-power under 
the standard conditions of temperature, atmospheric pressure, and 
humidity, is 10. 

There is no wick in this lamp. The burner, which is made of 
steatite, and has thirty holes drilled in it, is fed with pentane vapour 
from a tank containing liquid pentane. Stop-cocks on the air inlet 
tube to the tank, and on the vapour outlet tube, regulate the rate 
of flow of vapour and so control the height of the flame. A window 
in the pentane tank serves as a gauge for the level of liquid in the 
tank, which should be maintained about hah full. Air, which enters 
the tank, passes over the liquid pentane and carries pentane vapour 
with it to the burner through a rubber tube. The chimney tube, 
held over the flame, has a small mica window with cross-bar, the 
latter being 3*8 cm. above the bottom end of the chimney. A 
cylindrical wooden gauge is used to adjust the level of the bottom of 
the chimney to 4*7 cm. above the top of the burner. When the 
lamp is burning the flame tip should reach a level half-way between 
the window cross-bar and the bottom of the window. This is the 
standard height of the flame, and is obtained by adjustment of the 
fuel stop-cocks. Air passes both up the centre of the burner and 
outside the burner through the guiding tubes shown. A tube sur¬ 
rounding the chimney carries air for the supply to the centre of the 
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burner. A blackened screen, surrounding the top of the burner, 
protects the flame from draught. 

In using the lamp the hollow supporting column should be vertical, 
levelling screws at the base being provided for adjustment purposes. 
The chimney should, also, be exactly central over the burner, and 
this condition also is obtained by adjusting screws (not shown). In 
making photometric measurements with the lamp, the photometer 
should be at a distance of 1 metre from the centre of the burner. 



The equation for the candle-power of the lamp, allowing for 
temperature, pressure, and humidity values, but neglecting atmo¬ 
spheric carbon dioxide, as given by Walsh (Ref. (1)) is 

c.p. = 10 [1 + 0-0052(8 - e)+ 0-001 (15 ~t)~ 0-00085(760-6)] (229) 

where e is the humidity in litres of water vapour per cubic metre of 
moist air, b is the atmospheric pressure in millimetres of mercury, 
and t is the temperature in degrees centigrade. 

This lamp has the advantages, as compared with the Hefner, of 
higher candle-power, better colour, and greater steadiness of flame. 
It is also less affected, as regards candle-power, by the height of 
flame. Its disadvantages are its lack of portability, complicated 
construction, and its bulk. 

The Cared Lamp was used in France as a flame standard, but 
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is not used now to any appreciable extent owing to the difficulty of 
obtaining a sufficient standard of purity in its fuel—colza, or rape- 
seed oil, supplied to the wick by a pump driven by clockwork. 

1 Carcel candle = 9*66 British candle-power units 

Incandescent Lamps. Incandescent filament lamps have been 
used, during recent years, as working standards of candle-power, 
and are very convenient for the purpose. No lamp which can be 
used as a primary standard has so far been constructed. Standard 
lamps are preserved and used at the National Physical Laboratory 
in this country, and in similar institutions abroad. One such lamp 
used at the National Physical Laboratory (Bef. (1)) consists of a 
cylindrical bulb of 10 cm. diameter, containing a single loop of 
carbon about 10 cm. long. It is used with the plane of the filament 
perpendicular to the direction in which the candle-power measure¬ 
ment is being made. The distance of this lamp from the photometer 
is kept fixed, so that the illumination at the photometer is 10 metre- 
candles. The candle-power of this lamp is about 15. 

Sub-standards. Standards of candle-power for use in general 
laboratory measurements must be conveniently portable and robust. 
Incandescent lamps are now very largely used for this purpose, their 
candle-power being first of all obtained by comparison with some 
primary standard and thereafter checked from time to time against 
such a standard. 

The principal requirement of such sub-standard lamps is that 
their candle-power shall not vary appreciably with time, and that the 
light which reaches the photometer from the lamp shall be of a 
uniform character. 

A special construction is adopted for sub-standards which are 
to be used in precise work. The filament is of tungsten, and is 
mounted in a single plane, this plane being at right angles to the 
axis of the photometer bench when measurements are being made. 
This is necessary in order to fix, definitely, the direction in which 
the candle-power of the lamp is that measured when the lamp was 
standardized. For the same reason these lamps are permanently 
fixed in a special holder which can be attached to the photometer 
bench, and which ensures that the directions in which the light is 
radiated by the lamp to the photometer “head,” or measuring device, 
is always the same as when the lamp was standardized. This pre¬ 
caution is necessary, since the candle-power of the lamp will not be 
the same in all directions, due to the effects of the supports for the 
filament, to slight differences in thickness of the glass bulb, and to 
other causes. The leads to the terminals of the lamp are also per¬ 
manently connected to avoid unsteadiness of contact. Further, in 
order to ensure constancy of candle-power, the joints between 
filament and leading-in wires are welded, the bulb is made specially 
large in order to reduce the density of any blackening deposit upon 
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fche glass and, after manufacture, the lamps are “aged” before 
standardization by being run for 100 hours or more. In use, these 
lamps must be run at a specified potential, which must not be 
exceeded bv even a small percentage, if the candle-power is to remain 
constant. 

In sub-standard lamps of low candle-power the filament may be 
a single loop of tungsten or carbon. 

In order that sub-standard lamps shall not be used any more 
than is absolutely necessary, comparison lamps are often used for 
laboratory purposes, these lamps being such that their candle-power 
remains reasonably constant. Such lamps may be checked at 
frequent intervals against the sub-standard. 

Acetylene Substandard . In cases where the use of electric lamps 
is inconvenient, an acetylene sub-standard of the type shown in 
Fig. 248 (Eastman-Kodak type) may be used. The burner, which 
gives a flame some 5 cm. high and 3 or 4 mm. diameter, is of 
the Bray, air-mixing type. A metal cylinder, having a wedge-shaped 
opening^ in one side, surrounds the flame. The height of this opening 
is adjusted to a little below the middle of the 
flame, where the intensity is steadied. The lamp 
bums gas at a pressure of 9 cm. of water. The 
colour of the light is very nearly the same as that 
of a vacuum tungsten lamp. 

The Measurement of Candle-power. For this 
purpose, apparatus consisting of a photometer 
bench and a “photometer head” is used, in con¬ 
junction with a standard or sub-standard lamp. 
The principle upon which most of the methods of 
measurement are based is the Inverse Square 
Law. Fig. 249 represents, diagrammatically, two 
lamps S and T set at a distance apart, with some 
type of screen in line with, and between, them. 
Let S be a standard lamp (of known candle-power) 
and T the lamp whose candle-power, in the direc¬ 
tion of the line joining it to the standard lamp, is 
required. If the screen is moved in between the 
lamps until the illumi n ation is the same on both 
sides of it, then, from the Inverse Square Law, 
Candle-power of T Z 2 2 

Candle-power of S l-f 

where Z 3 and l 2 are the distances of the screen from S and T 
respectively. 

The screen or detecting device, used for determining the point at 
which the lamps give equal illumination, is called the “photometer 
head,” and the graduated bench upon which it slides is called the 
“photometer bench.” Many different types of photometer head 
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can be used in conjunction with one photometer bench. A number 
of these will be described, but, first of all, the photometer bench 
merits description. 

The Photometer Bench. The most usual type of photometer 
bench consists of two steel rods, some three or four metres long, 
which carry the stands or saddles holding the two lamps to be 
compared, the carriage for the photometer head, and for any other 
apparatus which may be used in making measurement. One of the 
bars carries a brass strip which bears a scale graduated in milli¬ 
metres. The main requirements of such a bench are that it shall 
be rigid—in order that the lamps being compared may be free from 
vibration—and that the carriage which holds the photometer head 
may be moved along smoothly and with very little effort. Since 
the method of measurement involves the square of distances, it is 



Fig. 249. Measurement of Candle-power 


necessary that these distances shall be measured very accurately 
if the results of the candle-power measurement are to be accurate. 
The carriages which slide upon the bench have, except in the case 
of the one which carries the photometer head, a circular table which 
can be rotated in a horizontal plane and clamped in any position. 
This table carries a scale, graduated in degrees, round its edge, for 
measurement of the angle of rotation. The carriages also carry 
sockets, etc., for the attachment of the lamp, under test. Since it 
is very important that no light, other than that from the lamps 
under comparison, shall reach the screen of the photometer head, a 
system of opaque black screens is often used. For the same reason 
the photometry room is usually darkened and its walls are painted 
dead black. 

In using the bench, the photometer head is moved along until 
the ill umin ation from the two sources is the same as nearly as can 
be judged. To obtain the distance more exactly, two points are 
found at which there is a perceptible difference in the illumination 
from the two sides, and the point half-way between them is then 
taken as the position for equal illumination. 

Photometer Heads. Most photometer heads consist of some 
device by means of which the illumination of two surfaces, side by 
side—one illuminated by the standard lamp and the other by the 
test lamp—may be compared under exactly similar conditions and 
without movement of the eye. Each of these surfaces should receive 
light from only one of the two sources, and they should be separated 
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from one another only by some sharply-defined boundary. The 
heads most commonly used are the Bunsen and the Lummer- 
Brodhun (contrast type), there being little difference between these 
two types from the point of view of accuracy of measurement. 
When" the lamps to be compared give lights of the same, or very 
s imilar , colour, these two photometer heads are the best for the 
purpose, but if the colours of the two lights are appreciably different 
a Flicker photometer will probably give better results. 

Bunsen Head. This device consists essentially of a piece of thin 
opaque paper which has a translucent “spot” at its centre, this 
“spot 35 being obtained by treating the centre portion of the paper 
with oil or wax. The device is often called the “Grease Spot Photo¬ 
meter . 55 If the paper is placed between the two lamps to be com¬ 
pared, with its plane perpendicular to the line joining them, the 


Test lamp 
©~— 



Standard 

lamp 


Fig. 250 

opaque part of the paper will be illuminated from one source only, 
while the transparent part will be illuminated from both sources. 
The positions at which the transparent spot is no longer perceptible 
are then obtained, viewing the paper first from one side and then 
from the other. The candle-power of the test lamp may then be 
obtained from the expression 

(o-P-)i = (c.p.) 3 . YJ-, 
l 2 l 2 

where (c.p.) T and (c.p.) s are the candle-powers of the test lamp and 
standard respectively, Z 1 and lj being the two distances of the 
photometer head from the former and l 2 and l 2 ' the two distances 
of the head from the latter. 

A second method of using the Bunsen head is to illu min ate one 
side of the paper from a fixed lamp, the photometer head also being 
kept in a fixed position, and then measuring the distances, on the 
opposite side of the paper, at which, first the test lamp, and then a 
standard lamp, must be placed in order to cause the grease spot to 
disappear. If 4 and 1 2 are these distances, then 
(c-P-)t __ y 
(c.p.)s 4 2 

A third, and perhaps the best, method of using the photometer 
head is to use two mirrors, placed behind the paper as shown in 
Fig. 250, so that the two sides may be viewed at the same time. 
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The position of the head for equal contrast in illumination between 
the opaque and transparent portions of the paper on the two sides 
is then determined, and the candle-power of the test lamp calculated 
from the same expression as before. It may be necessary to reverse 
the photometer head and repeat the experiment, taking the geo¬ 
metric mean of the two results as the correct value. 

Lummer-Brodhun Photometer Head . This head may be co ns idered 
as an improved 4 ‘grease spot” photometer in which the spot is 
completely transparent. There are two types of this head, the 
equality-of-brightness type and the contrast type, the latter being the 
better, and being very generally used in photometric measurements. 

Fig. 251 illustrates the equality-of-brightness type. In the photo¬ 
meter head there are two mirrors, M 2 and M 2) a plaster-of-paris 
screen S , and a compound prism P. This compound prism is made 



Fig. 251. Lummer-Brodhun Photometer Head : Equaeity-op- 

BRIGHTNTESS TYPE 

up of two right-angled glass prisms. The principal surface of one 
of these prisms is spherical, but has a small flat portion at its centre, 
this flat surface making optical contact with the flat surface of the 
other prism as shown. Light entering the head from the two lamps 
illuminates both sides of the screen S. The light from the test lamp 
(say) is reflected by the screen surface, upon which it falls, to mirror 
M 1 which again reflects it to the compound prism. Only that por¬ 
tion of this reflected light which falls on the flat central portion of 
the spherical prism is allowed to pass through to the telescope, the 
rest of the light being reflected back. Again, light from the standard 
lamp, after being reflected from S and falls on the compound 
prism. That portion of its light which falls on the surface of contact 
of the two prisms passes through the compound prism, the rest being 
reflected through the telescope as shown. The effect in the telescope 
is to show the centre portion of a circular area illuminated by the 
test lamp and a surrounding area illuminated by the standard 
(Fig. 252). Thus the arrangement gives the same effect as the 
“grease spot” photometer. The photometer head is moved until 
the dividing line between the centre portion and surrounding ring 
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of light disappears. This will only disappear completely if the two 
lights being compared are of the same colour. 

In the “contrast” type of Lummer-Brodhun head the compound 
prism is arranged as shown in Fig. 253 (a). The two joining surfaces 
of the component right-angled prisms are flat, but the left-hand 
one has its hypotenuse surface etched away at a, b, and c, so as to 



Illumination 
from Standard 


"Illumination 
from lest Lamp 


Fig. 252 


form a pattern as shown in Fig. 253(6). The light falling on the 
compound prism from the two sides of the screen passes through 
the unetched portions of the joining surface and is reflected at the 
etched surfaces. This means that, with the weaker source of light 




g. 253. LimoiEfi-BBODHxnsr Photometer Head : Contrast Type 

on the right and the stronger on the left (the sources referred to 
being the illuminated surfaces of the screen in the photometer head), 
the etched surface will be less brightly illuminated than the un¬ 
etched portion, as shown by the shaded and unshaded portions in 
Fig. 253 (b). G and G' are sheets of glass which give a little reflected 
light for the purpose of maintaining some difference between the 
illumination of the etched and unetched areas in all positions of 
the photometer head. This difference is about 8 per cent when the 
photometer head is in the balance position. In this balance position 
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the difference in illumination between the etched and unetched 
portions should be the same on each half of the circular area. Upon 
moving away from the balance position the contrast in illumination 
between area c and its surrounding area will become less (say), and 
the contrast between the illumination of ab and the inner trapezium 
will become greater. The balance position is, therefore, that which 
gives equal contrasty and not equal brightness. 

An accuracy of within 1 per cent can be obtained with this type 
of head when comparing lights of similar colour, and for such a 
purpose it is the most accurate photometer head available. 

There are many other types of photometers, amongst which are 
several polarization photometers, in which the two fields of light 
which are being compared are made equal by weakening one of them 
by the use of polarizing prisms. The Martens photometer is an 
instrument of this type. Tor descriptions of this and other types of 
photometers, Refs. (1), (2), (3) should be consulted. 

Flicker Photometers . These photometers depend upon the fact 
that, if two illuminated surfaces are 
the alternations being rapid, flicker 
disappears when the surfaces are of 
equal brightness. Colour differences 
between the two lights under com¬ 
parison do not a fleet these photo¬ 
meters to the same extent as they 
do photometers of the steady com¬ 
parison type, since the colour differ¬ 
ence between two alternating fields 
of light disappears at a lower speed 
of alternation than does a difference 
of brightness. The speed of alterna¬ 
tion used should be the lowest speed with which disappearance of 
flicker can be obtained over the smallest possible range of variation 
of brightness, this speed depending upon the difference in colour of 
the two lights. 

Fig. 254 shows the form of rotating disc used in the Simmanee- 
Abady flicker photometer. The disc is of plaster-of-paris, and is in 
the form of a double-truncated cone. In constructing this disc, two 
cones are truncated by a cut in a plane making an angle with the 
base of the cone, and passing through a point on the circumference 
of the base. These truncated portions, shown shaded in Fig. 254(a), 
are then fitted together to form the disc shown in Fig. 254(6). This 
disc is placed with its axis along the line joining the two lamps under 
comparison, and is driven round at the required minimum speed 
by a small motor. Since each half of the disc is iUuminated from 
one source only, the eye is presented with the two fields of light to 
be compared, alternately. Candle-power measurements are made 
in the ordinary way, the rotating disc being moved to such a position 


presented to the eye alternately, 



Fig. 254 ,. Rotating Disc of 
Simmance-Abady Flicker 
Photometer 
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that flicker disappears when the two halves of the disc are illumin¬ 
ated equally. 

The line" dividing the halves of the disc should have no thick¬ 
ness, and the two parts should be visible for equal lengths of time 
per revolution, if accurate results are to be obtained. 

H. E. Ives and E. T. Kin gsbury (Ref. (7)) have investigated the 
subject of flicker photometers very fully, and have stated the 
conditions necessary for their satisfactory use. 

Distribution of Candle-power. In the above the candle-power of 
a lamp in one given direction only has been considered. It is often 


270 




Fig. 255. Determination of Mean Horizontal Candle-power 

important that the candle-power distribution in a number of direc¬ 
tions round the source shall be known. The distribution measure¬ 
ments usually made are for the determination of the mean horizontal 
candle-power and the mean spherical candle-power. 

Mean Horizontal Candle-power. This may be determined for 
any lamp by turning the lamp about a vertical axis (by means of 
the rotating table on the photometer bench carriage) and measuring 
the candle-power in the direction of the line joining the test lamp 
and standard after every 10° or 15° rotation. A polar curve may be 
plotted from these measurements, this curve being the horizontal 
distribution curve of candle-power (see Fig. 255(a )). 

To obtain the mean horizontal candle-power the candle-power 
may be plotted against degrees rotation on rectangular axes, as 
shown in Fig. 255 (6). The mean height of this curve gives the mean 
horizontal candle-power. The m.h.c.p. may also be determined from 
a single measurement by using a piece of apparatus which spins the 
lamp round at about 200 revolutions per minute. The candle-power 
is measured by a photometer in the ordinary way. If the speed of 
rotation is high enough there is no appreciable flicker on the photo¬ 
meter head screen. 

Mean Spherical Candle-power. This may be obtained from 
the candle-power distribution curve in a vertical plane. The vertical 
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distribution curve of a lamp may be obtained by tilting the lamp 
in a vertical plane, using a specially constructed apparatus which 
keeps the centre of the test lamp stationary during the rotation 
through 180°. Measurements of candle-power are then made in the 
ordinary way every 10° or 15°. The assumption is made that the 
candle-power of the lamp is not altered by movement from its normal 
position. If this assumption is not justifiable in a particular case, 
measurements of candle-power must be made by using an arrange¬ 
ment of mirrors in conjunction with a bodily movement of the lamp 
in a vertical direction (see Ref. (1)). 



It may be necessary to make measurements in two or more ver¬ 
tical planes, and to obtain the curve of mean vertical distribution 
from these measurements, but in many cases measurements in one 
vertical plane only are sufficient. 

The mean vertical distribution curve of the lamp having been 
obtained, the mean spherical candle-power may be obtained graphic¬ 
ally by one of several constructions. 

Rousseau's Construction . This construction is illustrated in Rig. 
256. The polar curve P is the mean vertical distribution curve for 
the lamp. A semicircle of any convenient radius is drawn with the 
pole 0 of the polar diagram as centre, XT being its diameter. The 
line X' Y' is drawn equal and parallel to this vertical diameter, and 
from this line are set up ordinates which are equal to a corresponding 
radius on the polar curve (e.g. ordinate CD is made equal to radius 
OQ, and so on), these ordinates being set up along projections from 
the ends of radii of the polar curve. The curve joining the ends of 
these ordinates (i.e. curve X'DZ) is the Rousseau curve. The mean 


height of this curve 


/. Area X'DZY'\ 
' 1-e ‘ length X' T' ) 


gives the mean spherical 
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candle-power of the lamp to the same scale as that to which the 
polar curve is drawn. 

Theory. 

Total flux radiated 

Mean spherical candle-power = ^-r— 

r - Total solid angle 

Total flux 
~~ 4w 


(Solid angle being defined by 
4 TZT 2 

solid angle is — 4x.) 


Area subtending the angle , t 

- =r - s —, tor a sphere the 

Radius- 


2sow. consider the candle-power, or luminous intensity, in a direction making 
an angle 6 with the horizontal, as in Fig. 256. Let this intensity be 2. This 
intensity will apply to the surface of a zone of a sphere produced by the rota¬ 
tion of the small length ab about the line XY. Length ab is rdd, where r is 
the radius of the semicircle whose diameter is XY and d6 a very small angular 
element. Now, the area of this zone is 2—r cos 8 . rdd or 2—r 2 cos Odd, so 

oos 6d6 

that the solid angle subtended by it at 0 is —-—-, i.e. 2iz cos B . dd. 

The flux contained within this solid angle is, by definition of luminous 
intensity, 

I X the solid angle 

or 2—1 cos d . dd 

Thus, the total flux radiated from the lamp is 


/ " 


:I cos 6 . dd 


and the m.s.c.p. 


2—I cos d . dd — 


I cos d . dd 


Now, the small length cd is equal to rdd . cos 0, and hence the area dA (to 
scale) is 

Ir cos 0 . dd 

Thus the total area under the Rousseau curve is 


Ir cos Q . dd 


and its mean height 




Ir cos 6 . d& 


I cos 6 . dd 
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which is the expression derived above for the mean spherical candle- 
power of the lamp. 

The mean hemispherical candle-power of the lamp may be ob¬ 
tained by using Rousseau’s construction for either the upper or 
lower half of the polar curve of mean vertical distribution. 

The Integrating Sphere. This piece of apparatus is now commonly 
used for the measurement of mean spherical candle-power. (See 
B.S. 354 : 1945. Photometric integrators.) The method of measure¬ 
ment consists essentially of a measurement of the total flux of light 
radiated by the lamp, from which the m.s.c.p. may be obtained by 
dividing by 4tt. The candle-powers of the lamp in all directions 
from the source are taken into account in this apparatus, which 
thus gives a better value of m.s.c.p. than the method previously 
described, which is based upon the assumption that the candle-power 
distribution is the same in all vertical planes—an assumption which 
may not always be justifiable. 

The integrating sphere consists of a hollow sphere, a metre or 
more in diameter, the inside surface of which is painted with a white 
paint which is as perfectly diffusing as possible. The sphere contains 
a small window of translucent glass which is illuminated by reflection 
from the inner surface of the sphere when a lamp is placed inside. 
Light is prevented from reaching the window directly from the lamp 
by the interposition of a small screen in between the two. 

It can be shown that the illumination of every part of the internal 
spherical surface is the same (Refs. (1), (2), (3)). This illumination is 
proportional to the total flux of light emitted by the lamp, and 
hence to the m.s.c.p. of the lamp. 

To measure the mean spherical candle-power of a lamp, the lamp 
is placed inside the sphere and the brightness of the glass window 
measured. A sub-standard lamp, whose m.s.c.p. is known, is then 
substituted for the test lamp, and the brightness of the window again 
measured. The mean spherical candle-powers of the two lamps are 
proportional to the corresponding brightnesses of the sphere window. 

The measurements of window brightness may be made by the 
use of some form of illuminometer to compare the brightness of the 
window with that of a surface whose illumination can be varied and 
is known. A Lummer-Brodhun photometer head can also be used 
for the purpose. A mirror is placed so as to reflect light from the 
sphere window into the compound prism of the photometer and 
balance is obtained, using a lamp on the other side of the photometer 
for comparison purposes. Balance is obtained (by moving the com¬ 
parison lamp) first wdth the sub-standard lamp in the sphere and 
then with the test lamp inside, the squares of the corresponding 
distances of the comparison lamp from the photometer head being in¬ 
versely proportional to the mean spherical candle-powers of the lamps. 

Ulbricht, in 1900, first suggested this use of the internally illumin¬ 
ated sphere, and it is therefore named, after him, the Ulbricht sphere. 
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The arrangement, together with the photometer for brightness 
measurement, is shown in Fig. 257. 

niumination Photometers. These photometers are used for the 
measurement of the illumination of surfaces. They may be required 
to measure the illumination in rooms or in streets, and should, 
therefore, be, in general, portable instruments. The general prin¬ 
ciple of such instruments is that of the comparison of the illumina¬ 
tion of a white matt surface placed at the point at which the 
illumination is to be measured, with the illumination of another 
surface forming part of the instrument, whose illumination is known 
and variable. 

The Trotter Illumination Photometer. This was the earliest 
form of “ tilting screen 5 ' illumination photometer—a type which 



Fig. 257. Measurement of Mean - Spherical Candle-power by 
Means of the Integrating Sphere 


depends, for its operation, upon Lambert's cosine law. The con¬ 
struction is shown in Fig. 25 Sa. A small lamp L —supplied from a 
battery—throws light on to a mirror 21, from which it is reflected 
on to a white diffusing surface A, of matt celluloid, which can be 
tilted. The top of the box containing the lamp and tilting surface 
carries another white celluloid surface Q which has a slot F cut in 
it, through which the surface A can be viewed. 

In use the apparatus is placed with the surface Q at the place at 
which the illumination is to be measured. The surface A —^illumin¬ 
ated, by reflection, from the lamp L —is tilted by means of the cam 
C, through a roller attached to the tilting surface, until its illumina¬ 
tion, as viewed through the slot F, is the same as that of the surface 
Q . A pointer attached to the shaft of the cam then gives the illu¬ 
mination of Q directly from a scale S 2 on the side of the box, over 
which the pointer P moves. 

This scale is calibrated by means of a standard lamp which is 
used to produce a number of known illuminations upon the surface 

Q~ 

The cam C is for the purpose of producing a more uniform scale 
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than would be obtained by mounting the pointer on the spindle 
carrying surface A. The lamp L must be “aged” to give a constant 
candle-power, although the latter need not be known. During 



Fig. 258a. Trotter Illttmen-ation Photometer 


calibration this lamp can be moved up and down until the best 
position—observed from scale —is obtained, 

A plumb-bob and tilting arrangement for the box of the instru¬ 
ment are usually provided so that the 
measurement of illumination of sloping 
surfaces may be carried out. The range 
of the instrument is usually 0*01 to 4 
foot-candles. 

Trotter Daylight Attachment. 

For the measurement of daylight 
illu min ation, Trotter devised an at¬ 
tachment which can be used with 
almost any form of portable illumin¬ 
ation photometer. This consists of a 
straight tube A (Fig. 258 b) having a 
branch tube B leading into it as shown. 

The tube A is blackened inside and has 
a circular opening D in the cover at Fig . 258b _ "trotthb 

its upper end. Its lower end is rigidly Daylight Attachment 
attached to the photometer box lid, 

and covers the surface Q, no light being admitted except through the 
opening D. The surface Q is viewed from the branch tube B, and 
its illumination measured. No light must be admitted through the 
observation tube B. 

Then, if b is the brightness of the sky, H the height of tube A, 
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and R the radius of its circular opening D 3 the total illumination 
of the surface in the neighbourhood of the instrument may be 
obtained as follows— 

For a skv brightness b s the open davlight illumination is 7 rb 

7 t R2 . b 

(Ref. (1)). The illumination of surface Q is — zf¥~ * Hence, the open 


davlight illumination is obtained bv multiplying the measured 

E 2 

illumination by • 

Macbeth ometeb. The operation of this instrument is 

based upon the Inverse Square Law, and it is one of the most accu¬ 
rate instruments of this type. The construction of 
the instrument is shown in Fig. 259. 1 

A Lummer-Brodhun compound prism H is mounted tpj 
in a box and viewed through a telescope T. On the j j- 

opposite side of the prism from the telescope is a j 

tube P, which is pointed towards a test plate of opal 


Fig. 259. Macbeth Ixhtjmxsometer. 


glass, situated at the point at which the illumination is to be 
measured. A is a screen of opal glass, which is illuminated by a 
lamp L in an enclosure having an aperture in the side nearest 
the screen A. The lamp is moved along a tube which is at right 
angles to the telescope, by a rack and pinion R, until balance 
is obtained at the photometer head. A scale S then gives the 
illumination of the test plate directly in foot-candles. The lamp L 
is supplied from a dry battery or accumulator, and a milliammeter 
and rheostat are provided with the instrument for adjustment of 
the lamp current to its correct value (i.e. that which makes the 
scale S direct reading). 

A reference standard, for the purpose of checking the calibration 
of the instrument, is also supplied, the whole apparatus being made 
up in a portable form which includes rheostats, milliammeter, refer¬ 
ence standard, and the instrument itself in a small case. 

The construction of the reference standard is shown in Fig. 260 
The standard is placed with its base on the test plate whose illu¬ 
mination is to be measured. The sighting aperture P of the 
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iUuminometer is inserted in the branch tube at E as shown. The 
lamp in the standard is supplied from the same battery as the 
iliuminometer lamp, and its current is adjusted to give some known 
value of illumination (corresponding to the lamp current) on the 
test plate. The illuminometer lamp is then moved until its scale 
reading is that corresponding to the test-plate illumination, and its 
current is adjusted until balance is obtained at the photometer head 
with the illuminometer lamp in this fixed position. The current so 
obtained is then maintained in the illumi¬ 
nometer lamp during the illumination 
measurements. The normal range of this 
illuminometer is 1 to 25 foot-candles. 

Holofhaxe Lttmeter. Fig. 261 (a) shows 
the schematic arrangement of the “Lu¬ 
meter 5 5 while Fig. 261 (b) gives a view of 
the inside of the instrument itself. When 
the photometer is used the brightness of an 
internal white comparison surface, illumi¬ 
nated by light from a lamp inside the box, 
is adjusted, by rotating a disc having a 
sector-shaped opening, until it matches the 
brightness of the test surface. The light 
from the lamp, whose output is maintained 
at a fixed value by a resistance, is diffused Fig. 260. Ref eren ce 
by an opal glass window. Colour filters Standard 

may be interposed between this window 

and the comparison surface to match illumination k yellow or 
blue-green fight. 

One scale of the instrument is marked to read the illumination of 
the test surface in lumens per square foot (foot-candles) and another 




Fig. 261a 



RANGE FILTERS 



Fig. 261b. Holophane “Lumeteh” 





ILLUMINATION 


433 


is graduated to read the luminance (brightness) of this surface in 
foot-lamberts. The range of illumination which can be covered is 
from 0*002 to 8,000 lumens per square foot. 

Physical Photometry. Photometric measurements which do not 
depend upon the human eye for the judgment of equality of 
brightness, utilize a photo-electric cell. 

A photo-electric cell is a piece of apparatus which, when con¬ 
nected in an electric circuit, allows a current to pass only when 
light falls upon the cell. The magnitude of the current varies also 
with the intensity of the light. 

A difficulty experienced with many of the earlier types of 



photo-electric cells was that the relationship between the photo¬ 
electric current and the luminous flux falling on the cell was not 
linear, nor did it remain constant over a long period. More 
recently the construction of such cells has been improved to 
overcome this difficulty, and photo-electric methods of testing 
lamps for commercial purposes have been developed. 

A circuit for the measurement of luminous flux by a bridge, or null, 
method is shown in Pig. 262. P.C. is a photo-electric cell and V x 
and V 2 are amplifying valves. The bridge being initially balanced 
with no light falling on P.C., the introduction of light will produce 
a voltage across the grid leak G.L. which unbalances the bridge. 
Balance is restored by applying a potential from the potential 
divider P.D., this voltage being directly proportional to the photo¬ 
electric current, and therefore to the luminous flux falling on P.C . 
(assuming P.C . to have a linear current/luminous flux characteristic). 
P.D. is thus calibrated in lumens. The lamp -under test is placed 
inside an integrating cube, the aperature of which allows light 
(directly proportional to the total lumens of the lamp under test 
to fall on the photo-cell which is contained within a small adjoining 
integrator. 
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For consistent results the insulation of the grid circuits of V 1 
and V f must be kept very high and constant and the apparatus 
must be screened from stray electrostatic and electromagnetic 
disturbances. 

Fig. 263 shows a conveniently small photometer (Weston Model 
SS5) which contains a photo-electric cell coupled directly to a sen¬ 
sitive indicating instrument. It weighs less than 6 oz. and has two 
ranges; 0 to 25 and 0 to 125 foot candles. 

Weston exposure meters and £ *Eel 5! photometers (Evans Electro¬ 
selenium, Ltd.) use 4 ‘Photo-voltaic 55 or barrier layer photo-cells. 



(Sangamo Weston, Ltd.) 
Fig. 263 . The Weston Photometee 


The construction and principle of the Weston “Photronic” cell of the 
barrier layer, selenium-rectifier type are shown in Fig. 264 (a) and 
(b). The cell, which is fitted behind a glass window, consists of a 
layer of a selenium compound prepared on a metal base plate. A 
transparent metallic conducting film is deposited on the layer which 
is first heat-treated to convert it into a sensitive crystalline state. A 
metallic ring is sprayed on to the top surface for ease of contact. 
The conducting film, within this ring, is finally sprayed with a thin 
film of transparent lacquer. 

Light, falling on the cell, causes a movement of electrons from the 
selenium compound surface which acts as a photo-sensitive cathode. 
The electrons are collected by the transparent metal film—the anode 
—and passed to the external circuit. This is equivalent to an electric 
current flowing into the ring as shown in Fig. 264 (6). 

Such cells have a non-linear voltage/current characteristic and act 
as rectifiers. The steel base acts as the positive pole of the cell and 
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there is internal leakage current as shown. The e.m.f. generated in 
the cell is directly proportional to the intensity of illumination 
but the output current is proportional to this illumination only 
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{Evans, Electro-selenium, Ltd.) 

Fig. 265. Spectral Response of the “Eel” Photo-cele 


when the external resistance is low compared with the internal 
resistance. A range of cells gives an output, at 40 ft-candles and 
1,600 ohms external resistance, of 80-90 fiA to 130-140 juA. 

Since the barrier layer has a large capacitance (about 0*1 

15—(T.5700) 
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this type of cell cannot be used in pulsating light over 10,000 cycles 
per second; the external resistance must, in any case be low with 
pulsating light to avoid serious reduction of response due to the 
shunting effect of this capacitance. 

The spectral response of the "EeF ? cells is shown in Fig. 265. With 
a correction filter, having a transmission factor of about 50 per cent 
for white light, the response can be made very closely in agreement 
with that of the eye. 

Descriptions of other photo-electric methods of measurement 
will be found in the publications mentioned in Refs. (1), (2), (3), 
(5), (9), (11), (12), (13), (14). 
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CHAPTER XI 

HIGH-VOLTAGE MEASUREMENTS AND TESTING 

General Classification. The rapid advance in the use of high voltages 
for transmission purposes, during the last few years, has necessarily 
been accompanied by extensive research upon high-voltage pheno¬ 
mena. The subject of high voltage testing is, therefore, a very 
important one at the present time, and includes a large variety of 
testing methods.* 

These may be classified as follows— 

1. Sustained low-frequency tests. 3. High-frequency tests. 

2. Constant direct-current tests. 4. Surge, or impulse tests. 
Purpose of Various Test Methods. 1 . Sustained Low-freqxjency 

tests are the commonest of -all high-voltage tests. The frequency 
used is almost always the standard frequency—50 cycles per 
second in Britain and most European countries, and 60 cycles per 
second in America. 

Voltages of 2 or 3 kilovolts (50 cycles) are used for routine pressure 
tests upon motors, switchgear, and other apparatus after manu¬ 
facture, and in some cases after installation, in accordance with 
specifications of the British Standards Institution. 

British Standard Specification 116 : 1952, “Oil Circuit Breakers 
for Alternating Current Systems, 55 states that when such apparatus 
is tested at the maker’s works, the test-voltages for the various 
components shall be as given in Table XI. 

“The test voltage shall be alternating, of any frequency between 
25 and 100 cycles per second, and approximately of sine-wave form. 55 

Other tests are specified for the apparatus after erection on site. 

Low-frequency tests are made upon specimens of insulation 
material for the determination of their dielectric strength and 
dielectric losses, for the routine testing of supply mains, and for 
works tests upon high-voltage transformers, porcelain insulators, 
and other apparatus. Voltages of 2,000 kilovolts and upwards are 
used for research work and for the testing of porcelain insulator 
strings and of high-tension cables. 

2. Constant Direct Current Tests. To transmit large amounts 
of power efficiently, high transmission voltages are necessary. 
Overhead lines have been erected with a working pressure of 
380 kV, while cables for 275 kV have been made and tested. 

The electricity supply regulations state that no extra-high- 
pressure main shall be brought into use “unless, after it has been 

* Owing to the impossibility of covering, fully, the whole ground of the 
subject in a single chapter, an extensive list of recent papers on high-voltage 
measurements is given at the end of the chapter. These should be referred 
to for more detailed information. 
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* All 275-kY systems are considered for this specification to "be effectively earthed. 


placed in position, and before it is used for the purposes of supply, 
the insulation of every part thereof has withstood the continuous 
application, during half an hour, of pressure exceeding the maxi¬ 
mum pressure to which it is intended to be subjected in use, that 
is to say, in the case of every electric line to be used for a pressure 
not exceeding 10,000 volts, twice the said maximum pressure, 
and in the case of a line to be used for a pressure exceeding 10,000 
volts, a pressure exceeding the said maximum pressure by 10,000 
volts; and the undertakers shall record the results of the tests of 
each main or section of a main.” 

If such pressure tests were carried out with an alternating high- 
tension supply, the transformer for the purpose would have to be of 
inconveniently large capacity, owing to the heavy charging current 
taken by such lengths of cable. Transport difficulties would be 
encountered, also, in moving the testing transformer to the site of 
the cable system, and for this reason high-tension direct current is 
used for testing purposes. The plant for such a supply need only 
be of small capacity, and may be constructed in a portable form. 
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High-tension direct current is also used in research work upon 
insulation and upon X-rays and electrical precipitation. 

3. High-frequency Tests. Such tests, at frequencies varying 
from several thousand cycles per second to a million or more cycles, 
are important in work upon insulators for wireless purposes where 
such frequencies are usual. It has been found, also, that in the case 
of porcelain insulators in service on transmission lines, breakdown, 
or flashover, occurs in most cases as a result of high-frequency 
disturbances in the line, these being due either to switching opera¬ 
tions or to external causes. Thus, insulators which may be satis¬ 
factory under high voltage of low frequency are not necessarily 



satisfactory under the different conditions existing when the fre¬ 
quency is of a much higher order. 

It has been found that undamped high-frequency oscillations— 
i.e. oscillations of approximately constant amplitude—cause failure 
of insulators at comparatively low voltages, due to high dielectric 
loss and heating. Such oscillations do not, however, occur in power 
systems in practice. Damped high-frequency oscillations having a 
waveform such as that shown in Tig. 266 do occur in practice, due 
to switching operations, or to arcing grounds. 

Tor this reason, high-voltage tests at high frequencies are made 
in insulator manufacturing works, in an endeavour to obtain a 
design of insulator which will satisfactorily withstand all conditions 
in service. 

4. Surge, or Impulse Tests. These tests are carried out in 
order to investigate the influence of “surges” in a transmission line 
upon breakdown of the line insulators, and of the end turns of 
transformers connected to the line. In order to appreciate the 
importance of such tests and to realize what are the requirements of 
the testing plant, the nature of these surges must be understood. 

Such surges are usually produced by lightning in the neighbour¬ 
hood of the transmission line, and are the result of the sudden 
discharge of the electricity on the suspended particles of a thunder 
cloud, which takes the form of a lightning stroke. A direct lightning 
stroke on the line is comparatively rare, but a charged cloud above, 
and near to, the line, will induce charges, of opposite sign to that of 
its own charge, in the line. These charges are “bound” (i.e. held in 
that portion of the line nearest the cloud) so long as the cloud re¬ 
mains near without discharging its electricity by a lightning stroke. 
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If, however, the cloud is suddenly discharged—as it is when the 
lightning stroke occurs—the induced charges in the line are no 
longer bound, but travel, with the velocity of light, along the line 
to equalize the potential at all points of the line. 

This means that a steep-fronted voltage wave travels along the 
line, its form being as shown in Fig. 267.* Due to this travelling 
wave the potential of any point along the line will rise very suddenly 
from its normal value by an amount equal to the amplitude of the 
wave. The time taken for this voltage rise is of the order of one 
millionth of a second. The effect is to impose very severe stresses 
upon the line insulators and upon the transformer windings (if 



Time 

Fig. 267. Surge Waveform 


the wave is allowed to reach them), the stresses depending upon 
the steepness of the wave front. 

Violent rupture of insulators is often caused by such surges, and 
the investigation of their effect upon different types of insulators 
and other apparatus, as well as the testing of surge-absorbers 
designed for transformer protection, is obviously of great importance. 

The shapes of voltage waves for impulse testing have now been 
standardized in several countries. Thus in Britain, in B.S.S. 
923 : 1940 the standard testing wave is expressed as “1/50 microsec.' 5 
which indicates that it is to rise to its peak in 1 microsecond and is 
to fall to one half of its peak value in 50 microseconds. 

The testing plant for this purpose must be capable of producing 
a high, uni-directional voltage, suddenly applied to the apparatus 
under test. 

Testing Apparatus. Certain apparatus is common to all types of 
high-voltage tests. Special apparatus is required, in addition, for 
direct current, high frequency, and impulse tests. For all tests, the 
following apparatus is usually essential. 

(a) A high-voltage transformer. 

(b) Apparatus for voltage regulation. 

(c) Control gear and high-tension connections, including safety 
protective devices. 

(d) Apparatus for voltage measurement. 

(a) High-voltage Transformers . Such transformers, for test¬ 
ing purposes, require careful design, owing to the fact that they are 
* See also Refs. (8), (9), (10), (11), (12). 
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subjected to transient voltages and surges during their normal 
operation when the insulation under test breaks down. To with¬ 
stand the internal stresses set up by such disturbances the trans¬ 
former insulation must be carefully proportioned. The transformers 
are usually single-phase, core type, and are oil-immersed, Bakelite 
cylinders being used for insulation between high- and low-tension 
windings. Transformers for cable testing, and certain other pur¬ 
poses, may also be required to give a considerable current, and 
the question of regulation and cooling must therefore be carefully 
considered. In insulation testing the current taken from the trans¬ 
former, when the test specimen breaks down, is limited by the 
insertion of water resistances in the test circuit, so that for such 
purposes the transformer need not have a large kYA capacity. 
The following table gives the order of the capacities required for 
various purposes, and also the approximate values of maximum 
voltage used. 

TABLE XII 


Purpose of Transformer 


Approximate 

Capacity 

(kVA) 


Maximum 

Voltage 

(W) 


Routine pressure tests upon motors and 
switchgear ...... 

Insulation testing . 

Routine testing of cables . 

High-voltage transformer and porcelain 
insulator testing and research 
Research and testing of strings of insulators. 

High-voltage cable testing 


Small 
10 to 20 
50 

20 to 50 
£ to 1 kVA per 
kilovolt 
100 to 500 


2 or 3 
50 

10 to 30 

100 to 200 
500 to 2,000 

100 to 500 


Equipments giving a maximum high-tension voltage up to 500 kV 
have usually a single high-voltage transformer. For the higher 
voltages—1,000 kV and upwards—two or more transformers are 
generally used, connected in cascade —a method of connection due 
to Prof. Dessauer. This arrangement is found to be more convenient 
than the single transformer for very high voltages, owing to the 
very large size and high cost of a single transformer for the purpose. 
A common method of connecting transformers in cascade is shown 
in Fig. 268. The low-tension supply is connected to the primary 
winding of transformer I, the tank of which is earthed. One end 
of the h.t. secondary winding of this transformer is connected to 
the earthed tank. From the other end of the secondary winding, a 
lead passes through a high-voltage bushing, which provides insula¬ 
tion for the full secondary voltage between this lead and the tank. 
Through this bushing also runs a second lead from a tapping point 
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on the secondary winding, the voltage between this tapping point 
and the high-voltage end of the secondary winding being that 
required for the primarv winding of transformer IX. One end of the 
secondary winding of transformer II is connected to its tank, which 
is insulated from earth for the full secondary voltage of transformer 
I. The other end of the secondary winding provides the high voltage 
terminal of the equipment, the total voltage—to earth—obtainable 
being appro xim ately the s um of the secondary voltages of the two 
transformers. 

(6) Voltage Regulation. In order to avoid surges on the high- 
tension side of the transformer, and also for accuracy of voltage 



Fig. 26S. Cascade Connection or Transformers 


measurement, it is essential that the regulation of voltage shall be 
smooth. Sudden variations of the testing voltage must be avoided 
in most tests. Another requirement of voltage-regulating apparatus 
is that it shall not cause distortion of the voltage waveform. 

The transformer secondary voltage is regulated by variation of 
the voltage applied to its primary winding. This may be done 
either— 

(i) By variation of the alternator field current, or 

(ii) By insertion of either resistance or inductance in the supply 
circuit from the alternator, or 

(iii) By means of an induction regulator, or 

(iv) By means of a tapped transformer. 

(i) Variation of ike Alternator Field Current. This method can 
only be used, of course, when a separate alternator is used for the 
supply to the testing plant. Except in the case of comparatively 
small plants for routine testing, a separate alternator is generally 
used. The alternator should have a voltage waveform which is as 
nearly as possible sinusoidal on no load, and the distortion under 
load conditions should be small. This is achieved by making the 
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air gap of the alternator large; by special design of the armature 
windings; and by suitable regulation of the number, and shape, of 
the slots. 

This method of voltage regulation has the advantages of smooth 
control of the voltage from zero to the full voltage, absence of 
impedance for regulation purposes in the transformer primary 
circuit (which may produce waveform distortion), good waveform, 
convenience, simplicity, and freedom from appreciable disturbance 
by frequent short-circuiting of the transformer during testing. 

The field current of the alternator is varied directly in the case of 
fairly small machines, but when a large alternator is used the field 


h.t. Transformer 



Fig. 269. Aiternatoe Field Cttbbent Method op 
Voltage Contbol 

current of the exciter may be varied, thus varying the alternator 
field current indirectly. Fig. 269 shows the connections for direct 
variation of the alternator field current. A potential divider, con¬ 
nected across a steady d.c. supply, is used, and the connections 
are arranged so that a small field current in a reverse direction to 
the normal one, may be obtained. By this arrangement zero voltage 
may be obtained by neutralization of the residual magnetism in the 
field. Smooth and gradual voltage regulation is obtained by a 
special design of the potential divider, which should have a large 
number of turns and some provision for very gradual and steady 
movement of the sliding contact. 

(ii) Resistance, or Inductance , Control . When a separate alter¬ 
nator is not used—in the case of small equipments—resistance or 
inductance must be inserted in the a.c. supply circuit for voltage 
regulation. 

If resistance is used, it is better to make the connections as in 
Fig. 270, using the resistance as a potential divider, than to insert 
it in series with the transformer primary winding. Zero voltage 
can be obtained in this way. A slider resistance should be used for 
smooth voltage regulation. 

The disadvantages of the resistance method are the loss of power 
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in the resistance and the impracticability of its use for high powers, 
owing to the very large size and great cost of resistances for the 
purpose. For small equipments (2 or 3 kVA) it has the advantages 
of cheapness, convenience, smooth voltage variation, and small 
distortion of the voltage waveform. 

A choke coil, connected in series with the transformer primary, 

may be used instead of resist¬ 
ance. Voltage regulation is then 
obtained by the withdrawal or 
insertion of the iron core of the 
coil. This method has the advan¬ 
tage of greater efficiency than the 
resistance method, on account 
of its low power factor, but has 
several • serious disadvantages. 
Fig. 270. Potential Divider Coxtrol These are_ 

(a) the large size of coil re¬ 
quired if the power to be dealt with is high; 

(b) the distortion of waveform owing to the iron core; 

(c) the fact that- increase of its inductance will increase, the 
primary voltage of the transformer instead of decreasing it if 
the power factor of the load on the secondary side of the testing 
transformer is leading, as is often the case. 

(iii) Induction Regulator Method. This method of voltage regu¬ 
lation has the advantage of smooth regulation from zero to full 
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voltage, and may be used for all loads and power factors. It is, 
therefore, much to be preferred to the resistance and inductance 
methods described above. 

An induction regulator is, essentially, a transformer, or mutual 
inductance, the secondary voltage of which can be varied by the 
rotation of the primary through any required angle np to 180°. 
The connections are shown in Fig. 271. If the primary and secondary 
have equal numbers of turns, by rotation of the primary winding 
the voltage induced in the secondary may be varied from — E to 
-r E (where E is the low tension supply voltage). Thus the voltage 
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applied to the h.t. transformer primary may be varied from zero 
to2E. 

Careful design,, with distributed windings on the rotor, are neces¬ 
sary to prevent waveform distortion. This method of regulation 
is often used in cable-testing equipments, since its gradual voltage 
variation at loads of any magnitude is advantageous for such work. 

(iv) Voltage Variation by Means of a Tapped Transformer. Tig. 
272 gives the connections of this method of regulation. An inter¬ 
mediate regulating transformer is used, having its primary supplied 
from the l.t. supply. The secondary winding of the transformer 


It 


Supply 


Voltage RegulS. 

/ Transformer h± Transformer 








e 


Fig. 272. Tapped-transformer Regulation 


has a large number of tappings whereby the voltage applied to the 
primary of the h.t. transformer may be varied. In order to avoid 
surges, due to the opening of the secondary circuit of the regulating 
transformer when the tapping switch is moved, two contact brushes 
are used, making contact with adjacent studs, and with a “buffer” 
resistance or reactance coil between them to prevent short-circuit 
of a section of the transformer winding. An auto-transformer may 
be used instead of the double-wound transformer shown in the 
diagram. The operation is similar to that in the case of the double¬ 
wound transformer. 

Tor gradual regulation a number of coarse tappings are used 
together with fine tappings. The method has the advantages of 
high efficiency and small waveform distortion, but the regulation 
is not smooth unless a very large number of tappings is used and, 
when the power of the equipment is large, the switchgear must be 
large and is expensive. 

(c) Control Gear and Connections. On the low tension side 
—i.e. in the primary circuit of the h.t. transformer, there should 
be— 

A main switch , to isolate the testing apparatus from the supply. 

Fuses. 

A circuit breaker, with arrangements for tripping the breaker over 



446 


ELECTRICAL MEASUREMENTS 


a wide current range, and having a no-volt coil in order to protect 
apparatus from damage in the event of failure of the supply. 

An over-voltage relay , which short-circuits the no-volt coil of the 
circuit breaker if the supply voltage exceeds a predetermined value. 

Interlocks. These are arrangements which guard against the 
supply to the transformer being switched on except at a low value, 
or which make it impossible for the operator to pass inside the screen- 
work surrounding the high-tension testing area while the supply is 
on. The latter takes the form of a switch on the gate of the screen. 

Earth connections. Both for safety and for the protection of 
apparatus it is necessary that all metal parts, forming part of the 
testing equipment, which should be at earth potential, should be 
definitely earthed. This applies to the framework of switchgear and 
to the guard screen, transformer tanks (except where a cascade 
arrangement is used), and to one end of each of the transformer 
windings. 

On the high-tension side care must be taken in deciding the size 
and shape of the leads and connections, in order to avoid 44 corona 3 ’ 
loss, which may distort the voltage waveform and may influence 
the breakdown or flash-over voltages measured, on account of the 
surges in the circuits, and because of ionization of the air in the test 
room, which it may produce. “Corona” is the name given to the 
luminous glow which surrounds a high-tension conductor when the 
potential gradient at its surface exceeds the disruptive strength of 
air. Breakdown of the air at the conductor surface occurs first of 
all, and this spreads outwards, ionizing the air immediately sur¬ 
rounding the conductor, and producing both a glow and a hissing 
sound. The result of such corona is a loss of power, with the pos¬ 
sible effects mentioned above. The voltage at which corona occurs 
depends upon the diameter of the high-tension conductor, the voltage 
increasing with increasing diameter. Thus, to avoid such effects 
the conductors in the high-voltage circuit should be made much 
larger than is necessitated by current-carrying considerations. 

E. T. Xorris and F. W. Taylor (Ref. (13) ) recommend for the 
diameters of high-tension conductors 44 1 in. for 100 kV and about 
12 in. for 1,000 kV, if the atmospheric conditions are normal and the 
high-tension clearances are ample.” High-tension conductors are 
almost always bare, the surrounding air forming the principal insula¬ 
tion. The supports for these conductors are usually Bakelite tubes or 
rods, or porcelain insulators. Since the current to be carried is usually 
very small, good contact at joints is not often essential, mere touch 
being sufficient. Sharp edges, which produce concentration of electro¬ 
static field, must be avoided throughout the circuit. Terminals are 
usually fitted with spherical metal caps, and sharp bends in con¬ 
ductors are fitted with spherical elbow pieces to distribute the 
electric stress. 

As a protection from surges which may be produced when a 
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sphere-gap, or the apparatus under test, breaks down, a high resis¬ 
tance (about J ohm per volt), or choke coil, is inserted in the main 
high-voltage circuit. A sphere-gap is also connected across the 
high-voltage winding as a protection in the event of excessive voltage 
being applied to the circuit. This may be the same gap as is used 
for voltage measurement. A water resistance, consisting of a glass 
tube or tubes containing water, with some common salt added, is 
connected in the sphere-gap circuit to prevent pitting of the sphere 
surfaces by limiting the current flowing at breakdown. These 
resistances should be about 1 ohm per volt to limit the current to 
1 amp. 

Fig. 273 gives a simplified diagram of connections for a high- 
voltage testing equipment having a separate supply alternator. 
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Fig. 273. Connections op Testing Equipment 


(d) Apparatus for Voltage Measurements. Owing to the 
difficulty of designing electrostatic voltmeters, for the measurement 
of extra high voltages, which will be free from errors due to corona 
effects within the instrument, and to external electrostatic fields, a 
number of special methods of measurement have been devised for 
the purpose. Some method must be available, also, for calibrating 
such voltmeters when constructed. Work by the British Electrical 
and Allied Industries Research Association (Ref. (14) ), and the 
American Institute of Electrical Engineers, led to the standardization 
of the sphere-gap method as the most reliable one. 

(i) Sphere-gap. Two metal spheres are used, separated by an air 
gap. The potential difference between the spheres is raised until a 
spark passes between them. The value of the potential difference 
required for spark-over depends upon the dielectric strength of air, 
the size of the spheres, their distance apart, and upon a number of 
other factors. As a result of the research work already mentioned, 
the British Standards Institution has drawn up a list of “British 
Standard Rules for the Measurement of Voltage with Sphere-gaps 5 ’ 
(No. 358-1939). Some years ago the American Institute of Electrical 
Engineers drew up a list of rules for the measurement of voltages up 
to 50 kV, using needle points for a spark-gap, instead of spheres as at 
present used. The disadvantages of this form of gap were the errors 
caused by variation in sharpness of the needles; by variation of the 
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humidity of the atmosphere; and by the corona which formed at 
the points before the gap actually sparked over. 

In B.S. 358-1939, twelve sizes of spheres are to be used to cover a 
range of voltage from 2 to 2,500 kV, namely, of diameters 2, 5, 
6-25, 10, 12*5,15. 25, 50, 75, 100, 150 and 200 cm. The following 
are extracts from these rules— 


1. “A spark-gap may be used for the determination of the peak value of a 
voltage-wave, and for the cheeking and calibration of voltmeters and volt- 
measuring devices for high-voltage tests. 

2. "Peak voltages may be measured from about 2 kilovolts to about 2,500 
kilovolts by means of sphere-gaps used in conjunction with the calibrations 
provided herewith. 55 

3. "'The appropriate Tables may also be used for the measurement of 
impulse voltages of either polarity and of the standard wave forms, having 
fronts of at least one microsecond and times-to-half-value of at least 5 micro¬ 
seconds. 5 ’ 

4- "The length of any diameter shall not differ from the correct value by 
more than 1 per cent for spheres of diameter up to 100 cm., or by more than 
2 per cent for larger spheres. 55 

5. "One sphere may be earthed or both may be insulated, the voltages being 
symmetrical with respect to earth in the latter case.” 

Subject to certain specified conditions, 

“no conductor or body having a conducting surface (except the supporting 
shanks; shall be nearer the sparking point of the high-voltage sphere than the 

distance given by the expression ^ 0*25 -j- metres, where TJ is the voltage 

in kV (peak) which is to be measured.” 

6. “It is recommended that spheres of brass, bronze, steel, copper, alumin¬ 
ium or light alloys be used, and that the surface of the spheres should be 
cleaned immediately before use. A high degree of polish should be avoided.” 


The rules provide that the current at spark-over shall be limited 
to about 1 amp. and that the interval between consecutive dis¬ 
charges shall be great enough to prevent appreciable heating of the 
spheres. 

The density of the air affects the spark-over voltage for a given 
gap-setting. The “relative air density,” is given by 


d = 


P 

760 


273 4- 20 
273 -f t 


= 0-386 


L .Jg- \ 

\273 + t) * 


(230) 


where = barometric pressure in m illim etres of mercury 


t = temperature in degrees Centigrade 


A correction factor, by which the spark-over voltage for a given 
gap-setting, under the standard conditions (760 mm. pressure and 
20° C.) must he multiplied, in order to obtain the actual spark-over 
voltage, may be obtained from a table given in the B.S.I. rules. 
This factor is approximately equal to d for values of d above 0*9. 

With regard to humidity, the rules state that over the sparking 
distances covered by the calibration tables, the breakdown voltage 
of the sphere-gap is independent of the humidity of the atmosphere 
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but deposited dew on the surface of the spheres lowers the break¬ 
down voltage and invalidates the calibrations. 

For the calibration of a spark-gap from a standard sphere-gap 
the two gaps should not be connected in parallel. “Equivalent 
spacings should be determined by comparing each gap in turn with 
a suitable indicating instrument.” 

F. W. Peek (Ref. (15)), Russell (Ref. (16)), and others have obtained 
formulae by which the spark-over voltage for a given gap-setting 
and sphere-diameter may be calculated, but the use of the calibra¬ 
tions given in the B.S.L rules is to be recommended instead of 
the use of such formulae, the application of which is limited. 

The spark-over voltages given in the rules are in terms of r.m.s. 
(sine-wave) voltage. To obtain the corresponding peak values—- 
which are important since it is the peak value of the voltage, rather 
than the r.m.s. value, which determines the flash-over, or break¬ 
down of insulation—the r.m.s. values given must be multiplied 
by V2. 

A disadvantage of the sphere-gap method of measurement is that 
it cannot be used to give a continuous record of voltage. It is 
generally used to calibrate some indicating instrument, or other 
apparatus, which does give such a continuous record. In the 
following methods of measurement, wherever calibration is referred 
to, it is to be understood that the sphere-gap method is implied 
unless otherwise stated.* 

(ii) Transformer Ratio Methods of Measurement . In this method 
the primary voltage of the high-tension transformer is measured by 
a calibrated voltmeter, and this is multiplied by the turns ratio of 
the transformer to obtain the secondary voltage. The assumption 
is made that the transformer ratio is unaffected by the transformer 
impedance and by variations in the load. The method also gives 
r.m.s. values of voltage, and the secondary voltage waveform 
must be determined in order that peak values of voltage may be 
obtained from the “crest factor” of the wave, i.e. the ratio 

Peak voltage 
r.m.s. voltage 

Some high-tension transformers carry a separate voltmeter-coil 
having a number of turns which is a definite fraction of the number 
of turns on the secondary winding. The voltage induced in this coil 
(measured by a low-voltage voltmeter), when multiplied by the 
turns-ratio, gives the secondary voltage of the transformer. This 
method cannot be used with the cascade arrangement of transformers 
and may only be relied upon to within 1 or 2 per cent. 

* The calibration of the sphere-gap itself is described by S. Whitehead and 
A. P. CasteUain (Ref. (14) ), who used a number of different methods for the 
purpose, and obtained consistency between them. 
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(iii) Potential Divider Methods. In such methods, either a high 
resistance, or air capacitor, must be used, connected across the high- 
voltage winding, a definite fraction of the total secondary voltage 
being measured by means of a low-voltage electrostatic voltmeter. 

High resistances for this purpose have the disadvantage of residual 
phase-angle errors due to the effects of distributed capacitance, 
unless special precautions are taken in their design (Ref. (17) ). Such 
resistances have been constructed, however, and are used in several 
high-voltage equipments. 

The advantages of capacitors as compared with resistors are: 
their comparatively simple construction, their freedom from heating, 
and the fact that they are much more easily shielded from extraneous 
capacitance effects than are high resistances. B. G. Chureher and C. 
Dannatt (Refs. (IS), (19) ) have described the construction and use 
of such capacitors. 

In the capacitor method an electrostatic voltmeter, whose cap¬ 
acitance is large compared with that of the high-voltage standard 
capacitor, is connected in series with the latter, and is shunted by 
a capacitance of much greater value than its own. The capacitance 
of the standard capacitor must be accurately known, and it is 
important that it shall be free from dielectric loss. For the latter 
reason air capacitors are always used for this purpose, their capaci¬ 
tance usually being from 50 to 100 jujuf.* 

If C is the capacitance of the standard capacitor, and C 1 that of the 
capacitor which shunts the electrostatic voltmeter (see Fig. 274), 
then the voltmeter reading v is given by 


i 



where i is the current passing through the capacitors and go — 2tt 
X frequency. 

Xegleeting the capacitance of the voltmeter, the effective capacit- 

CC 

anc-e of C and C l9 in series, is and the voltage V of the high- 

tension circuit, is C ~r O ± 

V = _-_ 

0i \C + C J ) 

Thus, V = — t— 1 . v . . . . (231) 

c 

This method measures r.rn.s. voltage values. 

Other methods utilizing a standard impedance involve the 
measurement of the current which flows through the impedance— 
either a standard air capacitor or high resistance—when it is con¬ 
nected across the high-tension winding of the transformer. The 
* The effect of humidity of the atmosphere and of dust deposits, upon the 
purity of capacitors is given by B. G. Chureher and C. Dannatt (loc. cit .). 
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current may be measured by means of a thermo-junction and 
galvanometer; by measuring the voltage drop across a known 
resistance, in series with the standard high impedance, using an 
electrometer; or by a valve-voltmeter method described by S. 
Whitehead and A. P. Castellain ( loc . cit .). 

A thermo-junction consists of a small “heater” of fine wire, 
through which the current to be measured is passed. To the centre 
of this heater is attached a thermo-junction of two dissimilar metals, 
the attachment being by means of a small bead of a material which, 
while being electrically insulating, is a good thermal conductor. 


h i. Winding 



Fig. 274. Capacitor Potential Divider 


An e.m.f. is set up, in the circuit containing the thermo-junction, 
when a current is passed through the heater. This e.m.f. depends 
upon the magnitude of the heating effect of the current, and thus 
the r.m.s. value of a small alternating current may be measured by 
comparison with a known direct current. The thermo-junction, 
which may be of the vacuum type—in which the heater and junction 
are enclosed in a small evacuated glass bulb with terminals brought 
out—or air type, is used in conjunction with some form of galvano¬ 
meter. The arrangement is calibrated with direct current, and is 
then used for the measurement of alternating currents of the same 
order of magnitude as the direct, calibrating current. Such thermo- 
junctions may be obtained for either 2-5 mA, 5 mA, 10 mA, and so 
on, up to 10 amp. Below 1 amp. they are vacuum type, and above 
1 amp. air type. 

From the measured value of the current flowing through a 
standard impedance, the r.m.s. values of the high-tension voltage 
may be obtained by multiplication by the value of the impedance. 

(iv) Measurement of Peak Voltage. Owing to the fact that the 
maximum or peak value of the applied voltage is that which produces 
the actual breakdown stress in the material under test, it is important 
that this value should be known in most cases. If methods of 
voltage measurement which give r.m.s. voltage values are used, 
the peak voltage may be obtained from the crest-factor of the 
voltage wave. It is often more satisfactory, however, to use some 
method of voltage measurement which gives the peak value of the 
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voltage directly- From the fact that the breakdown of air is involved 
in the sphere-gap method, this is obviously one method which de¬ 
pends upon the peak values, and the calibration curves for sphere- 
gaps, already referred to, give such peak values. 

Other methods of measurement of peak voltage have been devised 
and are as follows— 

1. Rectified Capacitor Charging-current Method. This method 
depends upon the fact that the peak voltage value is proportional 
to the average charging- current of a standard air capacitor. The 
charging-current is therefore rectified, either by a mechanical recti¬ 
fier, by specially designed thermionic valves or metal rectifiers, and 
its average value is then measured by a d.c. moving-coil, permanent- 
magnet milliammeter, or by a d’Arsonval galvanometer. 

The valves used depend for their action upon the fact that if two 
electrodes are enclosed within a highly evacuated tube, one of these 
electrodes—the plate—being comparatively cold, whilst the other 
—the filament—is heated, current is passed only in the direction 
plate to filament. The amount of current which it is possible to 
rectify by this means is dependent upon the filament temperature. 

One-half of each wave must be entirely suppressed by such a 
valve. In order to prevent ripples in the output current wave, two 
valves are used with a suitable proportioning of inductance and 
capacitance in the circuit. 

The capacitor used may be either of the type already mentioned, 
the capacitance being calculated from the dimensions of the capacitor 
—when the method is an absolute one—or it may take the form of 
a capacitor bushing, fitted to the transformer, in which case cali¬ 
bration is needed. 


Theory. If v is the voltage across the capacitor, of capacitance O, at any 
instant, and Q is the quantity of electricity in the capacitor at that instant, we 
have 


/■ 


idt = Q = Cv 


where t = charging current and t = time. 

Now, during one whole period, the voltage rises to a positive ma ximum, 
falls to zero, rises to a negative maximum, and falls again to zero, thus giving 
a total change in voltage, during the cycle, of 4 V maJC , where V max is the peak, 
or maximum, value. Meanwhile, the quantity of electricity supplied to the 

rT 

capacitor during this period is J idt , T being the periodic time. 


Thus 


• 4F. 


rT 

I idt = C . 

1 f T idt= O.iVr^ 
Jo 


T J 0 T 

1 f T 

Now, -p= j idt is the average value of the charging-current, i a 

iCVmax 


Hence, 


40/. V„ 


where / is the frequency. 
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Tius = ^.(232) 

which gives the peak voltage value if the capacitance of the capacitor 
and the frequency (which must be kept constant throughout the 
test) are known. 

Fig. 275 shows the connections of an arrangement for peak voltage 
measurement using full-wave rectification (see Ref. (20) ). 

This method of peak voltage measurement was first described by Chubb 
and Fortescue, and its accuracy is considered by R. Davis, G. W. Dowdier, and 



Fig. 275. Circuit for Peak Voltage Measurement by 
Rectified Capacitor Charging Current 


W. G. Standring (Ref. (21) ), who state that, for a sine wave of voltage, the 
method is accurate provided that the impedance of the rectifier is negligibly 
small compared with that of the capacitor; that the rectifier is efficient in 
entirely suppressing one-half of the alternating wave; and that the milliam- 
meter, or galvanometer, indicates the mean current correctly. 

With regard to wave-form, the same authors state that: “the method . . . 
is satisfactory for all wave-shapes with the exception of (1) wave-shapes with 
different positive and negative maxima, and (2) wave-shapes with more than 
one peak in each half cycle.” 

2. Ryall Crest Voltmeter. L. E. Ryall (Ref. (22) ) has developed 
a simple form of crest voltmeter which is independent of frequency. 
It consists of a neon lamp, used in conjunction with a capacitor 
potential-divider. Two capacitors, one—a variable one—of much 
greater capacitance than the other, are connected in series across 
the voltage whose peak value is to be measured. A neon lamp of 
a specially chosen type, is connected across the variable capacitor 
(see Fig. 276). Neon lamps have the characteristic that they only 
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commence to glow when the voltage applied to them reaches a 
certain definite value, called the “striking” voltage. 

In this method of peak voltage measurement the variable air 
capacitor, across which the lamp is connected, is adjusted until the 
lamp "strikes."'' Then the peak value of the h.t. voltage is given by 

y max = (l + . • • (233) 

where F a<e .s. is the a.c. striking voltage of the lamp (which is a 
constant quantity if the type of lamp is suitably chosen), and Cj 



Fig. 27 6 . Collections of Ryall Crest Voltmeter 

and C 2 are the capacitances of the variable and fixed capacitors 
respectively. 

Avail found that the a.c. striking voltage for a neon lamp “is 
constant for all frequencies above 25 cycles per second, and can be 
measured to within ^ £ per cent if about 5 min. is allowed to elapse 
between successive flashes of the lamp, so that the lamp can return 
to its original ionized condition. 

“The a.c. extinguishing voltage, V a . c . e ., is also constant for all 
frequencies above 25 cycles per second, and can be measured to 
within ±: J per cent.” 

The accuracy of the method obviously depends upon the accuracy 
with which Y ax .s. may be determined, and upon the accuracy with 
which the capacitances C x and C 2 are known. 

Both the lamp and capacitor C ± are enclosed within metal boxes 
for screening purposes, and the lamp, in addition, is screened by a 
wrapping of lead foil, which is earthed, as the lamp glows when 
placed in a strong electrostatic field. A design of such a crest volt¬ 
meter for 150 kV (max.) is given by Ryall ( loc . cit.). 

Fig. 277 shows the principle of the Everett-Edgeumbe peak 
voltmeter for high-voltage measurements up to 500 kV (peak). This 
instrument- gives a direct and continuous indication of the peak 
voltage under all conditions of loading and its readings are inde¬ 
pendent of waveform. 
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A resistor R is connected between the high-voltage terminal and 
earth. Across a section T of this resistor is joined a high-voltage 
rectifying valve H in series with a capacitor C and an electrostatic 
voltmeter reading direct in peak volts. For safety, the connecting 
leads are enclosed in an earthed flexible metal sheathing. 

In the diagram of connections a mean voltmeter is also included, 
(v) High-voltage Voltmeters. For the measurement of voltages up 
to about 200 kV, several forms of voltmeter have been designed 
which may be connected across the high-voltage circuit directly. 



without any potential-dividing device. Most of these are of the 
“attracted-disc” type, based on Lord Kelvin’s volt balance. The 
latter is an absolute instrument. It consists of two flat discs, one 
fixed, and the other suspended from one arm of a balance. The 
fixed disc is insulated from the case of the instrument and is charged 
to a high potential. The pull between the two discs is given by 


Srrd 2, 


(234) 


where A is the area of the moving disc, V the voltage between the 
discs, d the distance between them, and k the permittivity of 
the medium. This force is balanced by weights on the balance arm, 
the magnitude of the weights giving the force F, and hence V. 
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Fig . 27S shows the construction of the Siemens and Halske 
instrument, based on the above principle, while Fig. 279 shows the 
Abraham voltmeter, the latter being commonly used in high-voltage 
testing equipments. 

In the former instrument the high-tension plate is in the form of a 
hollow metal spheroid, suspended, by means of an aluminium rod 
and metal filament, in oil. The oil tends to prevent the formation 
of an arc between the high-tension plate and the earthed plate, and 
by enabling the two plates to be brought nearer together, increases 
the working forces of the instrument. The earthed plate is in the 
form of a shallow metal pan, which also screens the instrument from 


_^'Poin ter (Spring Control) 

xN^Metat Filament 
Meta l Tube 
-Aluminium Rod 
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'Moving Plate 

7 > 

"Fixed 
Plate 

Fig. 278. Siemens and Halske High-tension Voltmeter 



external electrostatic effects. Another guard screen is provided in 
the oil just above the high-tension plate, as shown. 

Control of the instrument is by a spiral spring on the pointer 
spindle, and damping is by fluid friction of the high-tension plate 
in the oil- The cam on the pointer spindle gives a scale which is 
almost uniform over the upper 70 per cent of its range. 

In the Abraham instrument—manufactured by Messrs. Everett- 
Edgcumbe—there are two hollow metal mushroom-shaped discs 
arranged as shown. The right-hand disc forms the high-tension 
plate, while the centre portion of the left-hand disc is cut away and 
encloses a small disc which is movable and is geared to the pointer 
of the instrument. The two mushroom-shaped discs are fixed in 
position except that the right-hand one may be set to different 
distances from the other, to alter the range of the instrument. A 
scale is provided, for this setting, on the right-hand support. The 
two large discs form adequate protection for the working parts of 
the instrument against external electrostatic disturbances. This 
instrument is made in six sizes covering the range of voltage 3 kV 
to 500 kV. 

Most of the high-voltage electrostatic voltmeters which are 
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absolute instruments depend upon a direct measurement of the 
forces brought into play by the voltage applied. But there is another 
class of absolute instrument for this purpose which operates through 
the indirect action of these forces, i.e. through their influence upon 
the period of oscillation of a conducting body. The best known 
example of such an instrument is the ellipsoid voltmeter (see Ref. 
(66) ) but E. Bradshaw, S. A. Husain, N. Kesavamurthy and El. B. 
Menon (Ref. (87) ) have discussed their general theory and have 
considered their scope and limitations. 

Ionic Wind Voltmeter. When a highly-charged point is situated 



( Everett-Edgcumbe & CoLtd.) 

Fig. 279. Abraham-Vlllard Voltmeter 

in air or other gas, a movement of the air surrounding the point is 
observed. This is referred to as the “electric wind,” and is brought 
about by the repulsion of ions from the surface of the point by the 
intense electrostatic field- These ions, colliding with uncharged 
molecules of air in the neighbourhood of the point, carry the latter 
with them and set up the “electric wind.” If an earthed electrode 
is placed near to the highly-charged one, an intense electric field 
exists, of course, between the two, and a similar wind is observed 
also at the earth electrode. 

This phenomenon has been investigated by W. M. Thornton and 
by M. Waters and W. G. Thompson, and has been put to a useful 
purpose in their Ionic Wind Voltmeter (Ref. (23)). 
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Fig. 2S0 shows the principle of the instrument. A hot wire, of 
platinum-gold alloy, included in one arm of a Wheatstone bridge 
network, is used as the earthed electrode of a high-tension gap. 
Before the high voltage is applied to the gap the bridge network is 
balanced—i.e. the galvanometer G is set to zero. When the voltage 
across the gap exceeds a certain value—called the “threshold 
voltage 55 —the electric wind cools the hot wire and hence reduces 
its resistance. A reduction of 25 per cent in resistance is obtainable 



under suitable conditions, and this is sufficient to cause an appre¬ 
ciable out-of-balance voltage in the bridge network, as indicated 
by the galvanometer deflection. The cooling, and hence the gal¬ 
vanometer deflection, depends upon the potential gradient (and 
hence upon the applied voltage), as well as upon the temperature of 
the electrode, the nature and pressure of the gas in which the 
electrostatic field exists, and upon the frequency. 

The “threshold voltage 5 ' is the voltage which is required before 
the potential gradient is sufficient for ionization to commence. 
When the applied voltage is alternating, therefore, only that portion 
of the voltage-wave which lies above the threshold value is effective 
from the point of view of cooling of the hot wire. The area of the 
effective portion of the voltage-wave—and hence the cooling—varies 
for different wave shapes, even though the waves have the same 
r.m.s. value. Voltage waveform, therefore, influences the instru¬ 
ment readings, but the authors have shown how this influence may 
be predetermined. Calibration of the instrument .is on a sine 
waveform. 

The voltmeter can be used to indicate either crest or r.m.s. 
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alternating voltages, or direct voltages. Several forms of the in¬ 
strument have been constructed, both for out-door and laboratory 
use, and for voltages up to 300 kV. 

The principle advantages are that the high voltage may be 
measured by an observer at some distance from the charged con¬ 
ductors, and the robust construction, and freedom from disturbance 
by weather and temperature conditions which make it suitable for 
outdoor use. 

A description of the vacuum-enclosed electrostatic voltmeters 



440 V. 6000 V. 
200H.P. 500 kVA. 
1500RPM 1500R.P.M 


(Steatite and Porcelain Products , Ltd.) 
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Fig. 281. Low-frequency H.T. Testing Equipment 


recently developed by Metropolitan-Vickers Elec. Co., Ltd. is given 
in Chapter XVIII, p. 661. 

Special Apparatus for Tests other than Low-frequency Alternating 
Current Tests. The apparatus described in the foregoing pages is, 
to a great extent, common to all methods of high-voltage testing. 
Except for a few special pieces of apparatus which may be required 
in individual cases, according to the purpose for which the equip¬ 
ment is to be used, no further apparatus is required for sustained 
low-frequency high-voltage tests. A complete diagram of connec¬ 
tions for an equipment of this type is shown in Eig. 281. 

Apparatus, in addition to that already described, is required 
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however, for the other types of test—namely, constant direct current 
tests, high-frequency tests, and surge tests. 

Constant Direct Current Tests. As previously mentioned, 
high-voltage direct current is chiefly used for the testing of high- 
voltage cables after installation. For the generation of high-tension 
direct current a number of comparative low-voltage generators can 
be connected in series. A specially designed machine, called a 
“transverter’ (Kef. (24) ), can also be used to obtain d.c. from a 
three-phase a.c. supply. Both of these methods are, however, only 
of use when a large amount of power is to be dealt with, and cannot 



be adapted to a small power-testing set, which, for the purpose of 
cable testing, should be portable. 

The methods of obtaining the direct current now used is by the 
rectification of high-volt-age alternating current, the latter being 
obtained from a high-voltage transformer. 

The rectification may be done either by a mechanical rectifier, by 
a thermionic valve rectifier or by selenium or copper oxide rectifiers. 
Metal rectifiers are now in common use. 

Delon Mechanical Rectifier. Fig. 282 illustrates the principle of 
this apparatus. An insulated disc D carries a conducting bar B, 
the ends of which come, in turn, opposite to one pair of the collecting 
brushes aa- and bb'. This disc is driven in synchronism with the 
alternating current supply, so that the rotating bar B is opposite 
to collecting brushes bb' (say) at the instant when the high voltage 
wave is at its positive maximum point, and opposite aa', when the 
voltage is negative maximum. Sparks pass between the collecting 
brushes and the connecting bar at these instants, the result being 
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that- the capacitor 2 is charged to a voltage of + E max (above 
earth) and capacitor 1 to a voltage of — E max (below earth). Thus 
the potential across capacitor 3 is 2E max and this voltage is direct 
not alternating. The high-tension d.c. is thus obtained from cap¬ 
acitor 3j and since the charging is taking place continuously, direct 
current can be supplied to a circuit under test. 

In tests upon cables the internal capacitance between the cable 
cores, and from cores to ground, form the capacitors 1, 2, and 3 but 
the spark-over which takes place at the collecting brushes in the 
mechanical rectifier tends to set up surges and oscillations which, 



by weakening the cable dielectric, may cause breakdown at a lower 
indicated voltage than would otherwise be obtained. 

Tor this reason the mechanical rectifier has been largely displaced, 
by thermionic valves or metal rectifiers. 

Tests with Thermionic or Metal Rectifiers. Tig. 283 shows the 
connections for a high-voltage d.c. test upon a three-core cable— 
cores to ground. 

Current passes through the valve, or rectifier which now commonly 
replaces it, only during one half-wave of the voltage cycle. During 
this time the capacitor formed by the cable cores and the sheath is 
charged to a potential equal to that of the maximum value, V maxy 
of the high-tension transformer secondary voltage. When this 
voltage reverses—during the next half-wave—the potential of this 
cable-capacitor remains the same, while the potential of the valve 
filament rises to a maximum potential of V max in the opposite direc¬ 
tion. Thus the valve must be able to withstand a voltage of 2V max 
between its plate and filament. The filament-transformer windings 
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must, also, be insulated for a voltage of V max between windings. 
The milliammeter MA reads the charging and leakage current 
through the capacitor formed by the cable. 

The voltage for the valve filaments is usually 8 volts, and care 
must be taken that the correct voltage is used, since departure from 
it, by a comparatively small percentage, causes a considerable fall 
in the output current of the valves if the filament voltage is low. 
Resistances of about J megohm are connected in the plate circuits 
of these valves for protection against surge effects. 

Tests are usually made upon three-core cables with connections 



Pig. 284. Connections foe High-voltage D.C. Test up to 
200 eV 


as shown in Fig. 283(6) as well as with the connections of Fig. 283(a). 

Two valves are used for test voltages up to 200 kV. The connec¬ 
tions for such a test are shown in Fig. 284, the test being one 
between cores A and B of a three-core cable. Valve V a allows 
current to flow only in the direction plate to filament. Thus, during 
one half-cycle current flows through it in this direction, and core 
*4 of the cable is charged to a potential V max below earth, V max 
being the maximum value of the voltage wave of the h.t. trans¬ 
former secondary winding. Meanwhile, valve V b is allowing no 
current to flow through it. During the next half-cycle the process 
is reversed, current flowing through valve V b and charging core B 
to a potential V max above earth. Thus the d.c. potential between 
cores is 2V max , and from each core to earth V max . 

In the case of a single-core cable, if the same pressure (2V max ) 
is to be applied between core and sheath as between cores in the 
three-core cable, two auxiliary capacitors must be used, connected, 
as shown in Fig. 285. 

In some portable high-voltage d.c. testing sets a single-phase 
low-voltage alternator, driven by a petrol engine, is used for the 
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supply. The primary of the high-voltage transformer is supplied 
through an auto-transformer with a variable inductance choke-coil 
for fine adjustment. Voltage measurement is made by an electro¬ 
static voltmeter of the Abraham Villard type, directly connected 
across the cable cores under test, although a sphere-gap is often 
included. In order to avoid trouble from surges, which may cause 
breakdown of apparatus, it is advisable to increase the testing 
pressure to its full value gradually, and also to discharge the cable 
through a high resistance. Owing to dielectric absorption it is 
necessary, also, to maintain the discharging connection for a con- 



Fig. 285. Connections in the Case op a Single-core Cable 

siderable length of time, in order to avoid a subsequent dangerous 
rise of voltage. 

Other connections for high-voltage d.c. cable-testing are given 
by J. Urmston (Ref. (25)). 

Equivalence of D.C. and A.C. Test Voltages. Owing to the “elec¬ 
tric osmosis” effect, any moisture which may exist within the cable 
dielectric tends to move towards the negatively-charged electrode 
(the sheath or one of the cores, depending upon the test), when a 
d.c. voltage is applied. Although the amount of such moisture is 
usually small, it may yet be sufficient to cause breakdown due to 
its concentration near the negative electrode. If the applied voltage 
is alternating, no such movement of moisture occurs, the moisture 
remaining uniformly distributed. Again, breakdown may occur 
when testing cable-samples due to surges which are produced by 
spark-discharge and corona effects at the cable ends. These effects 
are more severe with a.c. than with d.c. 

For these reasons it is obvious that there are other considerations 
beyond mere equivalence of potential gradient, which must deter¬ 
mine to what alternating voltage a given direct voltage is equivalent 
from the point of view of insulation breakdown. 

1ST. A. Allen, to whom the author is indebted for much of his 
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information upon cable-testing with direct currents, gives (Ref. (24) ) 
a table showing the ratios of d.c. to a.c. test voltage, quoted by 
various authorities as giving an equivalent breakdown-test upon 
cables and dielectrics. For paper-insulated cables, although a 
d.c./a.c. ratio of 2-5 has been used, Allen suggests that a ratio 
of 1*5 to 2-0 would be more satisfactory. Owing to the fact, also, 
that this ratio increases with increasing insulation thickness, he 
suggests the adoption of a ratio 1*5 for cables up to 33,000, and a 
ratio of about 2-0 for voltages above this. The following table— 
taken from the same paper—gives the d.c./a.c. ratios usually 
adopted by English cable makers. 

TABLE 


Working Voltage 

| Standard Test-voltage 

1 

| A.C. i D.C. 

! Ratio 
D.C./A.C. 

Average Thickness 
of Dielectric 

11,000 

! 20,000 

30,000 

1-50 

0-30 in. (7*62 mm.) 

22,000 

j 44,000 

75,000 

1-71 

0*40 in. (10-2 mm.) 

33,000 

j 66,000 

1 

100,000 

1-52 

0-50 in. (12-7 mm.) 


Localization of Faults in High-voltage Cables . Another application 
of the rectifying valve, is in the localization of faults in long lengths 
of high-voltage cable. Such faults are often of very high resistance 
and cannot easily be located, with accuracy, by the ordinary methods 
of fault localization given in the following chapter. 

In high-voltage cables the large amount of oil present in the cables 
and joints causes faults in the cable (which may be obvious—owing 
to their low resistances—when the high testing voltage is applied) 
to seal up rapidly when this voltage is withdrawn, resulting in their 
having, again, a high resistance. One method of dealing with such 
a fault is to reduce its resistance by the continued application of 
a high testing voltage which “bums out” the fault, and enables 
location to be made by ordinary methods. 

The method which has been largely adopted, as being more 
satisfactory than this, is to use a valve rectifier high-tension d.c. 
testing set for the supply of current for a “Murray loop” test. This 
and similar h.t. tests are described by Allen (Ref. (24) ) and by 
Urmston (Ref. (25) ). 

Fig. 286 gives the connections for such a test, using a single-valve 
d.c. high-voltage testing set whereby a testing voltage of about 
60 kV—which is usually sufficient for the purpose—can be obtained. 
A two-valve set may be used, if necessary, for higher testing voltages. 

A loop is made by connecting together (by means of a short- 
circuiting strap) the two distant ends of a sound cable and the 
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faulty one. A highly insulated slide-wire, having a sliding contact 
which can be operated by a long insulating handle, is connected 
across the near ends of the loop, and a galvanometer and spark-gap 
—the latter for protection of the galvanometer—are also connected 
across these ends as shown. The d.c. testing voltage is applied to 
an intermediate point on the slide-wire, and an Abraham voltmeter 
is used to indicate the applied voltage. A high resistance and 
milliam meter are connected in the supply circuit for the limitation 
and measurement, respectively, of the supply current—i.e. of the 
fault current. 



Pig. 286. Connections of an Equipment fob Localization of 
Faults in High; Voltage Cables 

The procedure, as given by Urmston (Ref. (25) ) is as follows: 
“Pressure is then applied, and when the breakdown occurs the fault 
current is limited to 3 or 4 mA., and a preliminary balance made. 
The current is then increased to 40 or 50 mA., and the balance 
readjusted.” 

The cable voltage is usually low when the fault is fully broken 
down, but the voltage may rise very suddenly if the fault clears, and 
this necessitates the precautions regarding insulation of the slide- 
wire in order to safeguard the operator. The spark-gap, which is 
set to about 0-01 in. by micrometer, is for the protection of the 
galvanometer and slide-wire when the fault resistance falls, at 
breakdown, resulting in the discharge of the cable. The inductance 
of the galvanometer and bridge circuit cause this discharge current 
to pass across the spark-gap rather than through them. 

If a and b are the resistances of the slide-wire ratio arms at balance 
(see Pig. 286), and c and d are the resistances of the cable lengths 
to the fault, then 

b _d 

a c 
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a(c -f- d) 

• m 0 f 7 

a -j- b 

Thus, assuming the resistance of the cable-loop, per unit length, 
to be uniform, and calling the total length of the loop L , we have— 

clL 

Distance of fault from point A = —-— T 
r a + 6 

The resistance and length of the short-circuiting strap may be 
assumed negligible. 

High-frequency Tests. It has been stated already that the 
behaviour of insulating materials at high frequencies is very different 
from that at ordinary commercial frequencies. This is largely due 
to the very much greater dielectric power loss, within the material 
at the high frequency. The heat produced by this power loss tends 
to produce breakdown of the insulation at voltages which are 
smaller than those at which breakdown occurs when the frequency 
is low. Such tests are useful, also, in the detection of lack of homo¬ 
geneity in compound-filled porcelain insulators. 

Two kinds of high-frequency high-voltage tests are carried out— 

(а) Tests with apparatus which produces undamped high-fre¬ 
quency oscillations. 

(б) Tests with apparatus producing damped high-frequency 
oscillations. 

(a) TJndmnped oscillations do not occur in power systems, but are 
useful for insulation testing purposes, especially for insulation to be 
used in radio work. 

High-frequency alternators have been used for frequencies up to 
30,000 cycles per second, and high-frequency arc generators have 
also been used, but these have the disadvantage that smooth voltage 
variation is difficult. 

Fig. 2S7 shows a valve circuit used by the Metropolitan-Vickers 
Electrical Co., Ltd., for such tests. Voltage variation is effected by 
variation of the coupling between the anode circuit of the main 
valve, and the secondary circuit, by means of the variometer, 
or by variation of the anode voltage of the valves. The voltage 
obtainable is 150 kV, and the frequency 100,000 cycles per second. 

(b) Damped high-frequency oscillations are obtained by the use of 
a Tesla coil, together with a circuit containing a quenched spark-gap, 
as shown in Fig. 288. The Tesla coil constitutes the high-voltage 
transformer. It consists of two air-cored coils which are placed 
concentrically. The high-voltage secondary coil has a large number 
of turns, and is wound on a frame of insulating material, the insu¬ 
lation between turns being air, or in some cases, oil. If the Tesla 
coil is oil-immersed, the spacing between turns can be made smaller 
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than when air is the insulation. The primary winding has only a 
few turns, wound on an insulating frame. The supply is usually 
50 cycle a.e. to the primary of a high-voltage testing transformer. 



although a valve rectifier may be used on the secondary side of this 
transformer to give a d.c. supply to the primary side of the Tesla 
transformer. Two capacitors, C v and C s are connected in the 


Testing 

Transformer 



Tesla Coil 



tus 

'under Test 


Fig. 288. Circuit for High-voltage Tests with Damped 
High-frequency Oscillations 


primary and secondary circuits respectively, of the Tesla trans¬ 
former. C P is an air capacitor. C s is usually made up of a sphere-gap, 
for voltage measurement purposes, the internal capacitance of the 
secondarv winding of the Tesla coil, and the capacitance of the 
apparatus under test, the latter being usually small in comparison 
with the other two. The primary circuit of this transformer also 
contains a trigger spark-gap. 

16—(T.5700) 
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Assuming the supply to the primary of the Tesla transformer to 
be alternating—as it "usually is—the capacitor C v is charged to 
some maximum voltage, which depends upon the voltage on the 
secondary side of the supply transformer, and upon the setting of 
the trigger-gap.At this voltage value the trigger-gap breaks 
down, the capacitor C# discharges, and a train of damped oscilla¬ 
tions, of high frequency, is produced in the circuit containing C v , 
the spark-gap, and the primary winding of the Tesla transformer. 
During the time taken for this train of oscillations to die away (this 
time being a very small fraction of a second), the spark-gap is con¬ 
ducting, due to the formation of an arc across it. 

This charge and discharge of capacitor C# takes place twice in 
one voltage cycle—i.e. in sec. for 50 cycle supply. Thus there 
will be 100 of these trains of damped oscillations per second. 

The frequency of the oscillations themselves is very high— 
100,000 cycles per second being a usual value—its actual value de¬ 
pending upon the inductance and capacitance of the oscillatory 
circuit. 

B. I/. Goodlet (Ref. (26)) states, in connection with the test frequency to be 
adopted, that “to the author’s knowledge the highest frequency oscillation 
from which any serious trouble has been experienced on any transmission 
system is S0„0(K) cycles.” He also gives results of tests which show that the 
spark-over voltage of an insulator is very little higher at about 600,000 cycles 
than it is at 100,000 cycles, and suggests that 100,000 cycles per second is 
therefore the maximum required for testing purposes. 


The frequency is given approximately by the expression 

/=—. . . 
■2Wl.c 


(235) 


where L v is the inductance of the primary circuit of the Tesla 
transformer. 

Oscillations are induced in the secondary circuit of the Tesla 
transformer by oscillatory current in the primary, and these will be 
of the same frequency as those in the primary circuit if the secondary 
inductance and capacitance are adjusted so that the two circuits are 
in tune—i.e. if L V G V — L$C S — L s and C s being the inductance and 
capacitance of the secondary oscillatory circuit. In this way a series 
of trains of damped oscillations are applied to the apparatus under 
test, connected as shown. 

To prevent the energy of the oscillatory discharge from surging 
backwards and forwards between the primary and secondary circuits 
of the Tesla transformer, the trigger spark-gap must be quenched 
by air-blast cooling. This is helped by using a rotating spark-gap. 

A sphere-gap is used for voltage measurement, and if the wave¬ 
form of the Tesla secondary voltage is required a cathode-ray 
oscillograph must be used. Accurate measurements of the high- 
frequency voltage are not always required, as such tests are often 
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carried out by allowing high-frequency discharge to take place 
across the surface of an insulator for a certain time, and observing 
its effect upon the insulator. The frequency of the discharge is 
obtained from the constants of the oscillatory circuits. 


Voltage and Frequency Values in the Oscillatory Circuits. The voltage 
relationships in the primary and secondary circuits of the Tesla transformer 
can be determined approximately as follows (Ref. (26))— 

Let V v = maximum voltage to which the primary capacitor G v is charged- 
,, Y s = maximum voltage to which the secondary capacitor O s is 
charged. 

Then, 

Energy in primary capacitor at breakdown of trigger-gap = ^ 

This energy is passed on to the secondary circuit, with some loss due to 
resistance and dielectric losses, and to the fact that the electromagnetic 
coupling between the two circuits is not perfect. 

Energy given to secondary circuit = ~ O s V s 2 . If e is the efficiency of the 
energy transfer, then * 



To determine the oscillation frequencies in the two circuits, let M be the 
mutual inductance between the two win din gs of the Tesla transformer. Let 
I v and I s be the currents in the primary and secondary oscillatory circuits, 
respectively. Then neglecting the resistances of the two circuits, since these are 
usually small compared with the other impedances in the circuits, we have— 
For the primary circuit. 


I cp (oa> L v - 

< freq 
ndary 

I s (jcoL s - 


3 

coG, 

(a> being 2 tc X frequency). 
In the secondary circuit, 

_ ± 
coG. 




■jcoMIg — 0 


Then 




-jcoMIp = 0 
joL s ~ 


JqjM 


3 

coG a 


jcoL v - 


jcoM 




(236) 


(237) 


Hence, o>*-M* - co’-L v L, - ^ ^ ° 

or co* (M*-L p L s ) + ^ \ “ 0 


M z 

Let ^ K 2 or K 


M 

Vi ir £ s 


(K is the “coefficient of coupling” of the circuits.) 
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Then «» (lV-L p L, - Lp L s ) + i = 0 

r o*(l--g*)-- F i ? - - -L- + V . - — 0 

-^^ 3 ? <o^L 9 L s 0 9 C s 

Factorizing, we have. 




Thus, co 2 


L p C P {l-K) 


or A = - -- (/, being one value of the frequency) 

2-VL p C P {l-K) 

1 


or co“ = 


L S C S (1 -{- iT) 


or /, = -- — — -- .-. (f, being another value of the frequency) 

2-VL s C s (l -f i£) “ 

Xow, A is usually small compared with L P C V and L a C s , so that 
as previously stated, the frequency is given, approximately, by 


2tt\' L V C V 2 WL,C, 


. (238) 


With regard to the closeness of the coupling between the two 
circuits of the Tesla transformer, Goodlet ( loc. cit.) points out that 
if this is very close an impulse effect will be obtained rather than an 
oscillatory one, and, if the coupling is very loose, the conditions 
existing with undamped oscillations will be obtained. 

Surge or Impulse Tests. In surge tests it is required to apply 
to the circuit or apparatus under test, a high direct voltage whose 
value rises from zero to maximum in a very short time and dies 
away again comparatively slowly—i.e. a voltage having a very 
steep wave-front and a flat tail is to be applied. This is done by 
means of a circuit due to Prof. E. Marx (Befs. (88), (89), and (90)) 
and called the Marx circuit after him. To illustrate the principles 
of the method the connections of a multi-stage surge generator are 
given in Fig. 289. Many modifications of the circuit have been 
used. 

C ± , C 2 , C 3 , and 0 4 are capacitors which are connected in parallel 
with high resistances, i? l9 i? 2 , etc., between them. S l9 S 2 , and S 2 are 
trigger spark-gaps. 

The capacitors are charged, in parallel, from a high-tension 
transformer, through a rectifying valve. At a certain voltage, 
depending upon their setting, the trigger-gaps break down and 
connect the capacitors in series instantaneously. Thus the voltage 
between the point T and earth, at this instant, is the sum of the 
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voltages to which, the capacitors were charged. The discharge takes 
place in so short a time that the energy loss in the resistors is 
negligible. Thus, the whole of the energy which is stored in the 
capacitors during charging, is suddenly discharged through the 
test circuit when the trigger-gaps break down. The gaps are set 
so that S 1 breaks down at a slightly lower voltage than S 2 , S 2 at a 
slightly lower voltage than S 3 , and so on. Then S x breaks down first 
and S 2 and S 3 follow instantly. 

Although only three gaps are shown in the figure, the number of 
gaps and capacitors may be increased to give any desired multiple 
of the charging voltage and it has been found feasible in practice to 
operate a 50-stage impulse generator. The number which can be 



Fig. 289. Connections of Multi-stage Surge Generator 

used successfully is limited to some extent, however, by the fact that 
the high resistance between the supply and the distant capacitors, 
when a large number are used, may prevent them from receiving a 
full charge. A large number of gaps in series also reduces the impulse 
voltage obtainable. 

F. S. Edwards, A. S. Husbands and F. R. Perry (Ref. (87)) have 
reviewed subsequent developments of the Marx circuit and described 
the construction of impulse generators as well as their practical 
application. In this paper the simplified circuit shown in Fig. 
290 (a) is given for a single-stage impulse generator. G x = discharge 
capacitance of the generator, C 2 = capacitance of the load, L x = 
internal inductance of generator, L 2 — external inductance of load 
and connections, R x or R\ — resistance for control of wave-tail 
(there are two alternative positions for this resistance), R 2 — resis¬ 
tance for control of wave-front. These authors state, however, that 
if the tail of the wave is long compared with its front—as it is for a 
standard wave—very little error is caused by ignoring the wave- 
tail resistance during the calculation of the wave-front duration. 
The circuit can then be further simplified to that of Fig. 290 (6). 

The critical resistance of the circuit (see Chapter XVI) is 
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The voltage across the load C 2 , for a charging voltage E across C lt 
is then given bv 

' r =fH 1+ ®K*] ■ • 12391 

or, if L is reduced to zero, R remaining the same, 

Tr CE(, -Jg\ 






Fig. 290 


F approaches as t approaches infinity. 

The “nominal wave-front” defined in B.S. 923 : 1940 is equal to 
2-7 5CR when L is zero, and to 2-lCR when the circuit is critically 
damped. In calculating the resistances the value of R 0 needed to 
make the circuit of Fig. 290 (a) non-oscillatory with R x absent is 

obtained. Then the value of R 2 (if > J~!r) required to give the 

desired wave-front is computed, and finally the value of R ± to give 
the required wave-tail when R 1 is on the generator side of R 2 . 
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The efficiency of the generator can then be approximately estim- 

C 

ated as ^7 a factor of about 0-95 for a 1/50- 

microsec. wave. 

Wave-front-control resistances can be connected either outside or 
within the generator, or partly in and partly outside. The best 
arrangement is probably to have about half of the resistance 
outside the generator. Wave-tail-control resistors can be used as the 
charging resistors within the generator circuit. 

Eig. 290 (c) shows the connections of a widely used multi-stage 
circuit which combines high efficiency with distributed wave-front 
resistors. The value R z is made large compared with R x but R 2 is 
as small as is necessary to give the required length of wave-tail. 
Since the current through R 2 does not flow through R x it does not 
reduce the initial generator-output voltage, however small the value 
of i? 2 or however large R 1 may be. 

A sphere-gap is used for voltage measurement, and measures the 
peak value of the impulse wave. Owing to the fact that the sphere- 
gap and apparatus under test are in parallel, care must be taken in 
using the former for voltage measurement. The conditions of its 
use for this purpose are specified in B.S. 368 : 1939. This states 
that the accuracy of measurement is within d: 3 per cent provided 
that the duration of the impulse voltage is not less than that of a 
1/5-microsec. wave. 

A single-beam cathode-ray oscillograph is used, with a simple 
capacitance-type potential divider, to obtain either a visual or 
photographic record of the impulse wave shape. A. K. Nutt all 
(Ref. (91) ) has described the construction of an oscillograph for the 
measurement of moderately high impulse voltages directly. 

Impulse Ratio. The “impulse ratio” of an insulator is the ratio 

Minimum spark-over voltage when tested with an impulse voltage 
Spark-over voltage when tested at power frequency 

This is not constant for any given insulator, but is always greater than unity. 
It depends upon— 

(а) The polarity of the impulse voltage. The spark-over voltage is usually 
less, by some 10 per cent, when the insulator pin (in the case of a porcelain 
insulator) is positive, than when it is negative. 

(б) The steepness of the impulse wave-front and the time of decay of the 
impulse voltage- The highest spark-over voltage is obtained with an impulse 
voltage which rises most rapidly to its crest value and also falls away again 
rapidly. Goodlet ( loc . cit.) gives the figures 1-3 to 1-5 for the mean impulse 
ratio in the case of pin-type porcelain insulators, and 1-2 to 1*4 for suspension 
insulators. 

Notes on the Testing of Insulators, Insulating Materials, and 
Cable Lengths. While impulse and high-frequency tests are carried 
out, as above described, for research purposes, and by manufac¬ 
turers, in order to ensure that their finished products will give 
satisfactory performance in service, the most general tests upon 
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insulating materials are carried out at power frequencies. Such 
tests may be carried out in accordance with the purchaser’s specifica¬ 
tions, and their exact nature then depends upon individual require¬ 
ments. So many factors, such as barometric pressure, temperature, 
time of application of the testing voltage, and so on, influence the 
results of these tests that the British Standards Institution, and 
similar authorities in other countries, have drawn up standard 
specifications which state standard test conditions for various types 
of manufactured apparatus and materials. 

Testing of Porcelain Insulators. Such insulators are designed 
so that spark-over occurs at a lower voltage than puncture, thus 
safeguarding the insulator, in service, against destruction in the 
case of line disturbances. Flash-over tests are thus very important 
in this case. Flash-over, or surface breakdown, is really due to a 
breakdown of the air at the insulator surface, and the voltage at 
which it occurs for a given insulator depends upon— 

(a) The barometric pressure. 

(b) The temperature. 

(c) The shape of the electrostatic field. 

(d) The humidity. 

(e) The nature of the contact between the insulator and the 
electrodes. 

Of these factors, the first two can be taken into account by assum¬ 
ing that the Hash-over voltage is directly proportional to the “air 

density correction factor” P being the pressure in milli- 

metres of mercury and t the temperature in degrees Centigrade), 
provided this is not very different from unity. 

If the electrostatic field has no component in a direction normal 
to the surface of the insulator, the breakdown voltage is simply that 
for the air alone, and is practically independent of the material of 
the insulator. Usually, however, the electrostatic field lies partly 
in the surrounding air and partly in the insulator, and the shape of 
this field becomes very important. It is thus necessary to take into 
account the disposition of any metal parts, used for mounting pur¬ 
poses, when considering results. 

The flash-over voltage decreases wfith increasing humidity and 
correction factors are given in B.S. 137 : 1941. Dirt of any kind 
upon the surface has a similar effect to that of deposited moisture 
in lowering the flash-over voltage, and thus for consistent results 
upon a given insulator it should be both clean and dry.* 

Unless the contacts between the electrodes and insulator are good, 
ionization of the air near the contacts will take place, and the 
breakdown voltage will be reduced. 

The time of application of the voltage may also affect the results. 


* See also Ref (841. 
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If the applied voltage is high, and is maintained for some time at a 
value a little below the normal flash-over voltage, breakdown often 
occurs. 

In addition to the dry flash-over test, rain tests, and tests in a 
misty or smoke-laden atmosphere are often carried out, the rain 
test being specified in British Standard Specification No. 137 : 1941, 
for “Porcelain and Toughened Glass Insulators for Overhead Power 
Lines 5 ’ (3*3 kV and upwards). 

The specification gives a table of standard insulator rating numbers and test 
voltages, the latter being separated into “Minimum dry flash-over voltage,” 
“Minimum wet flash-over voltage,” “One-minute dry test voltage,” “One- 
minute rain test voltage” and “Puncture test voltages.” 

The various tests are then specified and the following notes give an indica¬ 
tion of their nature (the specification should be referred to for full details). 

Power Frequency Testing Voltage. This shall be of frequency between 
25 and 100 c/s and approximately sine-wave form. The peak value, determined 
by sphere gap, oscillograph or other approved method, shall not exceed 
1*45 x r.m.s. value. 

Plash-over Tests. These are (i) 50 per cent dry impulse flash-over test, 
using an impulse generator delivering a positive 1/50-microsecond impulse 
wave. “The voltage shall then be increased to the 50 per cent impulse flash- 
over voltage, i.e. the voltage at which approximately half of the impulses 
applied cause flash-over of the insulator.” (ii) Dry flash-over and dry one- 
minute test in which the test voltage given in the table (mentioned above) is 
applied. “The voltage shall be raised gradually to this value in approximately 
ten seconds and shall be maintained for one minute. The voltage shall then be 
increased gradually until flash-over occurs.” (iii) Wet flash-over and one- 
minute rain test in which the insulator is “sprayed throughout the test with 
artificial rain drawn from a source of supply at a temperature within 10° C. of 
the ambient temperature in the neighbourhood of the insulator.” The resis¬ 
tivity of the water is to be between 9,000 and 11,000 ohm cm. 

Saaeple Tests. Specifications are given for temperature-cycle tests, 
mechanical tests, electro-mechanical tests, puncture tests and porosity tests. 

Routine Tests. These are to be applied to all insulators and “shall be 
commenced at a low voltage and shall be increased rapidly until a flash-over 
occurs every few seconds. The voltage shall be maintained at this value for a 
minimum of five minutes or, if failures occur, for five minutes after the last 
punctured piece has been removed. At the conclusion of the test the voltage 
shall be reduced to about one-third of the test voltage before switching off.” 

Potential Distribution Along a Suspension Insulator 
String. Owing to the earth capacitances between the metal fittings 
(caps and pins) of an insulator string and the supporting tower or 
pole, the potential distribution across the various component units 
of the string is by no means unif orm. The potentials across the 
units adjacent to the line conductor are much greater than those 
across units nearer to the supporting cross-arm. If all the units are 
identical, the consequence is that the “string efficiency,” i.e. the 
ratio a ’ cttia ^ breakdown voltage of the complete string . g # 
breakdown voltage per unit x number of units 

* For a fuller discussion of the question, see Ref. (78); also F. W. Peek, 
Trans. A.I.E.E., Vol. XXXI, p. 907; or H. Cotton, The Transmission and 
Distribution of Electrical Energy. 
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Measurement of the potential distribution along such a string 
may be carried out in the laboratory by either (a) direct measure¬ 
ment or ( b ) a potential divider or null method. These methods may 
be understood from the simplified diagrams of Pig. 291, in which 
(a) shows the direct method and ( b ) the potential-divider method. 

In (a) a small test spark-gap is employed, set to spark over at a 
voltage e across it. The potential F across the string is brought up 
to such a value as to cause the gap to spark. The connection P is 
moved from one unit to another down the string, and for each 
position the required value of F for gap spark-over is determined. 



m <b> 

g. 291 


The results give the percentage voltage drops efV for the various 
portions of the string.* 

Although this method is very simple and involves only a capaci¬ 
tance current, which does not cause pitting of the spheres, it is 
rather rough, and the presence of the exploring wire, unless this is 
correctly placed, may influence the electrostatic field distribution. 
Again, the capacitance of the gap itself may be comparable to that 
of the insulator units. In Method (b) the contact M is moved until 
the indicator shows zero, when the potentials of M and P are 
obviously the same, so that that of P is known, for a given applied 
voltage F, from the calibration of the potential divider. 

The potential divider may he a resistance or capacitor, or it 
may be replaced by a separate source of supply. This source, either 
from an induction regulatorf or a second alternator driven in syn¬ 
chronism with that supplying the insulator string, must be in the 
same phase and of the same waveform as the supply volts F. 

The indicator J may be: (i) a spark-gap; (ii) a neon tube of 
special construction; (iii) an electrometer across a high resistance; 

* See R. H. Marvin, Trans - A.I.E.E., January and June, 1916. 

+ Drewnowsky, Archiv. fur Elektrotechnilc, Vol. XXVII, p. 229. 

f See also A. Sehwaiger, “Voltage Distribution for Insulator Suspension 
Chains,” E. and M., Xo. 50, 1919; and “Theory of the High-voltage Insu¬ 
lator,” j E.T.Z., Xo. 43, 1920; and E. and M No. 38, 1920; also Schering 
and ftaske, E.T.Z., Vol. LVI, p. 75, 1935. 
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(iv) a vibration galvanometer in series with a high resistance; or 

(v) a triode. 

The use of an electrometer for the measurement of high alter¬ 
nating voltages has been described by P. W. Baguley and H. Cotton.* 
They used a Lindemann electrometer, which is a very useful instru¬ 
ment for the measurement of very small currents. The instrument, 
described by F. A. Lindemann and T. C. Keeley, j is manufactured 
by the Cambridge Instrument Co. 

Testing oe Insulating Materials. In the case of such materials 
it is not the voltage which produces spark-over breakdown which is 
important, but rather the voltage for puncture of a given thickness 
(i.e. the dielectric strength). The measurements made upon insu¬ 
lating materials are usually, therefore, those of dielectric strength 
and of dielectric loss and power factor, the latter being intimately 
connected with the dielectric strength of the material. 

The breakdown of solid insulating materials is a complex process, 
and does not occur simply when the applied potential gradient, or 
field strength, exceeds a certain critical value, regardless of other 
conditions. 

It is found that the dielectric strength of a given material depends, 
apart from the chemical and physical properties of the material 
itself, upon many factors including— 

(a) The thickness of the sample tested. 

(b) The shape of the sample. 

(c) The previous electric and thermal treatment of the sample. 

(d) The shape, size, material, and arrangement of the electrodes. 

(e) The nature of the contact which the electrodes make with the 
sample. 

(j) The waveform and frequency of the applied voltage (if 
alternating). 

(g) The rate of application of the testing voltage and the time 
during which it is maintained at a constant value. 

( Ji) The temperature and humidity when the test is carried out. 

(i) The moisture content of the sample. 

It is obviously very necessary, therefore, that tests shall be carried 
out under standard conditions, and with standard sizes and shapes 
of both sample and electrodes if the results are to have any real 
significance. 

The Nature of Dielectric Breakdown. The theory of breakdown which waa 
most generally adopted in the past was the Thermal theory. K. W. Wagner 
first attempted to give a definite mathematical theory of thermal breakdown, 
and Prof. Miles Walker, during a discussion on E. H. Kayner’s paper on 
High-voltage Tests and Energy Losses in Insulating Materials” (Jour. I.E.E ., 
Vol. XLIX p. 3) stated the essentials of the theory, which are as follows— 

Dielectric losses occur in insulating materials, when an electrostatic field 

* World Power , Vol. XIX, No. CXT, March, 1933. 

f Phil. Mag., 1924, Vol. XLVII, p. 577. 
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is applied to them. These losses result in the formation of heat within the 
material. Most insulating ma terials are bad thermal conductors, so that, even 
though the heat so produced is small, it is not rapidly carried away by the 
material. ZSTow, the conductivity of such materials increases considerably 
with increase of temperature, and the dielectric losses, therefore, rise and 
produce more heat, the temperature thus building up from the small initial 
temperature rise. If the rate of increase of heat dissipated, with rise of tem¬ 
perature, is greater than the rate of increase of dielectric loss with temperature 
rise, a stable condition (thermal balance) will be reached. If, however, the 
latter rate of increase is greater than the former, the insulation will break down 
owing to the excessive heat production, which bums the material. 

Now, the dielectric losses per cubic centimetre in a given material and at a 
given temperature, are directly proportional to the frequency of the electric 
field and to the square of the field strength. Hence the decrease in breakdown 
voltage with increasing time of application and increasing temperature, and 
also the dependence of this voltage upon the shape, size, and material of the 
electrodes and upon the form of the electric field. 

Much research has been done, particularly by the British Electrical and 
Allied Industries Research Association, during recent years on this question 
of the dielectric breakdown of insulating materials. S. Whitehead (Ref. (93) ) 
has reviewed the subject comprehensively and this work together with those 
mentioned in Refs. (2), (94), and (95), should be consulted by readers wishing to 
study the subject. H. F. Church and C. G. Garton (Ref. (95) ) list five well- 
established causes of failure in solid insulation and state that two others are 
now under investigation. 

Importance of Dielectric Loss Measurements . From the above it 
will be realized that the measurements of dielectric loss in insulating 
materials are very important, and give a fair indication as to com¬ 
parative dielectric strengths of such materials. In the case of cables, 
dielectric loss measurements are now generally recognized as the 
most reliable guide to the quality and condition of the cable. 

The measurement of dielectric losses was dealt with in Chapter IV. 
Directions for the Testing of Solid Specimens. A number of reports 
issued by the British Electrical and Allied Industries Research 
Association* give directions for the study of insulating materials 
of all classes, including solid dielectrics, papers, fabrics, varnishes, 
and oils. 

The following extracts from the B.S.I. Standard Specification (Ho. 234 
(1942) ) for “Ebonite for Electrical Purposes,” will serve to indicate what pre¬ 
cautions are to he taken and what methods adopted in the testing of ebonite, 
which may be taken as a typical solid dielectric. 

4 "Electric Stbexgth. The ebonite shall withstand for one min ute without 
breakdown the following r.m.s. test-voltages when applied in accordance with 
the method described in Appendix D— 

For Grade I—2,000 volts per mil (80 kV per mm). 

For Grade II—1,000 volts per mil (40 kV per mm). 

For Grade HI—750 volts per mil (30 kV per mm).” 

Appendix D gives the following method— 

“A sheet or disc of the material, not less than 4 in. (101*6 mm) in diameter, 
shall be taken and recessed on both sides so as to accommodate the spherical 
electrodes described below, with a wall or partition of the material between 
them 20 mils (0*508 mm) thick, as shown in Fig. 4. 

“The test shall be carried out at a temperature of from 15° C. to 25® C. 

* See references at end of chapter. 
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“The electrical stress shall be applied to the specimen by means of two 
1 in. diameter spheres fitting into the recesses without leaving any clearance, 
especially at the centre.” 

“Fig. 4,” referred to in the extract, is reproduced in Fig. 292. It is further 
specified that the specimen shall be conditioned, before testing, by being 
“maintained in an ordinary room atmosphere for at least 24 hours immediately 
before test.” The applied voltage is to be of approximately 50 cycles fre¬ 
quency and of sinusoidal wave-form. This voltage must be commenced at 
about one third the full value and increased rapidly to the full testing voltage. 

It is laid down also that the power-loss factor (defined as the “product of 
the power factor and the permittivity which shall be determined at a frequency 



Specimen in form of fiat 
sheet not less than 4in. dia., 
containing recess to 
receive electrodes. 


electrodes 

Two J m. dia. spheres 


Thickness of ebonite 
between spheres = OSO&mm 


{By courtesy of the B.S.I.) 

Fig. 292. Ahrangement of Electrodes for the Testing of 
Eboxite 

from 800 to 1,600 cycles per second by the method described in Appendix E”) 
shall not exceed 

0-018 for Grade I 
0-030 for Grade II 
0-080 for Grade III 

(Appendix E describes a Sobering bridge method the operation of which is 
specified more fully in B.S. 903 : 1950.) 

The Testing of Insulating Oils. In British Standard speci¬ 
fication (No. 148 : 1951) for 4 ‘Insulating Oil/ 9 the method of applying 
the testing voltage (which must be alternating, or approximately 
sine wave-form, of frequency between 25 and 100 cycles per second 
and with a peak factor of y/2 dz 5 per cent) which is recommended, 
is shown in Fig. 293, taken from the specification. 

It is specified that— 

“ The minimum internal dimensions of the test-cell shall be 55 mm. 
X 90 mm. x 100 mm. high. 

“The electrodes shall be polished spheres of 12*7-13 mm. diameter, preferably 
of brass, arranged horizontally with their axis not less than 40 mm. above the 
bottom of the cell. For the test, the distance between the spheres shall be 
4 4 0*02 mm . A suitable gauge shall be used for checking the gap. 

“Spheres shall be replaced as soon as pitting caused by discharges is 
observed.*’ 
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On account of the serious effect of suspended solids and moisture in the oil, 
upon the electric strength, great care must be taken in preparing the oil 
sample for test and in cleaning the test-cell. These matters are dealt with in 
the specification. 

Cable Testing. The cable tests which have already been de¬ 
scribed in this chapter have been tests upon cables already installed. 
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fitted so that the desired 
setting of the gap can be 
obtained true to 0 02 mm 


Electrodes 
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■Oil Level 


Jo permit of removal when 
necessary , spheres to be 
drilled and tapped (A BA) 
and left hand-tight 
on shanks. 


Hard Brass 
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Jhe hole in this 
washer and in 
■, , the glass to_ be 
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^ Glass 



Stainless Steel Pin 
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a* Stainless Steel flanged 
bush * . . 

t>-Stainless Steel washer v 
threaded to screw over 
end of bush on 'a' 


Plan 


(.By courtesy of the B.SJ .) 

Fig. 293. Apparatus pop the Measurement of the Dielectric 
Strength of Oil 

Acceptance tests, which are tests called for by purchasers before 
accepting cables from the manufacturers, are also of importance. 
The results of such tests must be a reliable guide as to the probability 
of the cables being satisfactory in service. 

At one time breakdown tests upon short lengths of cable with 
alternating voltages of commercial frequency, rapidly applied, were 
called for, but it was later realized that such tests gave little or no 
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reliable information regarding the cable, since the breakdown value, 
when the voltage is applied for a considerable time, is usually con¬ 
siderably smaller than that obtained with rapid application of 
voltage. Thus, tests with a voltage applied for 15 or 30 min. were 
carried out in addition to the rapid tests. As a development of these 
tests, time-voltage curves for short lengths of cable are now carried 
out by some manufacturers (Ref. (29), (30)). These are obtained by 
first determining the breakdown voltage for one length with rapid 
application of voltage, and then, with other lengths, finding the 
length of time required before breakdown occurs, with applied 
voltages of gradually decreasing magnitudes for each test length. 
For example, if 100 kV produces breakdown of sample 1, when 
rapidly applied, and it is found that it takes 5 min. for 90 kV to 
produce breakdown of sample 2, 12 min. for 85 kV to produce 
breakdown of sample 3, and so on, a time-voltage curve for the 
cable can be plotted. This method is suggested by Dunsheath 
(Ref. (6)). E. A. Beavis (Ref. (30)) has investigated the question of the 
preparation of the ends of the cable lengths for such tests, in order 
to avoid breakdown by flash-over instead of by puncture. 

Dielectric loss and power-factor tests are regarded as giving the 
most reliable information as to the quality of the cable, and such 
tests are of greater importance than breakdown tests upon short 
lengths. 

It is found that the dielectric losses in high-voltage cables do not 
increase with the square of the voltage, as is the case with most 
simple dielectrics, nor does the power factor remain constant. The 
losses increase in proportion to some power of the voltage greater 
than the square, and the power factor rises with voltage, these 
effects being due to “ionization” caused by air which is entrapped 
within the cable insulation. Measurements of power factor with 
different voltages applied to the cable are therefore made, and the 
power factor-voltage curve plotted. This should be practically flat 
if the cable under test is such as will be satisfactory in service. The 
variation of power factor with temperature is also of importance. 
In a good cable the power factor should increase very little with 
increase of temperature. To investigate this power factor, measure¬ 
ments are made at different dielectric temperatures, obtained by 
heating the cable by the passage of current through its cores. The 
power factor—voltage curve is also obtained when the cable has 
cooled after a heat run. This should not be appreciably different 
from the curve obtained before the heat run. 

Live Conductor Detection. While this scarcely comes under 
the heading of a high-voltage measurement it is perhaps worthy of 
mention here. 

It is very important to be able to determine whether a high 
voltage conductor is live or dead prior to earthing it and a difficulty 
arises from the fact that, if the detecting device used is defective. 
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it may indicate that the conductor under test is dead when, in fact 
it is not. 

The requirements for a satisfactory potential indicator have been 
discussed by G. F. Shotter and E. E. Hutchings (Ref. (97) ). They 
are— 

“(i) To indicate reliably if a conductor is not at earth potential. 

“(ii) To discr imin ate whether the voltage on a conductor is due to conductive 
connection with a source of supply, or to electrostatic charge, or electrostatic 
or inductive coupling with a live circuit. This involves a quantitative 
indication. 

“(iii) To be of a form suitable for use by a linesman either indoors or outside 
under all weather conditions. 

41 (iv) To be such that it can be tested before use to ensure that it is operating 
satisfactorily.” 

This report made recommendations for the construction of a 
potential indicator of the resistance type and such an instrument is 
now made by Everett Edgcumbe and Co., Ltd. It has a series 
resistor comprising a number of ceramic resistance units in a tube 
of Babelized material and a robust moving-coil indicator having 
high sensitivity. A permanently attached flexible lead is used for 
earthing. The indicator reads direct in kilovolts to earth and has a 
scale which is closed up at higher readings. This increases the effec¬ 
tive range and enables the detector to be checked, before use, on a 
medium-voltage circuit. 
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CHAPTER XII 

localization of gable faults 


The routine testing of cables with high voltages and the localiza¬ 
tion of faults in high-tension cables, using high-voltage d.c., have 
already been dealt with in the previous chapter. Only the localiza¬ 
tion of faults in cables which are in service, and for use with the 
lower distribution voltages, will be considered here. 

The faults which are most likely to occur are: (a) a breakdown 
of the insulation of the cable which allows current to flow from the 
core to earth or to the cable sheath—called a “ground” fault; 
(6) a “cross” or short-circuit fault, in which case the insulation 
between two cables, or between two cores of a multi-core cable, is 
faulty; and (c) an open-circuit fault where the conductor becomes 



Ground 

Fig. 294. Ground Fault ok a Single Cable 


broken or a joint pulls out. The methods used for locating an open- 
circuit fault differ from those used in the other two cases. 

The causes of such faults are numerous and need not concern us. 
It is important that their exact position shall be determined, how¬ 
ever, in order that repairs may be undertaken without loss of time 
and effort. 

In the case of multi-core cables it is advisable, first of all, to 
measure the insulation resistance of each core to ground and also 
between cores. If the fault is a “ground” this will enable the faulty 
core to be discovered; and if a short-circuit, the cores which are 
involved can be determined. 

Blavier and Earth Overlap Tests. These tests enable one to find 
the position of a ground on a single cable—i.e. when no other cables 
run along with the faulty one. 

The case is illustrated by Fig. 294. The total resistance of the 
cable, before the occurrence of the fault, is assumed to be known. 
Let this be R ohms. Suppose also that r is the resistance of the fault 
to ground, and that r 3 and r 2 are the resistances of the lengths of 
cable, “far end” to fault, and “testing end” to fault, respectively. 

In the Blavier test the resistance between line and ground is 
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measured, first with the “far end” disconnected from earth, and then 
with the “far end” earthed. 

These measurements may be made with the aid of a low-tension 
supply, and either an ammeter and voltmeter, or a bridge network. 

Theory. Let the two measured values of resistance be M 1 and M t . 

Then M x = r 2 r . . . . (i) 


from which 


M z = r 2 + 


M * - *» + —. . . (ii) 

r T r l 

and R = r x -j- r % . . . . (iii) 

From (i), r = M 1 — r 2 

Hence, in (ii), 

from which (Jkf 2 - r 2 ) (M 1 - r 2 -f* r x ) = (ikf* - r t ) r x 
M x M 2 - M x r 2 - M 2 r 2 + r 2 2 -j- 
Substituting from (iii), we have, after simplifying, 

M X M 2 - 2M 2 r 2 -f- r 2 2 RM 2 — M X R 
or r 2 2 - 2M 5 r + Af 2 2 - ikf 2 2 + M X M 2 = R (M x - M % ) 

(r, - M ,)* = (Mj - Jf t ) (2* - Jf.) 

Thus r 2 = Jf 2 ± VjM 1 - M 2 ) (R - M 2 ) . . (241) 

Since r 2 is obviously less than 31 2 , the negative sign in this ex¬ 
pression is the one to be taken, i.e. 

r 2 - M % - V(M~i - Jf.) (5 - M t ) . . . (242) 

In the “earth overlap” test, the two measurements made are: 
first, the resistance 31 x between line and ground, measured from the 
“testing end,” with the “far end” earthed; and then the resistance 
M 2 , line to ground, measured at the “far-end,” with the “testing 
end” earthed. 


and, as before, R — r x + r 2 . 

By elimination, as in the Blavier test, we have 

_ fR-M,\C „ IMJR- M3 


r 2 = 




and also 


B - 3L 


lMj. / mjb-mj ) 

1 /( V 


In each of the above tests, the distance of the fault from either 
end is obtained from the resistance between the fault and the end 
by using the known value of the resistance, per unit length, of the 
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cable. The accuracy of these two methods is not high, mainly 
because it is often difficult to make connections to earth, at the 
ends of the cable, having a low enough resistance for this to be 
considered negligible—as it is in the theory of the tests (see Ref. (8) ). 

Voltage-drop Tests. These tests can be used when a second cable, 
free from faults, runs along with the faulty cable, the sound cable 
being used, either as part of the current circuit as in Fig. 295, or 
as a potential lead to the voltmeter as in Fig. 296. 

Referring to Fig. 295, a large steady current is passed through the 
loop formed by the sound and faulty cables, joined together at the 


a, y-Sound Cab/e £ 
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Fig. 295. Sound Cable Used est Coin junction with the 
Faulty One 

distant end, as shown, by a low resistance connection. The current 
is from a number of accumulators, and is regulated and measured 
by the resistance R and ammeter A. By means of the throw-over 
switch S the voltmeter F, one terminal of which is earthed, is con¬ 
nected first across the section ed of the loop, and then across the 
section abed . Let the two readings obtained be F 3 and F 2 . Since 
the same current flows through both of these loop-sections (neglect¬ 
ing the voltmeter current) we have 

Yj Resistance of section ed 
V 2 Resistance of section abed 
F 3 Resistance of section ed 

or Vj ~r V 2 ~~ Resistance of the whole loop abede 

Now, if the cross-section of the cable is the same throughout the 
length, we have 

Distance of fault from e F 3 

Length of the whole loop V 1 + F 2 

from which the position of the fault can -be found. If the cable 
cross-section is not uniform, a correction must be applied to allow 
for the fact. 

The resistance of the voltmeter should be large compared with 
the resistance of the fault, since the latter forms part of the volt¬ 
meter circuit. This fact constitutes an objection to the method. 
Another reason for the high-resistance voltmeter is that the instru¬ 
ment would otherwise take an appreciable current and so introduce 
errors in measurement. 
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In the circuit shown in Fig. 296, the fault resistance does not 
enter into the resistance of the voltmeter circuit. In this case the 
voltmeter measures the voltage drop across the length ed of the 
cable, and the resistance of this length is obtained by dividing by 
the current through it (as indicated by the ammeter A). 

The voltmeter resistance should be high, as compared with the 
resistance of both the length ed , and of length abed, of the cable, 
if corrections for voltmeter current are to be avoided. If the volt¬ 
meter is electrostatic, no corrections are, of course, necessary. 

The length ed is calculated, as before, from the known resistance 
per unit length. Care must be taken that the current passed through 
the length ed of the cable is not sufficient to produce appreciable 



heating as the resistance per unit length will then be different from 
that used in the calculation of length. 

The same precaution must be taken in the previous method if 
the cable cross-section is not uniform. If the cross-section is the 
same throughout, however, the proportionality renders the precau¬ 
tion less necessary, although it is not advisable to pass such a current 
as will produce appreciable heating, even in this case. 

Loop Tests. These tests can be carried out for the location of 
either a ground or a short-circuit fault, provided that a sound cable 
runs along with the grounded cable or with the two cables (or cores 
in a multi-core cable) which are short-circuited. Such tests have 
the advantage that the resistance of the fault does not affect the 
results obtained, provided this resistance is not very high. If it is 
high it may adversely affect the sensitivity. 

Murray Loop Test. The connections for this test are shown in 
Fig. 297. (jonnections (a) are for a test for a ground fault, and ( b ) 
for a short-circuit fault. Both circuits are essentially Wheatstone 
bridge networks, G being a galvanometer and P and Q resistances, 
or a slide-wire, forming two ratio arms. Referring to Fig. 297(a), the 
bridge is balanced by adjustment of P and Q until G indicates zero 
deflection. 

JP R 

Q~ X 


Then, 
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or 


P A- Q RA-X 
Q ~ X 

Q x 


x 

2 r 


( 245 ) 


where r is the resistance of one of the cables when free from faults. 
The value of r may be obtained from the lengths, cross-sections and 
temperatures, of the two cables all of which are assumed to be the 
same for each. The distance of the fault from the lower end of 




resistance Q may then be obtained from the value of X obtained as 
above. 

It should be noted that the resistance of the fault enters only in 
the battery supply circuit and, provided it is not sufficiently large 
to reduce the sensitivity, will not affect the results. 

In Fig. 297(6), the connections are practically the same as in the 
ground test, except that a portion of one of the short-circuiting 
cables is substituted for an earth path in the battery circuit. Balance 
is obtained as before, by the adjustment of P and Q and, at balance, 

Q _R 
P~ X 


or 


_P_ _ X 

P A Q R A X 


(246) 


The total resistance (R -{- X) of the loop is assumed to be known, 
so that X, and hence the distance of the fault from the upper end 
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of P, may be calculated. Again, the fault resistance enters only into 
the battery circuit. 

Varley Loop Test. This test makes provision for the measure- 
menF^FTEetotalloop resistance instead of obtaining it from the 
known lengths of cable and their resistance per unit length. The 
connections are shown in Figs. 298, 299 for both the ground and short- 
circuit tests respectively. In this loop test the ratio arms P and 




Fig. 299. Varley Loop Test for Short Circuit Fault 

Q are fixed, balance being obtained by adjustment of a variable 
resistance S, placed in series with the section of the loop having the 
smaller resistance. When balance is obtained with the throw-over 
switch, in the battery circuit, on contact c, then, in either test, 
the magnitude of the resistance X may be obtained from the setting 
of /S for balance, together -with the values of P and Q and of the 
resistance R + X (i.e. the total resistance of the loop). 

At balance, in the ground test, 

P R 
Q — X + S 

P ~k~ Q R ~X & 

° r ~Q~ “ x + s 

From which, X = - • (247) 

■‘TV 

In the short-circuit test, 

Q R 


XA S 



492 


ELECTRICAL MEASUREMENTS 


Xow, P, Q, and S are known. R -f- X may be measured by throw¬ 
ing over to contact d and obtaining a balance by adjustment of S 
as in the ordinary Wheatstone bridge network. In the ground test* 
as connected in Fig. 298, at balance, 

P R -4- X 

&i 

where S z is the new setting of S. Thus R -f- X can be found. In 
Fig. 299, at balance, 

P S 2 
~ R -h X 

where S 2 again is the required setting of S for balance. The mea¬ 
sured value of R -f* X is then used in the calculation of X, from 
whose value the position of the fault is obtained as before. The use 
of the Evershed and Vignoles 4 'Bridge-Megger Testers” for the loca¬ 
tion of cable faults was mentioned on p. 307. 

Fishes Loop Test. In this test, developed by H. W. Fisher, two 
sound conductors, running from the testing end to the far end of 
the faulty cable, must be available. The lengths and resistances of 
these two conductors need not be known, but the length and resis¬ 
tance of the faulty cable must be known. 

Two balances of the bridge network are necessary, the two con¬ 
nections for these being as shown in Fig. 300 (a) and (6). In the 
first test, one of the sound cables—of resistance P 3 —is left dis¬ 
connected, and in the second test it is merely used as a lead from 
the battery to the far end of the faulty cable. P 2 is the resistance 
of the other sound cable, while x and r are the resistances between 
the fault and the testing end, and between fault and the far end 
respectively. 

Theory. Bet P 1 and Q x be the balance values of P and Q in the first test, 
and P 2 and Q t their values in the second test. 


Then, 

and 



P 2 is eliminated as follows— 


Pa , __ P a + r , x P 2 + r -j- a; 

Qi 1 x ^ x x 



A 

Qi 


+1 


P 2 

x -j~ r 
x 

x 4- r 


x = (x 4- r) 


x -f- r _ P 2 ■ r x 

1 x 4- r x -f- r 



(248) 
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If the resistance per unit length of the faulty cable is uniform, we 
have 

Distance of fault from testing end 

\ 

\ x Total length of faulty cable 
Fault Localizing Bridges. Several forms of fault-localizing bridge, 




which are portable and are arranged for determination of the dis¬ 
tance of a fault from the testing end directly (i.e. without calcula¬ 
tion), are made up by different manufacturers. Fig. 301 shows the 
connections and lay-out of the Raphael bridge, developed by F. C. 
Raphael, and manufactured by Messrs. Muirhead & Co., Ltd. It 
consists of a double slide-wire, with a scale, and two movable con¬ 
tacts S and P. The former contact connects one end of the cable 
loop to any point on the bridge wire, while P is the sliding contact 
for balance adjustment. The galvanometer and battery are con¬ 
nected to the cable loop, as in the Murray loop test (Fig. 297(a)). 

In carrying out a test for a ground fault location, the contact S 
is placed in such a position on the slide-wire that the number of 
scale divisions of the working portion of this wire is a convenient 
multiple of, or is the same as, the length of the loop in yards. P 
is then moved until balance is obtained, when the scale reading 
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opposite P gives the distance of the fault from the testing end, in 
yards, directly. 

The relationship at balance is the same as in the Murray loop test, 
namely, = £ 

Corrections to be Applied in Loop Tests. If a ratio such as 
Resistance to fault 
Resistance of the whole loop 

is, in one of these tests, determined in terms of resistances in the bridge ratio 
arms, it is obviously equal to 

Distance to fault 
Length of the whole loop 

only if the cable section (and also the temperature) is uniform throughout the 
loop. If this is not so, corrections must he applied. 


Galvanometer 



Correction when the Cross-section and Length of both Faulty and Sound Cables 
are Known. 

Let Lf — length of faulty cable. 

,, a.f — cross-section of faulty cable. 

„ L s = length of sound cable. 

,, a s = cross-section of sound cable. 

Then, equivalent length of the whole loop is Lf -J- L s . and this length 

a s 

must be used in calculating the distance to the fault, instead of the actual 
length of loop. If resistances of the two cables, per unit length ry and r s , are 

used instead of cross-sections, the equivalent length is Lf + L s — . Tempera- 

y f 

ture corrections are applied in a similar way if the temperatures of the two 
cables are known or can be estimated with reasonable accuracy. 

Correction when the Cross-section of the Faulty Cable is Not Uniform . Sup¬ 
pose the faulty cable consists of a number of sections, in series, these sections 
having different resistances per unit length. Let L l9 L 2 , L s , etc., he the lengths 
of these sections, and r l5 r 2 , r s , etc., be their resistances per unit length. Then, 
the first section has resistance L^r x , the second _L 2 r 2 , and so on. If a? is the 
resistance—obtained by measurement—of the cable from testing end to the 



LOCALIZATION OF CABLE FAULTS 


495 


fault, it is first necessary to determine in which section the fault exists. Thus* 
if a; is greater than —- L«r 2 , but less than L z r z -j- L 3 r 3 , the fault is 

in the third section, and its distance L along this section from the point of 
junction with section 2 is given by 


As mentioned above, temperature corrections must also be applied if any 
appreciable difference of temperature exists between the various sections. It 
may be necessary, also, to correct for the resistance of joints if these are 
numerous. 

Although other cases requiring corrections exist, enough has been said to 
ndicate the method of applying such corrections in any particular case. 

Tests for an Open-circuit Fault. If a complete disconnection 
occurs in a cable—either by a fault burning clear without causing 
a ground fault, or on account of the cable being pulled out at a 
joint—its position may be found by a capacitance test. The cap¬ 
acitance of a cable, to ground or to another parallel conductor, is 
proportional to the length of the cable. If the capacitance C of the 
whole length of the cable, when sound, is known, and the capacitance 
C x of the length between one end and the fault is measured, the 

C 

distance of the fault from the testing end is —■ X length of the whole 

O 

cable. If the capacitance C is not known, tests must be carried out 
from each end of the cable, the sum of the two capacitances so 
measured giving the capacitance C. The distance of the fault from 
either end can then be obtained as above. 

For the measurement of capacitance, either a ballistic galvan¬ 
ometer or an alternating current bridge method, using a high- 
frequency generator and telephone detector, may be employed. 

Connections for the measurement of the capacitance of the cable 
up to the fault are shown in Fig. 302, two alternatives being given. 
The first method of measurement is by direct deflection, using a 
ballistic galvanometer. C is a standard capacitor. The galvano¬ 
meter BG is shunted by an Ayrton shunt. The galvanometer throw 
is first observed when the capacitance represented by the cable-length 
is charged from the battery, the standard capacitor being then out 
of circuit. This capacitor is then substituted for the cable by means 
of the switches shown, and the galvanometer “throw” produced, 
when it is charged from the same battery, is observed. If D c and 
D s are these two throws—corrected if necessary for variations of 
the shunting powers in the two cases—we have 

Capacitance of cable-length to the fault D c 
Capacitance of standard capacitor D s 

In the second method a capacitor bridge is employed, the supply 
being a high-frequency generator, and the detector T a telephone. 
The cable capacitance is then measured in terms of the standard 
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capacitor C, the non-inductive resistors P and Q being adjusted to 
give a balance of the bridge, when 

Capacitance of cable-length to the fault Q 
Capacitance of standard capacitor P 

The distance to the fault is then obtained, as described above. 



from this measured value of the capacitance, up to the fault, com¬ 
pared with the capacitance of the whole cable. 

An open-circuit fault locator operating on this principle is manu¬ 
factured by Messrs. 3EL W. Sullivan, Ltd. A Kelvin-Varley slide 
wire is used for the ratio arms P and Q. 

Induction Method of Testing. This method, which is used for 
the localization of ground faults in cables, can only be successfully 
employed when the cable has no metallic sheath or armouring. It 
is, however, useful for the localization of such faults in vulcanized 
bitumen cables, and has the merit of discovering the fault directly 
without reliance having to be placed upon calculations, or upon 
assumptions as to cable resistance. 

A battery and interrupter are used to send an interrupted direct 
current through the faulty cable. An exploring, or search coil, to 
the terminals of which a telephone receiver is connected, is then 
placed with its plane parallel to the direction of the cable as shown 
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in Fig. 303. Tins coil consists of about two hundred turns of 26 or 
30 S.W.G. wire, wound on an equilateral triangle former of about 
3 ft. side.* The intermittent current in the cable induces an e.m.f. 
in the coil, and a note is thus heard in the telephone receiver. If 
the search coil is moved along the cable in the direction of the 
fault, this note will cease immediately the fault is passed, since the 
testing current there passes to earth, and from thence passes to the 
earthed terminal of the testing battery. The position of the fault 
is thus directly determined from the cessation of the telephone note, 



Fig. 303. Induction Method of Locating a Ground Fault 

If the cable is lead-covered or is armoured, the method is rendered 
uncertain, owing to the currents flowing in the sheath (which is 
connected to the cable at the fault) and to the magnetic shielding 
effect of the steel armouring in the latter case. 

A test set on this principle, containing an impulse generator as 
well as two different forms of search coil, is the “P & B” Cable 
Tracer and Fault Locator, made by Price and Belsham, Ltd. From 
the point of view of tracing the run of an underground cable the 
magnetic shielding effect of the armouring is negligible. 

BIBLIOGRAPHY AND REFERENCES 

(1) The Localization of Faults in Electric Light Mains, F. C. Raphael. 

(2) Underground Cable Systems, G. W. Stubbings. 

(3) Electrical Measurements, F. A. Laws. 

(4) Methods of Measuring Electrical Resistance, E. F. Northrup. 

(5) The Theory of Electric Cables and Networks , A. Russell. 

(6) “The Electrical High-pressure Testing of Cables and the Localization 
of Faults,” J. Urmston, Jour. I.E.E. , Vol. LXIX„ p. 983. 

(7) “Methods of Locating Breaks in Cable Conductors,” J . H. Savage, 
Distribution of Electricity, Dec., 1933. 

(8) “Cable Fault Localization: Sources of Errors and their Magnitudes,” 
E. W. Golding, Electrical Times , 22nd July, 1937. 

(9) “Testing Cables with D.C. Pressures and Localizing High Resistance 
Cable Faults,” C. Grover, Distribution of Electricity, May, 1937, et seq. 

(10) “Localization of Flashing Faults in Cables,” A. T. Starr and H. T. 
Gooding, Jour. I.E.E. , Vol. LXXXXV, p. 699. 


These dim ensions are taken from Raphael’s Localization of Faults. 




CHAPTER XIII 

ELECTRICAL METHODS OF MEASURING TEMPERATURE 

General. Tlie most important methods of measuring temperature 
are— 

(a) By mercury thermometers. 

(b) By gas thermometers. 

(c) By pyrometers. 

Mercury thermometers axe generally used for temperatures up to 
about 300° C., mercury remaining liquid over the range — 39° C. 
to 357° C. If the mercury is under pressure of an inert gas such as 
nitrogen or carbon dioxide, the boiling point is increased so that 
temperatures up to 500° C. may be measured. Borosilicate glass 
is used for high-range thermometers. To avoid trouble from 
softening of the glass, quartz tubes containing mercury, under 
gas pressure, can be used up to 700° C. Tin, 'which melts at 232° C., 
has been used instead of mercury for temperatures up to 1,000° C. 

Gas thermometers depend for their operation upon the fact that 
for certain gases, the change in volume, at constant pressure, or 
the change in pressure, at constant volume, as their temperature 
varies, obeys a regular law. They are therefore used as standards 
for the measurement of temperature and, although such thermo¬ 
meters are not suitable for commercial and ordinary laboratory 
measurements, they have been used to determine the melting points 
of a number of metals. These melting points, once established, may 
be used in the calibration of other—and more convenient-—instru¬ 
ments for temperature measurement. Gas thermometers have been 
used with hydrogen up to about 400° C. and with nitrogen up to 
1,600° 0. Their probable error has been given by A. L. Day* as 
ih 2° C. He also gives the melting points of a number of metals, 
including that of pure platinum, at 1,755° C. (although the temper¬ 
ature now accepted is 1,773*5° C.). 

Gas thermometers have been used to measure very low temper¬ 
atures and one using helium is applicable down to a temperature of 
about one degree above absolute zero. 

Kelvin showed that it was possible to formulate a temperature 
scale to be independent of the properties of any particular substance. 
This scale would be the same as that for a “perfect” gas. The 
departures of the gases, used in gas thermometers, from perfection, 
in this sense, are small and can be calculated. 

An International Temperature Scale was adopted at the Seventh 
General Conference of Weights and Measures at Sevres in 1927. 

* Transaction* of the Faraday Society , November, 1911. p. 142. 
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This scale is defined in “The Units and Standards of Measurement 
Employed by the National Physical Laboratory” (H.M. Stationery 
Office) which states— 

“The thermodynamic Centigrade scale, on which the temperature of melting 
ice and the temperature of condensing water vapour, both under the pressure 
of one standard atmosphere, are numbered 0° and 100° respectively, is recog¬ 
nised as the fundamental scale to which all temperature measurements should 
ultimately he referable.” 

The scale is based on a number of fixed and reproducible equil¬ 
ibrium temperatures ranging from— 

“The temperature of eq uili brium between liquid and gaseous oxygen at 
the pressure of one standard atmosphere ... — 182*97° C,” 
to 

“the temperature of equilibrium between solid gold and liquid gold at 
normal atmospheric pressure . . . 1,063° C.” 

Pyrometers are instruments, or pieces of apparatus, which are 
generally used for the measurement of high temperatures and for the 
indication and recording of temperatures under circumstances which 
could not easily be met by mercury thermometers. There are four 
types of pyrometers, namely, platinum resistance, thermo-electric, 
radiation, and optical pyrometers. Of these, the first three are 
electrical instruments, and it is with these that we are most concerned 
in this chapter, although in the commonest form of optical pyro¬ 
meter electrical measurements are involved. 

The change in electrical resistance, corresponding to any given 
temperature change, is found to be a perfectly constant quantity 
for any given piece of metal. The thermo-electric e.m.f., set up 
in a given thermo-junction of two dissimilar metals, for any given 
change in temperature, is also quite definite. Since both electrical 
resistance and e.m.f. can be conveniently measured with great 
precision, electrical pyrometers, depending upon these effects, form 
very convenient and sensitive methods of measuring temperature. 

The measurement of temperature by all the methods dealt with 
in this chapter as well as by methods outside the present scope is 
discussed comprehensively by Dr. Ezer Griffiths (Ref. (19)). 

Electrical Resistance Pyrometers. These pyrometers may be used 
to cover a range from - 200° C. to 1,200° C., readings to 1° C. being 
possible when the resistance material is platinum, as it usually is. 
The law of resistance variation with temperature has been fully 
investigated by Callendar and Griffiths, using an air thermometer 
as standard. Copper and nickel have also been used for low tem¬ 
perature ranges—up to about 100° C. The chief requirement of 
the materials used in such thermometers is that their resistance at 
a certain temperature must be the same after subsequent heating 
as it was before the heating. Again, the change in resistance, per 
degree alteration in temperature, should be as large as possible; but 
this change is not uniform over any large temperature range for any 
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of the resistance metals in use. Provided, however, the law of varia¬ 
tion is known for any particular specimen, this can be used as a 
standard for the calibration of other resistance thermometers. If the 
material is suitably chosen, and is properly treated before being used, 
constancy of resistance at any given temperature can be obtained. 
Platinum has been found very satisfactory in this respect. The 
resistance thermometer in which such a material is used will com¬ 
pare favourably, in constancy, with the best mercury thermometers, 
and forms one of the most accurate methods of measuring temper¬ 
atures within their range. 


Laws of Resistance Variation. The law of increase of resistance of platinum 
with increase of temperature has been found to be 

R t = R 0 (1 +* at - fit 2 ) .(250) 

where R t — the resistance at temperature t° C. 

R 0 = „ „ „ 0°C. 

and a and P are constants. Callendar found that for pure platinum a = 0*0037 
and P — 0*00000057. 

For simplicity a single constant h has been introduced, called the “funda¬ 
mental coefficient,” which can be used to express the law of variation of 
resistance in the form 


R t = R 0 (1 -{- Jet) .(251) 

with sufficient accuracy for small temperature changes. This constant is 
determined by testing a platinum resistance pyrometer with melting ice and 
boiling water—i.e. at 0° C. and 100° C. 

Then, if R l00 and R 0 are its resistance at 100° C. and 0° C. respectively, we 
have 


from which 


*Rioo = f? 0 (1 + 100k) 


10 0R e 

Then, for the resistance R at any temperature i° C. we have 


R = R 0 ( l+k.T„) 

(1 . (-**100 Z *o) T \ 
V 1 + 100i? 0 J * / 




or 


7> _ T> ! -^300 — ^0 rn 

R-Ro-r 10Q - -J* 


(252) 


T v is called the “platinum temperature,” and a correction must be applied 
in order to determine the temperature in degrees centigrade. 

From the above expression, we have 


Tv = 


R-R. 


X100 


^100 “ Ro 

Rioo — R 0 is the “fundamental interval,” and is constant for any particular 
pyrometer. The correction to be applied to convert platinum temperatures 
to centigrade temperatures is rendered necessary, when higher temperatures 
than 100° C. are to be determined, on account of the importance of the con¬ 
stant p at these temperatures. 

If R is the resistance at an actual temperature of t° C.. this temperature is 
obtained from the platinum temperature T v , from the following expression, 
due to Callendar, 




( 253 ) 
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This “difference formula” is correct to within I 1 cr 0 C. up to 500° C-, and to 
within £° C. up to 1,000° C. The constant <5 depends upon the purity of the 
platinum, its value being 1*5 if the platinum is very pure. This constant is 
determined from measurements of the resistance of the pyrometer at three 
known temperatures, namely, those of melting ice, boiling water, and boiling 
sulphur, which are 0° C., 100° C., and 444*6° C. respectively. 

A calibration curve for the particular pyrometer is used, in practice, to 
obtain the centigrade temperatures, instead of using the formula. 

C. F. Marvin* found that the resistance of pure nickel varies with tempera¬ 
ture, according to the law 

log e R = a + bt .(254) 

where R = resistance in ohms 

t ~ temperature in degrees centigrade 

and a and b are constants of the order of 1 and 0*0017 respectively, depending 
upon the purity. For a temperature range of - 25° C. to 350° C. the assump¬ 
tion that this law is true -will not introduce a greater error than 1° C. If the 
range of temperature is small, the error will be under 0*1° C. 

Construction of Platinum Resistance Thermometers. A bare 
platinum wire (usually about 0*2 mm. in diameter) is wound on a mica 
frame, and is enclosed within a porcelain, or fused silica, tube. This 
tube may also be enclosed within a steel tube for protection, its use 
being dependent upon the temperature to be measured and upon 
the situation of the instrument when in use. The bridge, or measur¬ 
ing circuit, is often situated at a considerable distance from the 
body whose temperature is to be measured, and for this reason 
resistance changes with temperature in the long leads required, may 
introduce errors of measurement, unless compensating leads are 
used. The latter are in the form of a loop of wire, of the same 
material as the leads to the thermometer, running along with these 
leads and ending in a loop of platinum wire, inside the thermometer 
tube, but not connected to the resistance coil. In use, these com¬ 
pensating leads are connected in the opposite side of the bridge to 
that in which the thermometer itself is connected. Any temperature 
changes which affect the leads to the thermometer also affect the 
compensating leads, equally, and thus the balance of the bridge net¬ 
work is not affected by them. Copper or steel tubes are sometimes 
used, instead of porcelain or silica ones, for temperatures up to about 
700° C. It is essential that the platinum should be protected from 
fumes which may corrode it and cause change of resistance. Joints 
within the thermometer itself should he gelded, since metallic solder- 
ings give off fumes, when hot, which cause deterioration of the 
platinum. Also, the platinum wire is subjected to a special annealing 
treatment, to avoid subsequent changes of resistance due to strain 
when in use. 

These pyrometers may he used for continuous work up to about 
900° C., and, intermittently, for temperatures up to 1,200° C. Above 

* Physical Review , April, 1910, p. 522. 
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900° C. trouble may be experienced due to deterioration of both the 
platinum and of the mica insulation. The accuracy obtainable is of 
the order of 0-01° C. up to 100° C., 0*5° C. up to 500° C., and 3° C.' 
up to 1,000° C. 

The construction of a platinum resistance thermometer manufac¬ 
tured by the Cambridge Instrument Co., Ltd., is shown in Fig. 304. 

Method of Use. These pyrometers may be 
used either in a Wheatstone bridge network of 
the ordinary type, or in conjunction with an 
indicating instrument, such as the Whipple 
Indicator, which gives the temperature directly. 
They may be used, also, with a recording in¬ 
strument such as the Callendar Recorder, which 
records temperature variations on a revolving 
drum. A Kelvin double bridge is used ins tead 
of a Wheatstone bridge when the thermometer 
resistance is low. 

Fig. 305 shows the connections for the 
measurement of the change in resistance of the 
thermometer with temperature by a Wheat¬ 
stone bridge network. P and Q are equal ratio 
arms. In a third arm are a variable resistance 
R and the compensating leads. The thermo¬ 
meter coil is contained in the fourth arm, with 
a slide-wire in between these last two arms, as 
shown. 

A special bridge, designed for the purpose, is 
often used, and the slide-wire is graduated in 
degrees, the position of the slide-wire contact 
for balance of the bridge giving the tempera¬ 
ture directly. 

Temperature Indicators and Recorders. The 

{Cambridge Whipple indicator consists of a bridge of this 

Fi<T 3oT* Platinum the sli de-wire being wound spirally on a 

Resistance drum. The indicator is calibrated so that the 

Thermometer position of the drum, for balance, gives the 

temperature directly in degrees. 

Other forms of temperature indicators are in the form of a bridge 
network, but do not require adjustment of resistance after the 
initial balance. If the bridge is balanced at the lowest temperature 
of the range of the thermometer variation of temperature, producing 
resistance variation, will cause a galvanometer current to flow. 
This current will depend upon the resistance variation—i.e. upon 
the temperature—so that the galvanometer can be calibrated to 
read temperature directly. Errors due to changes of battery voltage 
in this form of instrument are avoided by the provision of a standard 
resistance, which can be substituted for the thermometer resistance, 
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and the bridge adjusted to give a standard indication upon the 
indicator scale with this standard resistance in circuit. 

In the Callendar Recorder, the bridge is kept balanced automatic¬ 
ally by sensitive relays which are operated by the current in the 
galvanometer branch of a Wheatstone network. A sliding contact 
is moved along a slide-wire by these relays. A drum, whose axis 
is parallel to the slide-wire, revolves slowly and carries a chart upon 
which a pen, carried by the sliding contact arm, traces the move¬ 
ments Qf the sliding contact. These movements are proportional 



Compensating' 'Thermometer 

leads Tube 

Fig. 305 Bridge Network tor Temperature 
Measurements 

so the temperature variations, and thus a record of the temperature 
it made upon the chart. 

Fig. 306 shows the construction of a modern form of Callendar 
Recorder made by the Cambridge Instrument Co., Ltd. It consists 
essentially of a Wheatstone Bridge in which balance is automatically 
maintained. Up to six simultaneous records can be taken on a 
monthly chart. 

.Thermo-electric Pyrometers. These pyrometers, which can 
measure temperatures up to 1,400° C., are generally used for less 
precise work than that for which resistance thermometers are 
used, and have the advantage of being cheaper than the latter. 
They also have the advantage of following temperature changes 
with very little time-lag, and are thus suitable for recording com¬ 
paratively rapid changes. They are very convenient, also, for 
measuring the temperature at one particular point in a piece of 
apparatus. 

If two wires, of different metals, are joined together at each end 
so as to form a complete electrical circuit, it is found that a current 
flows in the circuit if one of the junctions is at a higher temperature 




(Cambridge Instrument Co., Ltd.') 
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than the other.* This current is the result of an e.m.f. which is 
set up in the circuit and which is a function of the temperature of 
the “hot” junction if the other—the “cold” junction—is main¬ 
tained at a constant temperature. If, instead of the two wires being 
directly joined together at the “cold” junction, two leads are taken 
from these ends of the wires to an indicating instrument, the thermo¬ 
electric effect is the same, provided the ends are maintained at the 
same “cold” temperature. 

In thermo-electric pyrometers the e.m.f. set up is either measured 
by a potentiometer or is allowed to send a current through a gal¬ 
vanometer, connected in the circuit as just described, the galvano¬ 
meter deflection then being proportional to the thermo-electric 
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Fig. 307. Co:shectio:n-s of Thermo-electric Pyrometer 


Ballast 
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e.m.f. if the resistance of the circuit is constant. Since the thermo¬ 
electric e.m.f. is really dependent upon the difference of temperature 
between the two junctions, it is necessary to keep the tempera¬ 
ture of the “cold” junction constant, if the temperature of the 
“hot” junction is to be accurately measured. 

Compensating Leads. The tube containing the thermo-couple itself is 
necessarily fairly short. This means that the temperature of the two open 
ends of the couple may be very far from constant. For this reason, “compen¬ 
sating leads” are used to connect these ends to the indicating or measuring 
instrument. The materials of these leads are chosen so that the thermo¬ 
electric e.m.f’s set up at their junctions with the open ends of the thermo¬ 
couple are equal and opposite, and so neutralize one another. The effect 
obtained is therefore that of removing the cold junction from the thermometer 
head to the terminals of the indicating instrument, or to some point where 
the temperature is reasonably constant and can be controlled. La the latter 
case, flexible copper leads are taken from the constant-temperature point to 
the indicating instrument. A “ballast ” resistance is also included in the cir¬ 
cuit. This is a resistor of material having a negligibly small temperature 
coefficient, and its value is made large compared with the resistance of the 
rest of the circuit so as to make changes of resistance of the latter with 
temperature of no importance. 

Tbe complete circuit is as shown in .Fig. 307. If a high-resistance 
galvanometer is used, tbe ballast resistance may be unnecessary. 
This method of use is most suitable when the temperature to be 
measured is very high. The absolute constancy of the temperature 
of the cold junction is not then of such importance as when the 
temperature to be measured is lower. For measurements of lower 
temperatures the cold junction may be contained within a vacuum 
* The “ Seebeck ” effect. 
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flask, and maintained at a known low temperature, the connections 
then being as in Fig. 308. Crushed ice may be used in the cold 
junction flask. Alternatively the reference junction may be main¬ 
tained at a steady—though higher—temperature in a small, 
electrically heated chamber. 

Thermo-electric E.M.F.S. The law of e.m.f. produced with variation of 
the temperature difference between hot and cold junctions may be written 

e = a {T - T 0 ) + (T* - T*) .... (255) 

where e = thermo-electric e.m.f. in volts 

T and T 0 — the absolute* temperatures of the hot and cold 
junctions respectively 

and a and /? are constants which depend upon the metals forming the couple. 



Fig. 308 


This law, obtained experimentally, holds for most thermo-couples. It may 
be extended as follows— 

t = (T-T 0 )[a + P(T +TM 
or *= (T - r,)[a + £L+Za> J 

Expressing the temperatures in degrees centigrade (on the ordinary scale 
instead of as absolute values), we have, 

Z3+^±iZ3 j] 

or e = (f-/ 0 ) [a + 2/9 x 273 + . . . (256) 

where t av is the average temperature, in degrees centigrade, of the hot and 
cold junctions. Writing y for (a + 2j3 x 273), we have for the e.m.f. per 
degree centigrade temperature difference between the junctions, 

~ = 7 + 2pt av .(257) 

Wedmore and Onslow (Bef. (2) ) give the thermo-electric e.m.f’s of a number 
of metals when used as a thermo-junction with lead—which has no thermo¬ 
electric effect—as the other metal of the junction. The e.m.f’s in micro¬ 
volts per degree centigrade, are given in the form of the above equation, 
taking lead as zero. 

For example, compared with lead, the e.m.f’s of iron, and copper, in micro¬ 
volts per degree centigrade, are given as 

Iron . - + 17*34 - 0*0487* a4; 

Copper . . + 1*36 + 0*0095« au 

* Absolute temperatures on the centigrade scale are obtained by adding 
273° to the centigrade temperature. 
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Thus, an iron-copper couple would give 15-98 - 0-058 2t av microvolts per 
degree centigrade. 

It can be seen from this expression that when 


_ 15-98 
* av 0-0582 


275° C. 


there will be no thermo-electric e.m.f. 

Below 275° C. current flows, therefore, from the copper to the iron, at the 
hot junction, and above 275° C. from iron to copper. 

The mean temperature at which the thermo-electric e.m.f. per degree C. 
is zero is called the “neutral” temperature. 

The law 

log 10 e = A log 10 T -f B . . . (258) 

where e = e.m.f. in microvolts 


T = temperature of the test junction in degrees Centigrade 
(cold-junction temperature being 0° C.) 

and A and B = constants depending on the materials used in the couples, 
is used for thermo-electric work. An accurate formula for Copper-constantan 
couples over the range 0° to 350° C. is e == 74-672 T — 13,892(1 — e -o*oo 26 i^ 
where e = e.m.f. in microvolts and e is the base of natural logarithms. 

The e.m.f. produced for any given temperature difference between hot 
and cold junctions is constant, at a given hot-junction temperature, for any 
pair of metals, regardless of the size of the two wires and of the areas in contact 
at the junctions. 


Metals used for Thermo-junctions. Two classes of metals are used 
in thermo-junctions—base metals and rare metals. The advantages 
of the base metal couples are that such metals are comparatively 
cheap and the couples, therefore, may be made more robust than 
when expensive metals are used. They have also a high thermo¬ 
electric e.m.f. The rare metals—usually platinum and platinum 
alloys—are more durable for a given size, and can withstand higher 
temperatures, than the base metals. Their thermo-electric e.m.f 5 s 
are somewhat small (about one-fifth as great as those with base 
metals) but are more constant than those obtained with the base 
metals. 

Amongst the latter are couples of copper-constantan, silver- 
constantan and iron-constantan. These can be used for temperature 
measurements up to 500° C., 700° C., and 900° C., respectively, and 
their thermo-electric e.m.f’s in millivolts at 500° C. (the cold 
junction being at 0° G.) are approxi m ately 27*8, 27*6, and 26*7 
respectively. The Hoskins couple—a nickel wire with a wire made 
of an alloy of 90 per cent nickel and 10 per cent chromium—is also 
used up to 1,100° C., its thermo-electric e.m.f. at 500° C. being 
approximately 10*0 millivolts when the cold junction is at 0° C. 

Platinum with platinum-rhodium (alloy), and platinum with 
platinum-iridium, are rare-metal couples which are commonly used 
for temperatures (continuous) up to 1,400° C. and 1,000° C. respec¬ 
tively, their thermo-electric e.m.f J s at 500° C. being 4*4 millivolts 
and 7*4 millivolts respectively. 



508 


ELECTRICAL MEASUREMENTS 


The laws for these last two couples are— 

For platinum—platinum-iridium 10 per cent, 

Logio e = 1-10 log 10 T + 0*89 . . . (259) 

For platinum—platinum-rhodium 10 per cent, 

Log 10 e = 1*19 log 10 T -{- 0*52 . . . (260) 

e being in microvolts and T in degrees centigrade. The temperature 
of the cold junction is assumed to be 0° C. 



(Foster Instrument Co.) 

Fig. 309 . Voltage-temperature Curves for Thermo-couples 


For temperature measurements up to about 80° C. a bismuth- 
antimony couple is often used. 

A graph, showing the results of tests upon various thermo-couples 
by the Foster Instrument Co., is given in Fig. 309. 

Construction and Use of Thermo-electric Pyrometers. The con¬ 
struction of the thermo-electric pyrometer is illustrated in Fig. 310, 
which shows a pyrometer manufactured by the Cambridge Instru¬ 
ment Co. for high temperature measurements (up to 900° C.) in 
which the couple is iron-constantan. 

To protect the thermo-couple, a sheath, surrounding the hot 
junction, is almost always used. This may be of steel, or nickel- 
chrome, for base-metal couples employed at the lower temperatures, 
but is usually of porcelain or quartz, in the case of the rare-metal 
pyrometers for use at the highest temperatures. Alundum (fused 
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alumina and fireclay) sheaths are sometimes used also at the very 
high temperatures. In rare-metal thermo-couples the wires forming 
the couple may be about 0*02 in. in diameter, but in the base metal 
couples the wire diameter is usually about 0*1 in. The junction itself 
mav be formed by either twisting or fusing the two wires together. 

Fig. 311 shows a thermo-electric pyrometer manufactured by 
the Cambridge Instrument Co. for the measurement of the tempera¬ 
tures of surfaces. The thermo-couple takes the form of a thin strip 
(about 0*01 in. thick and 0*25 in. wide), consisting 
of pieces of two dissimilar metals welded together 
end to end. This strip is flexible and, if pressed 
lightly upon a hot surface such as a heated metal 
roller, it conforms to the shape of the latter and 
makes intimate contact with it. 

The e.m.f. set up in the strip is measured on an 
indicator whose scale is graduated directly in degrees 
centigrade. 

As previously stated, thermo-electric e.m.f J s may 
be measured either directly by a galvanometer, 
or by a potentiometer. The former is the more 
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Cambridge Instrument Co., Ltd.) 
Fig. 311. Surface Pyrometer 


convenient for most practical purposes, since the galvanometer may 
be calibrated—for a given temperature of the cold junction—to give 
temperatures directly. If the galvanometer has a high resistance, 
changes of resistance of the thermo-couple circuit with temperature 
will introduce no appreciable errors. Calibration of the galvanometer 
may be by comparison with another instrument (already calibrated), 
or may be carried out by observing the deflection for a number of 
known temperatures, such as the boiling points or melting points of 
various substances.* 

This method of using the thermo-couple may be applied either to 
indication, or to the continuous recording, of temperatures. 

♦ For tables of such temperatures, see Ref. (2). 
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The potentiometer method, in which the thermo-electric e.m.f. 
is measured by comparison with the e.m.f. of a standard cell, is, 
however, more precise than the above method. 

Special potentiometers for such purposes are manufactured by 
various scientific instrument manufacturers, and have already been 
mentioned in Chapter VHL 

Fig. 312 shows the construction of an indicator manufactured 
by the Cambridge Instrument Co. for use with their thermo-electric 
pyrometers. The moving coil, C, of the indicator is suspended 



magnetically in the field of the magnet of which D is the pole block. 
A and A 1 are iron discs, B is an iron core, G and G 1 are control 
springs, and E and H t pivots. The magnetic suspension ensures 
resilience and protects the pivots against the effects of vibration. 

An indicator for the same purpose, manufactured by the Foster 
Instrument Co., is illustrated in Fig. 313. The “Fesilia” patent 
design of the moving system protects the latter against vibration 
by ensuring that the pivots of the coil and the jewels shall not be 
separated by suck vibration. The pivots are turned inwards from 
the coil and rest in conical jewels carried by a very light staff. This 
staff is held in position, relative to the core, by light springs, so that 
when the instrument is subjected to mechanical vibration the coil, 
pivots, jewels, and staff move together and the pivots are uninjured. 

For the recording of temperature variations, a recorder, similar 
in construction to that already described, in dealing with resistance 
thermometers (see page 502), is used. Instead of the moving contact, 
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which carries the pen, moving over the slide-wire of a Wheatstone 
bridge network, it now moves over a slide-wire in a potentiometer 
circuit, the latter being included in the recorder itself. 

Fig. 314 shows the principle of operation of a quick-response 




Fig. 314. “Speebomax” Potentiometer Circtjit eor measuring 
Temperature with Thermo-couples 

recorder which employs an electrical balancing system with a 
potentiometer circuit. The system consists of two main elements; 
a converter-amplifier unit and a two-phase balancing motor. When 
the potentiometer becomes unbalanced due to a change of tempera¬ 
ture, which alters the thermo-couple e.m.f., the converter contacts 
alternately connect the unbalance potential across the primary 
winding of the amplifier input transformer. The current induced 
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in the transformer secondary winding is amplified to energize the 
control winding of the balancing motor. This starts the motor 
which moves the contact along the measuring slide-wire, and the 
indicating pointer and recording pen across the scale and chart, 
until balance is obtained when the motor torque becomes zero. 

Another self-balancing potentiometer recorder for use with a 
thermo-couple circuit is made by Elliott Brothers (London), Ltd. 
and is fully described in their publication G.126A. 

Radiation Pyrometers. For temperatures above about 1,200° C. 
it is convenient, if not absolutely necessary, to employ some method 
of measurement in which the measuring apparatus is not subjected 




(Foster Instrument Co .) 

Fig. 315. Fosteb Fixed-focus Type of Radlatiost Pyrometer 

to the full heating effect of the source whose temperature is to be 
measured. Pyrometers for such measurements depend, for their 
action, upon the heat radiated from the source, and are therefore 
called “radiation” pyrometers. Their upper limit of measurement 
depends upon the possibility of calibrating the instruments at very 
high temperatures, using tables of standardization temperatures 
such as already mentioned on page 498. 

Radiation pyrometers are either of the Foster fixed-focus type 
or of the Fery variable-focus type. 

Fixed-focus Type. Fig. 315 shows a pyrometer of this type. 
It consists essentially of a long tube MNPQ containing a concave 
mirror C which is adapted to focus the heat rays which pass into 
the tube (from the source AB, through the narrow aperture EF) 
on a sensitive thermo-couple D. The image formed at D is a “heat 
image,” and is always in focus, without adjustment, over a wide 
range of distances between the pyrometer and the source of heat. 
This is brought about by making the tube long and the aperture small. 

Suppose the solid angle subtended at G is <f >; then, provided the 
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radiating surface of the hot body is large enough to subtend this 
angle ^ at at any given distance of the pyrometer tube from the 
hot body, the temperature measured will be the true one. If, how¬ 
ever, the distance between the hot body and pyrometer is so great 
that the total radiating surface subtends an angle less than cf> at 
G , the measured temperature will be low. 

The e.m.f. produced in the thermo-couple is measured as pre¬ 
viously described. If a galvanometer or millivoltmeter is used for 
this purpose, it may be calibrated to read temperatures directly. 


The Stefan-Boltzmann Law of Radiation states that the energy radiated by 
a heated black body (i.e. a body for which the radiated energy for a given 
temperature is a maximum) is proportional to the fourth power of its absolute 
temperature. 

If T 2 is the absolute temperature of the hot body and T x is the absolute 
temperature of a colder body near to it, then the law of radiation is 

W = k (3V ~ ^V).(261) 

where W is the energy, per sq. cm. per sec., received by the cooler body and k 
is a constant. The experimental value of k is 1*279 X 10~ 12 gm.-cal. per sec. 
per sq. cm. 

Again, the energy W' received by the body at absolute temperature T x , 
from a body at temperature T z , is given by 


Thus, 


W' = k - TA) 
W' 2V ~ 2V 
W TS-TS 


If T x is small compared with T 2 and T 3% we have, very approxi¬ 
mately. 


W 

W ~ Tf 


(262) 


The receiver at D is blackened so as to approach as nearly as 
possible to the theoretical “black body,” and absorbs all, or almost 
all, of the radiations falling upon it. Its temperature rise is thus 
proportional to the fourth power of the absolute temperature of 
the hot body, whose temperature is to be measured. Tor this 
; reason the scale of the indicating instrument used with radia¬ 
tion pyrometers is cramped at the lower end, and open at the 
upper end. 

Fery Variable-focus Pyrometer. The construction of the 
Fery variable focus pyrometer, manufactured by the Cambridge 
Instrument Co., is shown in Fig. 316. A concave mirror, with an 
opening at its centre, through which the hot body may be observed 
through an eyepiece, is used to focus the heat radiations upon 
a sensitive thermo-couple A. The focusing is carried out by means 
of a rack and pinion, which moves the mirror as required. A small 
mirror is placed directly behind the thermo-couple. The position 
of the concave mirror is adjusted, by the focusing arrangement, 
until the two images of the hot body, which are reflected by the 
concave mir ror upon the small mirror behind the thermo-couple. 
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overlap the couple itself. The distance of the pyrometer from 
the hot body is not important, provided it is small enough for 
this overlap to be obtained. As in the fixed-focus instrument, the 
e.m.f. set up in the thermo-couple is measured by a sensitive 
moving-coil instrument whose scale may be graduated in tempera¬ 
tures directly. 

Use of Radiation Pyrometers. In both of the above pyrometers 
the terminals which form the cold junction of the couple must be 
protected from the heat from the hot body whose temperature is to 



(Cambridge Instrument CoLtd.) 
Fig. 316. Fery Variabijs-foctxs Pyrometer 


be measured. Base metal couples, such as copper-constantan, are 
usually employed in both cases. 

Although the laws of radiation stated above only hold, strictly, 
for perfectly black bodies, only small errors are usually introduced, 
since the departure of the actual hot bodies from perfect black 
body conditions is in most cases for which such pyrometers are used, 
slight. 

Radiation pyrometers are used for temperatures above 600° C., 
since at lower temperatures errors may be introduced by the fact 
that the temperature of the pyrometer itself may not be negligible 
compared with that of the hot body. They are often used for the 
measurement of furnace temperatures. If viewed through a small 
opening, a furnace which is surrounded by walls which are at 
approximately the same temperature as itself behaves as a perfectly 
black body. 








MEASURING TEMPERATURE 


515 


Such pyrometers may be used for recording purposes by using 
the thermo-couple in conjunction with a recorder of the type de¬ 
scribed earlier in the chapter. 

The advantages of these pyrometers are their high upper limit 
of temperature measurement, and their comparative independence 
upon the distance of the instrument from the hot body. They have, 
however, the disadvantage of having to be calibrated individually, 
using hot bodies whose temperatures are known. 

Optical Pyrometers. The optical system of the “disappearing 
filament 55 type of optical pyrometer as manufactured by the 
Leeds and Northrup Co. is shown in Tig. 317. F is a standard lamp, 
and L is a lens. This lens focuses light, radiated from the hot body, 
upon the plane containing the lamp filament. The light from the 
hot body, and that from the lamp, are both viewed through a piece 
of red glass R which renders the comparison of these monochromatic, 
i.e. using light of one wave-length only, and not the whole of the 
light. The intensity of the light of any one wave-length depends 
upon the temperature of the hot body. In this case red light is used 
for the comparison. 

The current through the lamp filament is adjusted until the 
brightness of the filament is equal to that of the source, as viewed 
through R. When these two brightnesses are equal the outline of 
the filament disappears into the surrounding field of fight from the 
hot body. Otherwise the filament shows either brighter or duller 
than the surrounding light, according as its temperature is greater 
or less than that required for equality of brightness. 

The current through the lamp for equality of brightness is meas¬ 
ured either by an ammeter, or galvanometer, whose scale gives the 
temperature of the hot body directly as a result of previous cali¬ 
bration against hot bodies of known temperatures, or by including the 
lamp in one arm of a Wheatstone bridge network. In the Leeds and 
Northrup instrument shown the former method is used. The bridge 
network method is adopted in an optical pyrometer manufactured 
by Messrs. H. Tinsley & Co. The lamp current is adjusted by 
variation of the current supplied to the bridge network, and the 
out-of-balance currents at the increased lamp temperatures (above 
the temperature for which the network is balanced) are indicated 
on the bridge galvanometer and give a measure of the temperature. 

In the calibration of the standard lamp the hot body is assumed 
to be perfectly “black. 55 Even if this condition is not fulfilled, the 
errors caused thereby are less in the case of an optical pyrometer, 
when monochromatic light is used for comparison purposes, than 
when radiation pyrometers are used. Another advantage is that the 
hot body sighted need not be large. 

These pyrometers, which are used for work of the highest pre¬ 
cision, may be used for temperatures up to about 3,500° C., but 
above 1,400° C. an absorption screen is interposed between the hot 




Fig. 317. Optical Pyrometer—Djsappeabing-pilament Type 
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body and the lamp as the latter should not be run above this 
temperature (1.400' C.). 

The measurement of the increase in temperature of coils in 
electrical machinery and apparatus by measurement of the increase 
of resistance and otherwise, have not been discussed in the foregoing 
pages, but such methods are discussed in several of the publications 
mentioned below. 
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CHAPTER XIV 

EDDY CTURRENTS 


The Nature of Eddy Currents,. The term 4 ‘eddy currents 5 ’is applied 
to those electric currents which circulate within a mass of con¬ 
ducting material when the latter is situated in a varying magnetic 
field. The conducting material may be considered as consisting of 
a large n um ber of closed conducting paths, each of which behaves 
like the short-circuited winding of a transformer of which the 
varying magnetic field is the working flux. 

“Eddy” e.m.f’s are induced in these elemental paths, by the 


Conducting Materia/ 


Eo/cfy 

Current 



Winding 


Fig. 318. broucnoN of Eddy Cueeents 


varying magnetic field, giving rise to the eddy currents. Fig. 318 
illustrates this induction. 

Effects of Eddy Currents. Eddy currents result in a loss of 
powefTwitBTconsequent heating of the material, and the magnitude 
of this power loss is often a matter of considerable importance in 
electrical engineering. 

The eddy currents, since they flow in closed paths in the material 
—usually iron—have an axial magnetic field of their own which is 
in opposition to the inducing magnetic field, and so reduces its 
strength. The reduction is greatest at the centre of the core since 
the eddy currents in all the elemental paths, from the centre of the 
material to the outside surface, are effective in producing the op¬ 
posing magnetic field there. This results in a flux distribution 
which is not uniform, the flux density in the outer portions of the 
conductor being greater than that at its centre, which is screened 
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by the eddy currents. There is thus a reduction of the effective 
cross-section of the core. 

The effect of eddy currents upon the flux distribution is chiefly 
of importance in transformers and other apparatus where the iron 
used would otherwise be worked at uniform flux density. Not only 
is the distribution of flux in such cores affected by eddy currents, 
but its magnitude, for a given value of magnetizing current, is 
obviously reduced thereby, and the phase of the resultant flux is 
not the same as that of the magnetizing current. 

Eddy Current Loss in Cylindrical Conductors. Fig. 319 represents 
Sion^oFT'conHuctor which carries an alternating magnetic flux 


Eddy_ 

Current 

Path 


Fig. 319. Eddy Currents in a Cylindrical Conductor 

in a direction parallel to its axis. Eddy currents will flow in ele¬ 
mental circular paths, as shown. 

Assume—as an approximation—that the flux distribution is 
uniform and that it alternates according to the law 
B = B max sin cot 

where B is the flux density at any time t and 

co = 2rr X frequency = 2rrf 

Consider, first, 1 cm. axial length of the conductor. The flux 
enclosed by an elemental circular path, of radius x and radial width 
dx. at any instant is 

7TX* .B 

Thus, the e.m.f. induced in this path is given by 
d(7TX 2 . B) . 

at 

= 7 tx 2 . B max co cos cot X 10" 8 
= 27 T 2 x 2 fB max cos cot X 10" 8 
The r.m.s. value of this voltage is 

E x = V27rVfB max x 10- 8 
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If p is the resistivity of the material of the conductor (in ohms 
per centimetre cube), the resistance of the elemental path is 

x o 

r x = ~£ x ~ y i @ or an ax * a l length of 1 cm.) 

Neglecting its inductance, the r.m.s. value of the eddy current in 
this path is 

_ B2* x 10 ~ 8 

x 2 t t x p 

dx 

= infB^lx x 10 . 8 

V2p 

The eddy current loss in watts in this elemental path is thus 

10 *“ 2 TTXp 


■ *f*B„„* 


dx X 10~ 16 watts 


The total loss per centimetre axial length, obtained by inte- 
D 

gration between the limits and zero, is 




X 1CT 16 . dx 


or P — ' rr3 ^ 2 ^ max2 ^ 4 ‘ x 10" 16 watts per cm. . (263) 

axial length 

If the flux wave-form is not sinusoidal, but has a form-factor k r 

7T 

instead of — j=. (as in the case of the sine wave), the above expression 
becomes 

TD _ * j^Bmax 2 ^ m-ie 


Now, the eddy e.m.f. is independent of the length of the cylinder 
(provided the flux is parallel to the axis throughout), and since the 

E 2 

eddv current loss in watts — i x 2r x = —- this loss is proportional 
to I 

11 

Thus, eddy current loss oc °c ^irxp ^ ^ 

dx . I 
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where l is the total axial length of the cylinder and r x ' the resistance 
of an elemental path of radius x , radial thickness dx, and axial 
length Z. 

Summarizing, the total eddy current loss in a cylindrical conductor 



Altern ating Flux 
Axis 


fob) 



Elemental Eddy 
Current Path 



Fig. 320. Eddy Currents in Thin Sheets 


of any given diameter and material, is directly proportional to its 
axial length. 

The eddy current loss per cubic centimetre of the conductor is, 
therefore, in the general case, 


P = 


t rZ ) 2 


X 


IQ-16 


4 


P = 


V ./*: B n 

2 . p 


D 2 X 10’ 16 watts per c.c. 


(265) 


In general, the eddy current loss per cubic centimetre, for a given 
material and form-factor of the flux-wave is proportional to 


PB maa ?D* 

.Eddy Current Loss in Thin Sheets. Fig. 320(a) shows a thin plate, 
of thickness t and width b, the thickness being small in comparison 
with the width. Suppose that this plate carries an alternating 
magnetic flux B = B max sin cot, and that the flux density is uniform 
over the cross-section, the flux running parallel to the axis of the 
plate as shown. Eddy currents will flow in the plate in elemental 
paths, as shown in Fig. 320(5). 

Consider 1 cm. axial length, and also 1 cm. of the width of the 
plate. In the case of an elemental path whose long sides are each 
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distant x cm. from the centre of the plate, and whose depth is dx 
(Fig. 320(5)), the flux enclosed within 1 cm. width of this path is, at 
any instant, 

2x x 1 X B — 2xB rnax sin cot 

Thus, the e.m.f. induced in this portion of the elemental path is 
e* = (2xB max sin cut) x 10- 8 

or e x — 2 xB mao pj cos cot x 10" 8 volts 

Its r.m.s. value is 

= ±n 10 -8 vo l ts 

V2 

If p is the resistivity of the material of the plate (in ohms per 
centimetre cube), the resistance of this portion of the path is 

j X -- or ~ ohms. Then, neglecting the end portions of the path 

CuX X A dx 

(parallel to the edges of the plate), the eddy current in the path is 
i x = x 10- 8 amp. 

* 2 P 2V2p 

dx dx 

or i x = ^ // ~2T7fxB Tnctx dx x 10 -s amp 

P 

Thus, the eddy current loss in this path per centimetre length 
and breadth of the plate is 


2^f 2 x 2 B rnax 2 dx 2 X 10" 16 


X ~r watts 
dx 


4:tt 2 Px*B 


2 rf'r 

rnax_^X ^ 1Q . 1€ 


Integrating between the limits x — — and x = 0, we have, for 
the total loss per centimetre length and breadth of the plate. 


■p 


——— x z dx 
I0 16 . p x d 


or P — x — 

io i6 p x a 

watts per cm. length and breadth (i.e. for t cu. cm.). 
Thus the loss per cubic centimetre is 


6/>x 10 16 


. ( 267 ) 
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If the wave-form of the flux is not sinusoidal, but has a form 
factor kf, the loss per cubic centimetre is 


3 P X 10 16 


watts 


(268) 


Influence of Eddy Currents upon the Phase and Magnitude of the 
Flux in an Iron Core. Consider an iron plate in which a magnetic 
flux, parallel to the axis of the plate, exists and alternates according 
to a sinusoidal law. 

Assume, also, for simplicity in the following discussion, that all 
the eddy currents are in the same phase relative to the working 
magnetic flux in the iron core—and therefore relative also to the 
eddy e.m.f. Although this assumption is not correct, owing to the 
different phase angles of the various eddy current paths in the core, 
it will suffice for the discussion of the effect of the eddy currents 
upon the core flux. Referring to Fig. 321 (a), let i represent, in magni¬ 
tude and phase, the resultant of all the eddy currents in a portion 
of the iron core 1 cm. wide and of 1 cm. axial length (see Fig. 320). 
This resultant is actually the vector resultant of the eddy currents 
in the core and could be obtained by constructing a polygon, as in 
Fig. 321 (6), if the magnitudes and phases of the individual eddy 
currents were known. The closing line of the polygon gives the 
resultant eddy current. 

It will be observed that the vector diagram of Fig. 321 (a) is similar 
to that of a transformer. The similarity is explained by the fact 
that the iron core, with its magnetizing winding, does actually 
constitute a transformer, the secondary ‘‘winding 5 ’ of which is 
permanently short-circuited and exists inside the core itself. This 
secondary “winding” is, of course, the eddy current path in the 
core. 

The vector cj> represents the working flux in the core. It is the 
flux which the magnetizing current I m —supposed to be flowing in 
a coil of N turns wound on the iron core—would produce if no eddy 
currents were present. The eddy e.m.f 5 s, represented by the single 
vector E e , will lag 90° behind <f> as shown. The resultant eddy 
current i lags behind this voltage, owing to the inductance of the 
eddy current paths, and has, in phase with it, a flux (f > e —produced 
by the eddy currents. Thus the resultant flux in the iron is the vector 
sum of 4> and <^ e , and is represented by <f> r . 

The effect of the eddy currents upon the flux in the iron is, there¬ 
fore, twofold; they both reduce the working flux— <f> r being less than 
<f >—and also cause the resultant flux to lag behind the magnetizing 
current. 

The vector E represents the e.m.f. required to overcome the 
inductive volt drop in the magnetizing winding—i.e. E is the vector 
difference between the e.m.f. applied to this winding and the 
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voltage drop in the resistance of the winding. On account of the 
eddy current i, the magnetizing winding must carry a current i '— 
in phase opposition to i —in addition to the magnetizing current I m . 

(The current required to 
r - supply the power lost in 
J1 a hysteresis in the iron is 

iy \ £ omitted in the diagram to 

/ ! e avoid complication.) The 

/ | j^ current i f has two compo* 

*7 ' nents, i m in phase with <f> 

, / $7 1 an< i ie i n phase with E. The 

%Jc - f former compensates for the 

/ 'p demagnetizing effect of the 

£ (b) eddy currents, and main- 

' tains the flux <f> at the same 

Eg (cl) value as it would have if 

Fig- 321 there were no such currents, 

while the latter supplies the 

power which is lost in eddy current heating of the iron. 

If there are n turns per centimetre axial length on the magnetizing 
winding, the e.m.f. induced in this winding per centimetre breadth 
of the core is 

-a z? 

■ volts (r.m.s.) 


As already seen, the power loss per centimetre axial length and 
breadth of the core plate (of thickness t cm.) is 

7r 2f2J^ 2 t z 

watts (assuming uniform flux distribution) 

Thus, the component i e of the current in the magnetizing winding 
is given by 

' TT*PB max H* 

. _ 6 P x 10 ls TTfB max t* 


V ‘iTrftn B n 

lo 5 " - 


V2 X 6pn X 10 s 


__ 0 O 18 t rfB^ 

’ ~ pn X 10 8 P- 


If all the eddy currents are assumed to be in phase, the resultant 
eddy current i is given by 


i x dx — 


b 

V 27rfxB max 
1 io ’> 
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V2t rfB t 2 

— v ~“J- LJ ™ax L am p_ 


Sp X 10 8 


^ ~ “f^maxt amp. 


S pn x 10 s 


pti X 10 s 


(O 2 = L 


p?i X 10 s 


- (271) 


The above discussion is based upon the following assumptions— 

(a) that uniform flux distribution exists, 

(b) the eddy currents are all in phase, 

(c) the thickness of the iron plate is small compared with its 
length and breadth. 

The flux distribution, when such assumptions are not made, will 
now be discussed. 

Flux Distribution in Thick Iron Plates. Consider 1 cm. axial length 
and breadth of an iron plate with an alternating magnetic flux (of 
sinusoidal wave-form) running parallel to the axis of the plate. 
Let be the maximum value of the flux enclosed per centimetre 
breadth within the two inner sides of an elemental path of width 
dx , these sides each being parallel to the centre line of the plate 
and at distance x from it, as in Fig. 320. Then the total e.m.f. 
induced, per centimetre breadth, for the two inner sides is 

Ex max = V ° lfcS 

Let B x max be the maximum value of the flux density—considered 
uniform—over the width dx. This is justifiable if dx is very small. 
The maximum e.m.f. induced in the two outer sides of the path is 
then 

-®(as 4* dx) max = (fix “H %B X max dx) 

The diff erence between the e.m.f’s induced at distances (x -j- dx) 
and x from the centre of the plate is thus 

w jp _ ±tfB x max Jr* 

^(x+dx) max ~ max - 

Now the maximum value of the eddy current at distance x from 
the centre of the plate is 
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The maximum m.m.f., per centimetre axial length of the plate, 
due to this eddy current, is 

r _ Tj x max J 

10' * nax ~ 10' 2p 

The maximum value of the flux density, dJ3 x ma x ? produced by 
this m.m.f., is given by 

jt> _ -ffic max j 

dB x max — jo * 2 p d ^ 

where \i is the permeability of the iron. 

Since the flux density and eddy e.m.f. are not in phase with one 
another, symbolic notation is necessary for simplification of the 
calculation. Thus, denoting the symbolic value by a bar thus, 
B } E , we have 



whence by differentiation of 
we have 

d?Bx max _ * fl' 7r *t/^£c max 

dx 2 ~ 3 10 V 


• and by substitution for 1 


— 3 * 2y 2 J5 a . max 

where y = 

V 10 *p 

The solution of this differential equation for B x max is 

B xmax =* Ms* vz W + Ns~ X V: W* . . (272) 

M and N are complex constants which are equal, since B x max has 
the same value, but is opposite in sign on the two sides of the centre 
line of the plate and at distances of x from this centre line. 

Let Bmax = the flux density afc the surface of the plate 


i.e. when x = - 


} P y* V ~2i , -yxV-2j 

r x max _ y _ i c _ 

, -4y v= v 
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V '-E _-£E 

£ — V2 £ ^ 4 

= V2 ^cos j — 7 sin ^ 




V2 j vi)~ X ~ j 


Hence, ™ u ‘ • 




£ yx(l~j) _|_ g -y;r(l-j) 

|r(W) , -|ru-i) 

e + £ 52 


(273) 


Using the expansions, 

a + 36 __ cog 9 _j_ j s ^ Q 
and e -i0 — cos 0 - j sin 0 

we have, 


or, 




(e^ x -f- s y x ) cos yx—j (e^ x ~~ e ^ x ) sin yx 


( {v , ~{y\ * ■( i? ~Y\ ■ { 

1 « + £ ) cos g y ~J ( ® - e 2 ) si 


sm § y 

W _ ■B mal [(e } ' a: + e -7 *) cos y 2 -j (e^*- e~ yx ) sin y x ] 

-“a: maz-/ f l , " ~7~t t~\ ~ 

+ s coa^y-j^e? -e 2 r ^sin^y 


(274) 


This gives the law of variation of flux density across the section of 
the plate in terms of the flux density at the surface. 

Oberbeck and J. J. Thomson first investigated this effect of eddy 
currents upon the flux density in plates of various thicknesses. The 
curves of Tig. 322 show the order of the variation in maximum flux 
density across the section of the plate for plates of three different 
thicknesses, the material of the plates being transformer iron of 
ordinary grade and the frequency 100 cycles per second. The 
permeability ju (assumed constant) is taken as 2,500, and the resis¬ 
tivity ohm per centimetre cube. 

It can be seen from these curves that, if approximately uniform 
flux distribution is to be obtained, the thickness of plate used, at 
100 cycles per second frequency, should be less than J mm. Actually* 
plates about 0-35 mm. (0-014 in.) are used for this frequency, and for 
50 cycles per second, although the variation in flux density is less 
than that shown when the frequency is less than 100 cycles per 
second. 
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By the use of thin plates, or laminations, the adjacent sheets 
being insulated from one another, the iron is used most economically, 
since almost uniform flux density is obtained—which means that 
no portion of the iron core is under-worked—and also the eddy' 
current loss, which is proportional to the square of the thickness of 
the plate, is thereby reduced. 

When plates of this thickness are used for work at commercial 
frequencies, the assumption that the flux density is uniform through¬ 
out the cross-section is justifiable, and the eddy current loss may be 



I_I_I_!_1_I_I_I_I_1_I 

700 60 60 40 20 O 20 40 60 SO 700 


% Distance from Centre of P/ate 
Fig. 322. Variation in Fi/crx Density in the 
Cross-section of a Thick Plate 


calculated with reasonable accuracy by the methods previously 
given. 

For further consideration of the question the reader should refer 
to the works quoted in Refs. (1), (2), (5). The first of these three 
works discusses also the eddy current loss in iron sheets when 
the magnetization is rotating, as is the case in rotating electrical 
machinery. 

Eddy Current Losses in Armature Conductors. Fig. 323 shows the 
distribution of flux in and around a stator slot on an alternator. 
The slot shown contains three conductors, and the flux is shown as 
though it consisted of two quite independent components. Actually, 
these components combine to form one resultant flux. 

Both of these fluxes will induce eddy currents in the conductors. 
The flux flowing parallel to the sides of the slot, will be small 
unless the teeth on each side of the slot are highly saturated, in 
which case the reluctance of the path in the slot becomes comparable 
with that of the paths in the teeth. In this case the conductors 
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should be made narrow in the direction across the slot—perpen¬ 
dicular to the slot sides. 


The flux <f> c is produced by the current in the conductors in the 
slot. Some of the flux surrounding these conductors, and propor¬ 
tional to the current in them at any instant, will be carried in the 
iron of the teeth and will pass, also, across 
the mouth of the slot and across the iron 
under the bottom of the slot. The re¬ 
mainder passes across the slot itself, and 
is responsible for the induction of eddy 
currents in the conductors. 

The eddy currents in the individual 
conductors depend, therefore, upon the 
position, in the slot, of the conductor 
considered, and also upon the ratio of the 
width of the conductor to the width of 
the slot. The conductor nearest the 
mouth of the slot has the greatest eddy- 
current loss. 

Messrs. A. B. and M. B. Field (Refs. (9) 
and (10)) have both investigated the 
question of eddy-current losses in such 
conductors. The former, in his paper jr IG . 323. Flux ix 
(Zoc. cit.) gives sets of curves from which ax Abmattxre Slot 
the eddy-current loss in any particular 

conductor in a slot may be determined. Each curve in the set refers 
to the conductor in some particular position in the slot, one curve 
referring to the bottom conductor, one to the bottom but one, and 



so on. These curves give the ratio 


for the conductor, corre- 

Jti 


sponding to various values of ad, where d is the depth of the con¬ 
ductor itself in centimetres, and a is a number which depends upon 
the ratio r of the width of the conductor to the width of the slot, 


and upon the frequency. 

S. P. Smith (Ref. (12)) has redrawn these curves so that they 


give the mean value of the ratio 


Reff 

R 


for all the conductors in the 


slot, instead of the ratio for each individual conductor. This set of 
curves is reproduced, by permission, in Fig. 324. 

R eff is the effective resistance of the conductor as influenced by 
eddy currents—which have the effect of increasing the effective 
resistance, since they increase the copper loss. R is the resistance 
of the conductor with direct current flowing in it (i.e. when there 
are no eddy currents). The power loss in the conductor with alter¬ 
nating current of r.m.s. value I flowing in it is thus I % R ef f, whereas 
the power loss with an equal direct current 1 flowing is I 2 R, the eddy 
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current loss being responsible for the increase of the a.c. power loss 
over that with direct current. 

The number a is given by 



CC&Z-S 2*4 2-3 2-2 2-1 2-0 1*9 1*8 17 16 1*5 1*4 



0 0*1 0*2 0*3 0*4 0*5 0*6 0*7 0*8 0*9 1*0 li 1*2 1*3 YAa^L 

{By the courtesy of Prof. S. P. Smith 
Fig. 324 


where p, is the permeability of the material of the conductor, p its 
resistivity, and / is the frequency of the current in the conductors. 

Thus, for copper, a — 0-145 V/r. 

As an example of the use of such curves, suppose we have three 
conductors, each 0*5 cm. wide, and 1*25 cm. deep, in a slot of width 
0*9 cm., and that the frequency is 50 cycles per second. 



0*555 


Then 
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a = 0*145^/0*555 X 50 = 0*764 

Then the ratio K mean ^i.e. the ratio is, from the curves—1*8. 

Thus the mean value of R eff for the three conductors is 1*8 R 
where R is the d.c. resistance of each conductor. This means 
that the copper loss with alternating current of 50 cycles per second 
is 1*8 times the copper loss with direct current. Hence, the eddy 
current loss is 0*8 of the d.c. copper loss. 

Eddy Current Damning. Advantage is taken of the fact that eddy 
currents are induced in metal parts when they cut through magnetic 


Meta/ Former 



Direction of' Coi! Winding 

Edo/y Current 
in Former. 


Fig. 325. Eddy Cvbbent Damping nsr 
a Moving-coed Instrument 


lines of force by using these currents as a means of damping electrical 
indicating instruments. In the induction type instruments, for 
alternating current work, the eddy currents induced in a thin metal 
disc, together with the magnetic field of an electromagnet, produce 
also the operating, or deflecting, torque. 

The two commonest forms of eddy-current damping device are 
a metal former, upon which the working coil of the instrument is 
wound, or a thin aluminium disc which is attached to tiie moving 
system and moves in the field of a permanent magnet. 

Eddy Current Damping Tqbqjjjs with a Metal Former. Tig. 
325 gives an outline diagram of the working portion of a moving-cofl, 
permanent-magnet, instrument whose coil is wound upon a metal 
former. Suppose that the axial length of the former is l cm. and 
its breadth 26 cm., and let it rotate in a permanent magnet field 
which is radial and of uniform flux density B lines per square 
centimetre. If the former moves with angular velocity co radians 
per second, its linear velocity is bco cm. per second, and the e.m.f. 

18 —(T. 5700 ) 
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induced in each side of it is ~~~ !r volts. Thus the total e.m.f. 


induced in the former is 


10 8 
2 Blboo 


10 s 


volts 


The resistance of the path of the resulting current in the former 


(46 4- 2l)p 
td 


where i is the thickness and d the width of the section 


of the metal of the former, td being thus the cross-sectional area of 
the current-path, p is the resistivity in ohms per centimetre cube 
of the material of the former. 

Then, the eddy current is given by 
_ ZBlbcotd 

1 6 1A8MA I 07\„ .... \4<Q) 


10 8 (46 -b 2l) P 
The force on each side in the radial field is F : 


BI e l 

10 


dynes. 


These forces produce a torque which opposes the motion of the 
former. This torque is 26F dyne-cm., or 


Damping torque T D = 26F 
= 26 . 


BI e l 
10 

26 . B . I ( 


.B.l/ 2Blbcotd \ 
TO ^10 8 (46 + 2l)p ) 


T n 


4J3 2 b 2 l 2 cotd 


dyne-cm. 


(276) 


10 9 (46 -f 2l)p 

The damping constant, expressed in dyne-centimetres per radian 
per second is 

T» 2BWtd 

Al> co 10 9 (26 + l)p ' ‘ } 


The damping can obviously be varied by varying the thickness 
t of the metal of the former. 

Eddy Current Damping Torque with a Metad Disc. Although, 
in this case, the exact calculation of the eddy current is a matter of 
considerable difficulty, simple methods of calculating the approxi¬ 
mate values of such currents, and of their damping effect, have been 
given by Evershed (Ref. (11)) and by Drysdale and Jolley (Ref. (7)). 
The method given by the latter is followed below. 

Fig. 326 shows a metal disc of thickness t cm., which rotates 
with angular velocity co radians per second, and cuts through the 
magnetic field of a permanent magnet whose poles are NS. 

Then, if the flux density under the pole is B lines per square 
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centimetre, an e.m.f. e — ^j^—volts will be induced in the portion 

of the disc which is, at any instant, in the inter-polar gap. The 
radius r is measured from the centre of the disc to the centre of the 
pole face. If we consider only the portion of the disc which is 
immediately under the pole, the resistance of the eddy current path 

is where b is the radial length of the pole (which is the length of 

the portion of the disc in which the e.m.f, is induced), and d is the 



Fig, 326 . Eddy Current Damping with 
a Metau Disc 


width of the pole, p is the resistivity of the material of the disc in 
ohms per centimetre cube. 

The actual resistance of the total eddy current path depends 
upon the radial position of the pole, and is somewhat greater than 

Let this resistance be h . — where his a constant (greater than 
at cut 

unity) for any given radial position of the poles. 

The eddy current is thus given by 

Bb&rdt Bcordt /orro . 

= W i T b -p - 10^7 amp ' • ■ (278) 

and the retarding force by 

Bi e . b 

F = 1Q dynes 
The damping torque is thus 

• • < 2TO) 

Substituting <f> for the total flux passing between the poles, we 
have, since <j> = Bbd , 

<f) z r z ta> 


Tv 


10*k . p . A 


. ( 280 ) 
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where A is the area of the pole face and equals bd. 

The damping constant, in dyne-cm. per radian per second, is 
therefore 


K b 


co ~ 10 9 & 


( 281 ) 


dyne-cm. per radian per sec. 

The damping may be altered by adjustment of the radial position 
of the poles, and is zero when the centres of the poles are at the edge 
of the disc. Drysdale and Jolley (loc. cit.) give the results of measure¬ 
ments of damping constants for discs of different materials and 
thicknesses, and their book should be consulted for further informa¬ 
tion on the subject. 
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CHAPTER XV 

WAVE-FORMS AND THEIR DETERMINATION 

Wave-form. Alternating current calculations generally are carried 
out upon the assumption that the wave-form of the voltage supplied 
to the circuit is sinusoidal; i.e. the law of variation of the voltage 
with time may be written 

e = B max sin cot 

e being the instantaneous value of the voltage at any time t and 
E max being its maximum value, co is, of course, 2 77 X frequency. 

Special precautions must, however, be taken, in constructing the 
supply alternator, if the voltage wave-form is to approximate 
reasonably closely to a purely sinusoidal form. 

Consider an alternator with a revolving field and with an armature 
—or stator—the surface of which is smooth instead of containing 
slots and teeth, which render its iron surface discontinuous. In 
such a machine a sinusoidal voltage wave-form could be obtained 
by shaping the poles so that the length of the air-gap at any point 

is proportional to c ~^ - ^ where 6 is the angle—measured in electrical 

degrees—between the point in question and the centre of the pole. 

If, however, the stator has open slots, these will affect the flux 
distribution from the poles, the air-gap reluctance at any point 
being dependent upon the position of the point, at any instant, 
relative to the adjacent stator teeth. Thus, the movement of the 
poles past the teeth is accompanied by small variations of flux 
distribution which are superposed upon the main flux, and these 
produce corresponding small e.m.f’s in the conductors, the fre¬ 
quency of which is higher than, and some multiple of, that of the 
main e.m.f. These small e.m.f’s produce “harmonics” in the 
e.m.f. wave, and cause it to depart from purely sinusoidal wave¬ 
form. Again, the magnetizing current of a transformer, the core of 
which is worked at a flux density sufficiently high to produce 
saturation, contains a pronounced “third harmonic.” This means 
that it consists of a pure sine wave of current of frequency / (say), 
together with another sine wave of frequency 3 f. This distortion 
of the current wave is a result of hysteresis in the iron core of the 
transformer. One example of a distorted wave-form is shown in 
Fig. 327. 

This wave can be split up into the two pure sine curves shown 
dotted. 

Thus, ej -|- e% = e 
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The sine curve whose frequency is the same as the tc complex 5 * 
wave (i.e. the original wave) is called the 4£ fundamental/’ and the 
other sine curve is called the i£ third harmonic,” since its frequency 
is three times that of the fundamental. 

In the figure, the maximum value of the fundamental is four times 



that of the third harmonic. Hence, calling the former E t) the 
equation for the complex wave may be written 

E 

= E x sin 2rrft ~ 

(where / is the frequency of the fundamental), 

E 

or, e — E ± sin cot -J- ~ sin Scot . (282) 


If the third harmonic had been displaced in phase by 180° relative 
to the fundamental, the effect would have been to make the wave¬ 
form peaked as shown by Fig. 328, instead of flat. 

The Composition of Complex Wave-forms. Any single-valued 
periodic function (i.e. a function which can have only one value for 
any given value of the independent variable) can be resolved into a 
fundamental periodic function and a number of harmonics . This is 
known as Fourier’s theorem, and is true no matter how complicated 
the complex function may be. 

Expressed mathematically, this means that the equation of any 
complex wave e may be written 

e = E 0 A- E x sin (cot ) + E 2 sin (2 cot -f- fi 2 ) 

-f E z sin (Scot -j- 3 ) -f- . . . E n sin (ncot + <j> n ) (283) 

where E l9 E z , etc., are the maximum values of the various component 
sine waves, and the angles <^ l5 (f> 2 , etc., are the phases of these waves 
when time is zero. 
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co = 2 tt X frequency, and therefore the frequencies of the terras 
from the second onwards are in the ratio 1:2:3:. . . : n, 
E ± sin (cot -f- represents the fundamental wave, E 2 sin (2cot + <j> 2 ) 
the second harmonic, and so on. 

E q is independent of time and represents a constant component 
of the complex wave. If the time axis is drawn so that the mean 
ordinate of the complex wave is zero, E 0 is zero. This is the case in 
alternating current and e.m.f. waves. 



Fig. 32S 


The above general expression may be rewritten in another form 
if the trigonometrical expansion 

sin (A + B) = sin A cos B + cos A sin B 
is applied to it. 

Then, omitting the E Q term, as being zero, 
e = E z (sin cot cos <f) ± + cos cot sin <fi x ) 

+ E 2 (sin 2cot cos </> 2 + cos 2 cot sin <f> 2 ) 

+ jS7 3 (sin 3 cot cos <f> s + cos 3ot sin <^ 3 ) -f . . . 

. . . jE7 n (sin Ticot cos (f> n + cos not sin <f> n ) 
or, e — A x sin cot + A 2 sin 2 cot + A s sin 3ot 


+ B 1 cos cot + B 2 cos 2 cot * cos 3 cot 

+ . . . B n cos not . (284) 

where the coefficients A l3 A 2 > A s , etc., are respectively E t cos <f > l9 
E 2 cos <£ 2 , E s cos <f> Zi etc., and B l3 B 2i B 33 are E 1 sin cf> lf E 2 sin <f > 2 , 
E 3 sin </> 3 , respectively. 

If the fundamental and all the harmonics start from zero together. 
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their phase differences with respect to the complex wave are all 
zero and 

e = E 1 sin cot + E t sin 2coi + E z sin 3cot + . . . 

+ . . . E n sin ncoi ...... (285) 

Even Harmonics. Since all the poles forming the field of an alter¬ 
nator are similarly constructed and shaped, it follows that the 
half-wave of e.m.f. generated in a conductor during the passage of 
(say) a south pole past it, is exactly similar in shape to the half-wave 



Fig. 329. Wave-form Containin'g a 
Second Harmonic 


generated during the passage of the preceding north pole. In 
general, therefore, it follows that the negative halves of the wave¬ 
form of alternating currents and voltages are identical in shape 
with the positive halves. 

It will be shown below that the effect of even harmonics in a 
complex wave is to make the shape of the negative half-wave 
different from that of the positive half. From the above reasoning, 
it is thus obvious that alternating current and voltage wave-forms do 
not , in general , contain even harmonics. 

Consider two sine waves, of frequency / and 2/, such as those 
shown dotted in Fig. 329. When added together, these give a 
complex wave whose law of variation with time is given by 

e — E 2 sin 27rft + E 2 sin (47rft - </> 2 ) 

where E t and E 2 are the amplitudes of the fundamental and second 
harmonic respectively. (The time is, in this case, reckoned from the 
instant when the fundamental is zero and the phase angle <f> 2 is 
measured on the scale of degrees applying to the second harmonic.) 

It is seen that the resultant complex wave has a negative half 
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which is of different shape from the positive half. A similar effect 
is produced whatever the relative phases of the fundamental and 
harmonic, and with all even harmonics, whatever their frequency. 
Odd harmonics do not produce the effect. 

Since there can be no even harmonics present in alternating 
current and voltage waves whose two halves are identical in shape, 
the equations of such waves may be written in the form 

e = E 1 sin (cot -f- -j- E z sin (3n>Z + <f> z ) E s sin (Scot + <£«) 

-f- ... -57* sin (not + <f> n ) . . . (286) 

where n is odd. 

Harmonic Analysis. The process of splitting-up a complex wave 
into its fundamental and harmonics is called “harmonic analysis.” 
The number of terms to be obtained in such an analysis depends 
upon the accuracy with which it is desired to express, mathematic¬ 
ally, the complex wave. The third and fifth harmonics are the 
most important in alternating current and voltage wave-forms, and 
the analysis is, therefore, often carried no further than the third 
term of the expression for the complex wave, although in special 
cases it may be necessary to determine the amplitudes of harmonics 
up to (say) the seventeenth. 

Method 1. This method was given originally by Perry (Ref. (9)). 
It depends upon the following theorems in the integral calculus. 


(«) 

j" "sin Odd = 2 


fX TT 

/ sin* Vdtt = - 

0 

<«) 

1 cos 2 6d6 = ~ 

J 

(d) 

'0 1 

j C sin md cos nQdd = 0 

•J 

(6) J 

O 

n * 

/ sin m6 sin n0d6 — 0 

*j 

f* cos m6 cos nddd — 0 

0 


where m and n are positive integers which are unequal. 

Consider a complex wave whose ordinate y varies with the 
abscissa 6 according to the law 

y = A x sin 6 A z sin 3 6 + sin 56 + . . . 

+ B 1 cos 6 + B z cos 36 + B s cos 56 + • • - 

The ordinate is given the symbol y in order to make the equation 
general in its application to such waves. 



540 


ELECTRICAL MEASUREMENTS 


If each side of thi3 equation is multiplied by sin 8 and integration 
of each side is carried out between the limits 0 and 7r, we have, 

f y sin 6d6 = f A x sin 2 Odd + f A z sin 8 sin 
Jo Jo Jo 

+ / A 5 sin 6 sin 56d6 + . . . 

-f- f B 1 sin 8 cos Odd -f- f B z sin 6 cos 3 Odd 
Jo Jo 

sin 6 cos 5dd6 -j-. . . . 


+ 


(287) 


From the theorems already quoted, all terms on the right-hand 
side of the equation, except the first, are equal to zero. Therefore, 

f y sin 6 . dd = J* A x sin 2 8 . d6 = A^ 

2 

Hence, A x == — j y sin 8 . dd 

Now, Q . dd is obviously the mean value of the func¬ 


tion y sin 6 for one half-period of the complex wave, and therefore 
the amplitude A x of the fundamental of the complex wave is given 
by twice the mean value of y sin 8 for one half-wave. 

In the same way the value of A 3 , A s , etc., are obtained by multi¬ 
plying each side of the equation of the complex wave by sin 3 8, 
sin 58, and so on, and integrating each side between the limits 0 
and 77. To obtain B x , B 3 , etc., multiply each side of the equation 
by cos 6 , cos 36, and so on, and integrate. 

The values of the coefficients so determined are— 


A x 5 = 2 X mean value of y sin 6 for ^-period 

A 3 = 2 x „ „ y sin 38 

A$ =5 2 x „ „ y sin 56 „ „ 


B x = 2 x mean value of y cos 6 for J-period 
B z = 2 x „ „ y cos 36 

and so on. 

If the equation is required in the form 

y « Y x sin (6 + <&) + Y z sin (38 + <f> 3 ) + . . . F n sin (n8 + <f> n ) 
the coefficients Y u Y a , etc., and the phase angles <f> lt <f> z> etc., may 
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be obtained from the values of the predetermined coefficients 
*4 ls A 3 , . . . and S ls B z , . . . , as follows— 

From equation (284), 

A x — Y 1 cos (£j 

— y<j COS <^>2 

also B 1 = Y 2 sin 9 ^ 

B z = Y 3 sin 4> z 


Hence, A- * + B* = (Y x cos <^) 2 + (F x sin <^) 2 = F x 2 


or, 

Similarly, 

Also, 
so that 
Similarly, 


F, = VA t * + B x * 

F< 

F 


Vi 3 2 + -B3 2 

5 = VA 5 2 + -S5 2 and so on, 
= ju sin ^ ^ 

A-t F 2 cos ^ 


: tan (j> x 


<£i : 


tan -1 ^ 


<f >3 = tan - 1 J? 

jg 

$> 5 = tan -1 and so on. 


In this way, the equation may be written in the desired form by 
substituting these values of the amplitudes and phase angles in the 
equation. 

Procedure for the Determination of the Coefficients by a Summation 
Process . From the fact that 

A x — 2 X mean value of y sin 6 for one half-period 


it is obvious that A t could be obtained by a graphical method as 
follows. 

Take any ordinate y ± , corresponding to an angle d ± and multiply 
it by sin 0 i, setting up an ordinate representing y ± sin d l9 at abscissa 
6 ± . By repeating the process for a large number of values of y, a 
new curve y sin 0, plotted against 6, is obtained. The area under 
one half-wave of this curve could be measured, to scale, using a 
planimeter, and its mean value obtained by dividing this area by the 
length of the base -tt. By this means A x could be found. The other 
coefficients A s , A 5 , . . . , and also B lf B z , . . . , could also be found 
by similar methods. Such a procedure would, however, be very 
laborious and a tabulation method is therefore used, as below, in 



542 


ELECTRICAL MEASUREMENTS 


order to simplify it somewhat. In the tabular method the base of 
the half-wave is divided into a number of equal parts—the greater 
the number of parts the greater the accuracy of the analysis—and 
ordinates are set up at the dividing points. 

Let the number of these parts be n. Then each part corresponds 

to an angle of —. If 2 /*-., . . ., are the ordinates at the dividing 

n n 

points, then the corresponding products—when A x is being deter- 
, . 7r 2?r 

mined—are sin —, y 27V sm —, .... 

« "tT 

The mean value of y sin 6 for the half-wave is then obtained by 
dividing the sum of these products by the number of parts into 
which the base is divided. 

The other A coefficients are obtained in a similar way, but the 
y ordinates are then multiplied by sin 3 6, sin 56. . . . The B 
coefficients are determined in the same way, when the y ordinates 
are multiplied by cos 0, cos 36. . . . 

The accuracy of the results of such an analysis may be checked 
from the facts that— 

(i) The ordinate of the complex wave corresponding to 6 — 0 
should equal B ± 4- f? 3 + B 5 + . . . . 

7T 

(ii) The ordinate corresponding to 0 = - should equal A x - A s 
-i-A s — A 7 + . . - 

These relations are obtained as below— 

When 6 — 0 

y — A ± sin 0 -f- A 2 sin 0 -j- A 5 sin 0 + . . . 

—{- B-y cos 0 —{- cos 0 —1“ B g cos 0 —{- . . « 
or y — B 1 + B z -{- B s + . . . 

When 0 = 7 r 

A . TT . a 3tT . . . 5-7 T , 

y = Ai sm ^ sm — + A s sm — + . . . 

+ -Bi cos ^ + B 3 oos~ + B 5 cos^+. . . 

= A ± - A s -j- A 5 — . . . 

To illustrate the method of tabulation for the determination of 
the coefficients, consider, as an example, the complex wave shown 
in Pig. 330, the analysis of which is to be carried out for the deter¬ 
mination of harmonics up to, and including, the fifth. 

In Table XIV, the base of the half-wave is divided into twelve equal 
intervals, each of 15°, as shown in column (a). The corresponding 
values of y, taken from the curve, are shown in col umn (b). The 



WAVE-FORMS AND THEIR DETERMINATION 543 


coefficients A l9 A 2> and -4 5 are determined from the mean values of 
the products given in columns (d), (/), and (h), and the coefficients 
B l3 B 3> and B 5 from the products given in columns (7c) y (m), and (p). 
As previously explained, checks are applied in order to test the 
accuracy of the determination. The curve to be analysed contains, 
in this case, only third and fifth harmonics, in addition to the 
fundamental. This is shown by the checks, since A 1 - A 3 + A s is 
equal to the ordinate of the complex wave at 6 — 90°, and B 1 -j- B 3 
+ B s equal to the ordinate at 0° (to within the limits of error 
obtainable with a graph of this size). 

If other harmonics had been present, A 2 - A z -j- A 5 could not 
have equalled the ordinate at 90°, nor would B ± -f- B z + B 5 have 
equalled the ordinate at 0°. These checks give a guide as to whether 
further analysis, beyond the fifth harmonic, is necessary, in order 
to represent the complex wave mathematically with sufficient 
accuracy. 

The equation of the complex wave is, therefore, from the results 
obtained in the table, 

y = 199*4 sin 6 + 35*8 sin 36 -f- 13*2 sin 56 - 2*92 cos 6 

+ 18*8 cos 36 - 15 cos 56 . . . . (288) 

In order to write the expression for y in terms of sine functions 
only, the coefficients and Y 5 must be determined, and also 

the phase angles <j> L , <j> z , and <^> 5 , relative to the phase of the complex 
wave. 

Then, Y ± = Va x 2 + B* = 200 

F 3 = V A s 2 + B* = 40-3 
Y s = VaJ+bJ. = 20 

ID 

Also, ^ = tan -1 —- == — 0° 50' 

A x 

<j> a — tan- 1 ^ = 27° 42' 

<f> 5 = tan- 1 7k = _ 48° 39' 

A-& 

The equation of the complex wave is thus, 

y = 200 sin (6 - 0° 50') + 40*3 sin (36 + 27° 42') 

+ 20 sin (56 - 48° 39').(289) 

The three component waves are shown dotted in Tig. 330. 

Method 2. Summation Method with Grouped Terms. This method 
is similar to the one given above, but the labour involved in the 
summation for the determination of the coefficients is reduced by 



250 



6 

s 


TABLE XIV 

Analysis of Wave shown in Fig. 330 




Equation of wave: y = 200 sin (0 - 0° 50') -f 40*3 sin (30 -j- 27° 42') -f 20 sin (50 - 48° 30') 
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the grouping of terms. The method is due to S. P. Thompson 
(Ref. (10) ) and to Bunge (Ref. (11)). 

If the nih. harmonic is to be determined, the base of the half-wave 
is divided into n -j- 1 equal parts, giving n equidistant ordinates. 
These ordinates are treated in supplemental pairs, the ordinate y L 
at 6 X being used in conjunction with the ordinate y n at (180 — 0 -J 
as below. 

First consider the sum of two such ordinates, 

t/i + Vn — A x s ^ 11 $i -b 3 sin 30 x + A s sin 56 1 + . . . 

4- Bj cos d 1 -p B 3 cos 30 x -j- B 5 cos 56 x + . . . 

-j— A x sin (180 — 0 ^) -j— A 2 sin 3(180 — 6 X ) 

-f- A 5 sin 5(180 — 6 X ) + . . . 

+ B x cos (180 - 6 X ) 4- B z cos 3(180 - 6 X ) 

+ B 5 cos 5(180- d x ) + . . . 

All the terms containing coefficients B disappear, since 
cos 6 1 — ~ cos (180 — 0 X ) 
cos 36^ = - cos 3(180 - 0 X ) 

Also, sin 0! = sin (180 - Oj) 
sin 30 X = sin 3(180 — 0 X ) 

Hence, 

~b Vn = 2A X sin + 2A Z sin 30 x + 2A 5 sin 59 x 

+. (2 90) 

Similarly, if the difference of these ordinates is considered, we have 

y x - y n = 2B X cos 0 X + 2R 3 cos 30! + 2B 5 cos 50 x 

+.(291) 

Ordinates are grouped in this way before multiplying by the sine 
functions for the determination of the individual coefficients. This 
obviously saves labour. 

Taking as an example the curve (Fig. 330) previously analysed, 
the procedure, in an analysis up to the fifth harmonic, is to divide 
the base into six equal parts, the five ordinates set up at the dividing 
points being measured and arranged in rows as under— 

3/30 2^60 y*o 

Viso 2/120 _ 

Sum . a 2 a 5 

Difference 
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The notation “^ 30 ” means the ordinate at 6 = 30°. 

From the previous method, we have 

A ± — 2 X the mean value of y sin 6 for half-period 
In this case, therefore, 

< 2 [y zo sin 30° -f y 60 sin 60° -f- 2/90 sin 90° 4- ^120 sin 12 0° 

Al -- 

-4- y 150 sin 150° -f- i/ 180 sin 180°] 
6 

or, since sin 180° and y 1S0 are both zero 

A ± = | Q/so sin 30° + y zo sin 60° + 2/90 sin 90° + 2/120 sin 120° 

4* 2/iso si]Q 150 °] 

= g l a i sic 30° -f- a 2 sin 60° -j- a 3 sin 90°] 

since sin 30° = sin 150° 
and sin 60° = sin 120° 

In the same way it can be shown that 

A 3 = i (% - a 3 ) sin 90° 

and A B = i (a^ sin 30° - a 2 sin 60° -f- 03 sin 90°) 

Again, 

j? _ 2 [ 2/30 cos 30 2/50 cos 4" 2/90 cos 90 + 2/120 cos 120 

-6 

4- 2/150 cos 150 ° 4- 2/180 coa 180 °] 

6 

= | [y 3 o cos 30° + 2 /jo cos 60° + 2 / 120 cos 120° + y lt0 cos 150°] 
since cos 90° and y 1SQ are both zero. 

Hence, -^1 — g (<^i cos 30° + d 2 cos 60°) 

It can be shown also that 

B z = ~d 2 cos 180° = - i 

B 6 — i (— cos 30° -f- d t cos 60°} 

o 


and 



TABLE XV 

Analysts or Ways siiown in Fig. 330 



Check A, - A z + A 6 = 176 = ordinate of complex wave at 6 = 90°. jBj 4- = 0 = ordinate of complex wave al 
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Proceeding with the analysis we have, therefore 

z /30 = 152 y 6Q = 134 y m = 176 

Visa — f 33 _ yi2o =189 _ 

Sum a ± — 285 a 2 = 323 a s =176 

Difference = 19 d 2 — -55 

The values a ± , a 2 , a s , d ± and d 2 are then used in the table as shown. 

Using the coefficients A l3 A s , etc., as obtained in the table, we 
have, for the equation of the complex wave, 

y = 199*5 sin 6 -f- 36*3 sin 3 6 + 12*8 sin 56 — 3*68 cos 6 
+ 18*33 cos 3 6 - 14-65 cos 56 

From these coefficients 

r, = VA-f + B* = 200 
r 3 = Va s 2 + B? = 40-6 
r s = VAf + Bf = 19-5 

Also, ^ = tan -1 = — 1° 3' 

A i 

4> 3 = tan- 1 = 26° 42' 

a 3 

<f) 5 = tan -1 = - 48° 45' 

A 5 

Hence, the equation of the wave, written in sine terms only, becomes 

y = 200 sin (6 - 1° 3') + 40-6 sin (30 + 26° 42') 

-+- 19*5 sin (56 - 48° 45') .... (292) 

The checks in this analysis (see Table XV) show that there are 
no other components of the wave beside the fundamental, and 3rd 
and 5th harmonics. 

It will be noted that the above equation is not quite the same as 
that obtained in the previous method of analysis, but the differences 
are within the limits of error to be expected when such methods 
are applied to a wave of the size shown.* 

In the above, it has been assumed that the wave-form of a current 
or voltage is known and that the wave is to be split up, by mathe¬ 
matical or graphical methods, into its component fundamental 
and harmonic waves. 

Harmonic Analyser. A complex wave can be split up into its 
components by experimental methods, the magnitude of the various 
harmonics being measured directly. An electric harmonic analyser 

* For graphical methods of analysis and for other methods, including 
analyses up to the eleventh or seventeenth harmonic, the reader is referred 
to the works quoted in Refs. (2), (3), (5), (6). 
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has been described by J. D. Cockcroft, R. T. Coe, J. A. Tyacke, and 
Miles Walker (Ref. (12) ). A portable form of this instrument is 
manufactured by H. Tinsley & Co. and has been described by Coe 
(Ref. 18). The essential features of the analyser are shown in 
Fig. 331 in which D is an astatic dynamometer instrument whose 
moving coil carries a current proportional to the voltage under test 
(i.e. whose wave-form is to be analysed). The fixed coil of this instru¬ 
ment carries a current I a> called the analysing current , the frequency 



Fig. 331. Harmonic Astajqyser 


of which can be varied so as to be exactly equal to that of the 
fundamental or of any harmonic of the wave under test. This fre¬ 
quency variation is carried out by means of a synchronously-driven 
contact disc having a series of concentric rings of contacts, one ring 
for each harmonic, the number of contacts in the ring being sufficient 
to give the frequency of the harmonic concerned. This disc is used 
in conjunction with a triode valve circuit as shown, the analysing 
current in the dynamometer fixed coil being induced through 
coupling with the anode circuit. Measurement of all the odd 
harmonics up to the thirty-fifth is possible with the normal form 
of contact disc. 

The action of the instrument depends upon the fact that a steady 
deflection of a dynamometer instrument results only from those 
current waves in the fixed and moving coils which are of the same 
frequency. Thus, let the current in the moving coil be 

i = / 0 + ^ sin (6 + &) + h sin (20 + <f> 2 ) + I 3 sin (30 + <f> 3 ) 

+ sin (»0 + <{>„) 
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If the analysing current is given by the expression 
i a = I a sin (md -j- <j> a ) 

(i.e. the analysing current has the frequency of the m th harmonic) 
then the instantaneous torque 
T oc ii a 

and the mean torque 

_ l 

« 2£/ 0 d0 

i r l7z 

°C 2n J Ia sin [/ ° + 7l sin + A) + 

I 2 sin (26 -b <f> 2 ) -r • • •] d6 

i r-~ 

CC 9 -J I a I rn sm (md -f 4>a) sin (w 0 -f <f> m ) dd 


since all such terms as / I a I T sin (md A- <j>a) sin ( r $ 4- <f> r )dd are 

Jo 

zero, r being different from m (see page 539). 

Evaluating the integral we have 

T m oc 1 -Jf* cos (4> m - <f> a ) 

<x I a I m ' COS (<f> m - 4> a ) 

or D = K J 0 ' J m ' cos (<j> m - <j> a ) 

where D is the deflection of the dynamometer and is proportional 
to T m . I' a and I' m are r.m.s. values of the analysing current and 
mth harmonic of the current in the moving coil respectively, and 
K is the calibration constant of the dynamometer. 

The phase of the analysing current is altered by rotating the 
brush arm on the contact disc until <f> a = <f> m , when the dynamometer 
deflection will be maximum, given by D max — K I a 'I m '. 

7 m ' can thus be obtained from a knowledge of K and IJ. IJ is 
measured by the thermal type ammeter A. 

The analysing current circuit containing the dynamometer fixed 
coil is tuned to the frequency of the harmonic being measured, 
chiefly for the purpose of improving the wave-form of the analysing 
current. The impedance in series with the moving coil consists of a 
resistor and a capacitor, the latter producing magnification of 
the harmonics in the current wave in the moving coil (see page 553). 
Then, if R is the total resistance of the moving coil circuit, L its 
inductance, and O the series capacitance (all of which, together with 
CO) must be known) the mth harmonic of the applied voltage wave 
is given by 
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The magnitudes of the various harmonics are finally expressed as 
percentages of the reading of the voltmeter V, these usually being 
sufficiently close to the percentages of the fundamental if the har¬ 
monics are small. 

Analysis of a current wave is carried out by connecting the 
dynamometer moving coil in parallel with a suitable shunt in the 
current circuit. 

The accuracy obtained with this instrument, when analysing a 
voltage wave of the order of 100 volts is within ^ of one per 
cent of the fundamental in the case of the larger harmonics and 
within of one per cent of the fundamental for the very small 
harmonics. 

A Wave Analyser made by Dawe Instruments, Ltd. measures 
the component frequencies and amplitudes of wave forms over the 
frequency range 50 to 16,000 c/s with four input ranges of 0-5, 5, 
50 and 500 V maximum. 

The circuit uses a local oscillator and balanced modulator which 
work on the heterodyne principle giving a constant intermediate 
frequency from the selected component of the input. The subsequent 
amplifier is sharply tuned to this intermediate frequency and the 
output is measured by a valve voltmeter. The selectivity can be 
varied over a wide range with negligible change in the gain of the 
amplifier, and the use of toroidal inductances and silvered-mica 
capacitors, with negative feedback, ensures permanent stability of 
the tuned amplifier. 

Muirhead and Co., Ltd. have recently developed the Muirhead- 
Pametrada wave analyser, designed primarily for analysing wave¬ 
forms of complex vibrations, but being applicable also to audio and 
power frequency wave-forms up to 21 kc/s. The design is quite 
different from that of the heterodyne type of analyser which pro¬ 
duces an output frequency that is almost constant whatever the 
frequency under test. The Muirhead analyser acts as a tunable 
filter and feeds to the output meter a signal of the same frequency as 
that of the selected component. The output can be applied to an 
oscillograph. 

The instrument is described by the makers as of the negative- 
feedback type with resistance-capacitance tuning. It uses two 
selective amplifier units connected in cascade and tuning is by 
varying simultaneously two resistors in the arms of the Wien bridges 
which provide the negative feedback path for each amplifier. 

The Shape of the Current Wave-form when the e.m.f. Wave-form 
contains Harmonics. The shape of the current wave-form when 
an e.m.f. whose wave contains harmonics is applied to a circuit 
is not, in general, the same as that of the impressed e.m.f. wave, but 
depends upon the resistance, inductance, and capacitance in the 
circuit. The consideration of the question is simplified if the com¬ 
plex e.m.f. wave is thought of as consisting of a fundamental wave 
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and 


and its harmonic waves, each of which exists separately, 
produces its own component of the current wave. 

Different forms of circuits will now be considered. 

1 . Resistance Only. Suppose an e.m.f. whose equation is 
e — E x sin cot -j- E z sin Scot -f- E 5 sin ocot is impressed upon 

a circuit of resistance R and whose inductance and capacitance are 
both negligible. Then the equation of the current is 


E E 

■ sin cot ~ sin Scot 


sin Scot + 


(293) 


Thus, the current wave-form is of the same shape as that of the 
impressed e.m.f. 

2 . Inductance Only. Suppose the same e.m.f. is impressed 
upon a circuit of inductance L and having negligible resistance and 
capacity. The phase of each component of the current will lag 90° 
behind the e.m.f. component producing it. Also, the reactance of 
the circuit will not be the same to all the e.m.f. components. 

Hence, the components of the current wave are 



and so on. 


Thus, the equation of the current wave is 



The wave-shape of the current is thus different from that of the 
e.m.f. due to the facts that, first, the amplitudes of the harmonics 
in the current wave are not in a constant ratio to the e.m.f. har¬ 
monics to which they are due, but decrease with increasing order 
of the harmonic; and second, that the phases of the current har¬ 
monics are different from those of the e.m.f. harmonics. 

The general effect is, however, that inductance in a circuit reduces 
the amplitudes of the harmonics in the current wave and causes the 
latter to approach more nearly to the sinusoidal wave-shape than 
the e.m.f. wave. 

3. Capacitance Only. If an e.m.f. wave 

e — E 1 sin cot + E z sin Scot -j- E 5 sin Scot -j- . . . 
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is impressed, upon a circuit having capacitance G and whose resis¬ 
tance and inductance are both negligible, the current produced is 

e 

The reactance of the capacitor 

The reactance due to the capacitance C is not the same to all the 
components of the e.m.f. wave, since it is given by the expression 

_ 1 _ 

2 tt X frequency X C 

and the frequency differs for different harmonics. The current is 
thus given by 

i = E x cnC sin ^cot -f- ^ + 3E z coC sin ^3mi -j- ^ 

+ 5E s coO sin ^5 cot + + .(295) 

each component of the current leading the e.m.f. component to 
which it is due by the angle 


It can be seen that the effect of capacitance upon the current wave 
is to increase the amplitudes of the harmonics in it, relative to the 
fundamental, as compared with the relative amplitudes in the 
e.m.f. wave. 

Thus, the ratio 

Amplitude of 3rd harmonic of e.m.f. wave _ E z 

Amplitude of the fundamental of e.m.f. wave E x 
whereas, in the current wave. 

Amplitude of 3rd harmonic 3 E 3 coC 3 E 3 

Amplitude of the fundamental E x coG E x 
i.e. the 3rd harmonic is magnified three times in the current wave. 
Obviously the higher the order of the harmonic the greater the 
magnification. 

Fig. 332 shows a complex voltage wave whose equation is 
e — 100 sin cot — 10 sin 5cot 

its fundamental and fifth harmonic components being shown, 
dotted. 

Three current wave-forms are also shown. The first, i r , is the 
wave-form of the current when the e.m.f. e is impressed upon a 
circuit of resistance 5 ohms, the inductance and capacitance of the 
circuit both being negligible, 

100 . , 10 . , 
t r = —— sin cot — — sin 5cot 
5 o 

i r — 20 sin cot —2 sin 5cot 


or 
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This current is in phase with the e.m.f. The second wave-form 
is that of the current obtained when the e.m.f. is applied to a 
circuit containing inductance only, the reactance, at the frequency 
of the fundamental, being 5 ohms. 

Then 4 = ~ sin (ml - f) - sin (scot -f ) 

- ? ) 

This current lags by ~ behind the e.m.f. wave, and its wave- 
J* 

form is seen to be much more nearly sinusoidal than that of the 
e.m.f. 

The third wave-form, i c , is that of the current in a circuit having 
capacitance only, when the e.m.f. e is impressed upon the circuit, the 
capacitance being such that the reactance of the circuit, at the 
frequency of the fundamental, is again 5 ohms. 

Then, i 0 = ™ sin (cot + fj - ^ (sin Scot + 

or i c = 20 sin ^cot -f- ^ - 10 sin ^5cot -f- ^ 

The distortion in the current wave i C} when capacitance, only, exists 
in the circuit, is very noticeable. 

Resonance with Harmonics. If an e.m.f. of complex wave-form 
such as 

s = jEtj sin (cot ~j~ ^i) + N z sin (Scot -f - ^ 3 ) d - - • • • • (296) 

is impressed upon a circuit containing resistance R , inductance L 
and capacitance C , in series, the equation of the current in the 
circuit is 


— 20 sin ^cot - ^ - 0-4 sin ^ 5cot 


jk 


sin (cot 4 - ^>1 - dj 


sin (Scot + & ~ 0 3 ) 4- - • * - (297) 


where 6 ± , 0 3 , . . . , are the phase angles by which the components 
of the current wave lag behind the e.m.f. components which produce 
them. 

Thus, r 1 or 1 

, a coC a 3 coC 

tan 6 ± = ---, tan Q z =--- 


and so on. 
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When the inductive reactance coL, in any circuit, is equal to the 
capacitance reactance— f,, the condition of £c resonance” exists, and 


e.m.f. 


This current 


' coG 

the current in the circuit is then given by 

resistance 

may be very large, and as a result, the voltage across either the 
inductance or the capacitance may become seriously high, although 
the voltage across the inductance and capacitance together is zero. 
The values of L and G t in the circuit which is at present being 

considered, may be such that, although ooL is not equal to yet 

ruoL = --- 7 = where n is the order of one of the harmonics con- 
tkqG 2 

tained in the e.m.f. wave; for example, ocoL might equal 


Then the amplitude of the 5th harmonic in the current wave would 
Ek 

be “, and this harmonic would, also, be in phase with the e.m.f. 
Jtx 


harmonic producing it. The result is that the current wave contains 
a disproportionately large fifth harmonic and is therefore consider¬ 
ably distorted. 

This resonance effect may be used to ascertain whether any 
particular harmonic exists in an e.m.f. wave-form or not. A resis¬ 
tance, variable inductance, and variable capacitance, are connected 
in series, together with an oscillograph element (for the determination 
of the resulting current wave-form) across the source of the e.m.f. 
under test. The values of the inductance and capacitance are ad¬ 
justed so that, at the frequency of the harmonic whose presence is to 
be detected, resonance is obtained. An oscillograph record of the 
current which then flows is obtained and examined. The presence 
of the harmonic which is to be detected will be indicated by a badly- 
distorted current wave-form. 

R.M.S. Value of Complex Waves. The r.m.s. value of any 
alternating e.m.f. or current is given by 


E 




(E 1 sin (0 -f- cf^) + E z sin (30 + <f> 3 ) fi- . . .) 2 d0 


I 


i J (e^ sin 2 (6 + <j>i) + E 3 2 sin 2 (36 + <f>s) + 
—f- 2iE-±E z sin (0 —{- < 5 ^ 2 ) sin (30 —j— < 563 ) 


(298) 

“I* 


+ 2E 1 E S sin (6 + <f> x ) sin (50 4 - <£ s ) 


Jdd 


Now the integrals of all such terms as 2 E ± E 3 sin (6 -f- <£ 2 ) sin 
(30 -j- 9 S 3 ) between the limits 77 and 0 are zero. Thus, 
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Now, E ± , E 3 , E s , . . . , are maximum values of the various com¬ 
ponents of the complex wave. All these components are sine waves 
of various frequencies, and therefore the r.m.s values of the 
components are, in all cases, given by 

Maximum value of the component 

Vf 

Thus, if E x f , E z , etc., are the r.m.s. values of the harmonics 
composing the complex wave, the r.m.s. value of this wave is 

. V®¥ + O&V) 2 + (-£V) 2 +TTT . . (301) 


Example. Calculate the r.m.s. value, of the current whose equation is 
i — 50 sin. 157 / 4- 20 sin 471/ + 5 sin 785/ 


/oO* 4- 20* 4- o* 

V 2 


Power in Circuits in which the e.m.f. and Current Waves are 
not purely Sinusoidal. It has already been seen that when the 
e.m.f. impressed upon a circuit is 

e = E x sin (cot -f- cj) x ) -b E z sin (Scot -f- <^> 3 ) ~j- . . . 


the most general expression for the current is 

i = I ± sin (cot -b - 0i) -h sin ( 3 coi + ^3 - #3) + • ■ * 


The instantaneous power p in such a circuit is given by 
p == ei — sin (cot -b <j>i) s * n + <^1 — ^i) 

-f- ^3/3 sin (Scot + (f> z ) sin (Scot -f- <f > 3 — 6 Z ) 
+ . . . • 

-4- E 1 I Z sin (cot sin (Scot —b cf> z — 0 3 ) 

-b sin (3o>£ 4- <^ 3 ) sin (coi -b <h ." # 1 ) 


( 302 ) 
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The mean power in the circuit is 
1 

P = — / ei . d(oot) 

" Jo 

i r- 

— ~ J [^a/i si 11 4~ ^i) sin (coi + ^ - 0 X ) 


4~ ^Vs sm + <£ 3 ) sin (&*>* + ^3 - 0 3 ) 

+ * • - * 

4- E X I g sin (a)2 4 - sin (Scot 4 -^ 3 - # 3 ) 

4- E 3 I X sin (Scot 4- <£ 3 ) sin (cot + cj> 1 - 6 X ) 
4 - . . . .] d(cot) 


(303) 


The integrals between 0 and tt of all such terms as E ± I 3 sin 
(cot 4~ <£l) sin (Scot <f> 3 — 0 3 ), where the frequencies of the two sine 
waves which are multiplied together are different, are zero. 

Thus, 


, = I P 
77 Jo 

1 Fz: 
“tt [2 


\E X I X sin (cot 4 - <j> x ) sin (cot 4 - <fa — # 1 ) 

4 - E 2 I 3 sin (Scot 4- <f> 3 ) sin (Scot ~r <f> 3 - 0 3 ) 
+ .... ] d(cot) 

(E^ cos 6 1 + E Z I Z cos 0 3 + .... )1 


= 2 cos + JVs COS d 3 4 - . • * - ) 


or P — Ei'Ii cos d x 4- E Z I Z cos 6 z 4 -. . . (304) 

where jS 1 , 3 E z , . . . , and I x , I 3 , - - - - are the r.m.s. values of 
the component harmonics of the voltage and current. 

Thus, the mean power in the circuit is the sum of the mean powers 
due to the various components of the current and voltage, since 
Ei'Ii cos d x is the mean power due to the fundamentals of the two 
waves, E z I 3 cos 0 3 that due to the 3rd harmonic, and so on. 

Power Factor. The power factor of a circuit in which the voltage 
and current waves are non-sinusoidal requires special definition. 

Consider the usual definition of power factor as the cosine of the 
angle of phase-difference between the voltage and current waves. 
If these waves are complex—and possibly differently-shaped—this 
angle of phase difference between them is somewhat indefinite. 
This difficulty is overcome by defining the power factor of the 
circuit as the cosine of the angle of phase-difference between two 
"equivalent sine waves” having respectively r.m.s. values equal 
to those of the voltage and current in the circuit. Let <j> e be the 
phase difference between the two equivalent sine waves, then the 
power factor is 


P 
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where P is the mean power in the circuit, and E and I are the 
r.m.s. values of the equivalent sine waves of voltage and current. 
P is the value of the power which would be measured by a watt¬ 
meter connected in the circuit, while E and I are the values of 
voltage and current which would be measured by alternating current- 
instruments, which give the equivalent sine wave values. 

Determination of Wave-form. There are two general methods of 
determining the wave-form of an alternating voltage or current, 
namely, contact or point-by-point methods, and by the use of 
oscillographs. 

The former methods are useful only when conditions in the circuit 
under test are steady, i.e. when each succeeding wave of voltage is 



exactly the same, both in amplitude and form, as the preceding 
wave. Oscillograph methods are not subject to this limitation, and 
are, therefore, much more generally used than the point-by-point 
methods. 

Jottbert’s Contact Method. This method was used by Joubert 
(Ref. (14)) for the determination of the wave-form of an alternator. 
An electrostatic voltmeter, or a valve voltmeter with a reservoir 
capacitor, is connected, instantaneously, to the terminals of the 
alternator or supply circuit, once during every cycle of the voltage 
wave, the connection of the instrument to the alternator being 
made at the same point in the cycle in each case. The instrument 
reading will give the ordinate of the voltage wave at this one point 
in the cycle. The connection must exist in each cycle only for a 
time which is a very small fraction of the periodic time of the cycle. 

The contact device is then moved through a known angle, so that 
connections to the voltmeter are next made at some other—known 
—point in the cycle. This process is continued until the wave-form 
can be traced from measurements of the ordinates at Sufficient 
points in the cycle. 

Mg. 333 shows how these instantaneous contacts are made. D is 
a disc of hard insulating material, either mounted on the shaft of 
the alternator or synchronously driven. It carries a metal ring near 
its centre upon which a brush b' rests. A light metal rod is also 
carried by the disc. It is permanently connected to the ring at the 
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centre and projects slightly beyond the rim of the disc at C , rotating 
with the disc. Another brush b, placed as shown, makes contact 
with the rod at C, instantaneously, once for every revolution of the 
disc and connects the voltmeter V to the alternator terminals, thus 
giving the voltage at one point in the cycle depending upon the 
position of the brush b. This brush is carried on a scale graduated 
in “electrical degrees,” so that the point of the cycle corresponding 
to any setting can be determined. 

The Joubert contact method has been extended to the separation 
of harmonics in complex wave-forms and to the determination of 
the peak value and wave-form of a high voltage of the order of 
1,000 kV. Descriptions of these applications are given in the papers 
mentioned in Refs. (37) and (38). 

The Hospitaller Ondograph is an improvement on the above 
method. This is a piece of apparatus in which the wave-form of the 
e.m.f. is recorded upon a revolving drum which is driven by a 
small synchronous motor supplied from the source of e.m.f. under 
test. A contact maker is also driven by this motor and, by means of 
gearing, arrangements are made for the brushes making the contacts 
to be continuously displaced relative to the e.m.f. wave. Thus the 
contact-point on this wave is slowly varied, and the complete wave 
traced on a sheet of paper, carried on the drum, by a pen whose 
position, at any point on the cycle, is dependent upon the e.m.f. 
corresponding to that point. A complete description of the ondo¬ 
graph will be found in Hospitalier’s original paper (Ref. (15)). 

Oscillographs. Oscillographs are used for the observation and 
measurement of transient and other phenomena, as well as for the 
determination of alternating current and voltage wave-forms. 
There are three types of oscillograph in use— 

(а) Electromagnetic. 

(б) Electrostatic. 

(c) Cathode-ray. 

They all must consist of a moving system, which is caused to 
deflect when the current or voltage under test is applied to the 
instrument, and an optical system, for the indication or recording 
of the wave. 

The deflection of the moving system must, at any instant, be 
strictly proportional to the applied voltage or to the current at 
that instant. Thus the moving system must possess very little 
inertia in order that it may respond instantly to changes of current 
or voltage. The natural period of the system must be much smaller 
than that of the alternating wave under test, and the damping must 
be critical. Eddy current and hysteresis effects in the instrument 
should be negligible, and its inductance and capacitance must be 
very small. 

( a ) Electromagnetic Oscillograph. Two forms of electromag¬ 
netic oscillograph have been developed—the moving-magnet type, 
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by Blondel, and the moving-coil type, by Duddell. The Duddell 
instrument, which has the advantages of negligible inductance and 
freedom from hysteresis errors, was commonly used for years but 
has now been displaced, for many purposes, by the cathode-ray 
oscillograph. Electromagnetic oscillographs are best suited to 
work at low voltages and comparatively low frequencies. They are, 
of course, vibration galvanometers having an especially low natural 
period of vibration. 

Duddell Oscillograph. The principle of this instrument is 
illustrated by Fig. 334. A single loop of thin phosphor-bronze strip 



Fig. 334. Duddell Os cello graph 


forms the vibrator, or moving system. This is situated in the field 
of a powerful magnet—either a permanent magnet or an electro¬ 
magnet—having specially-shaped pole-pieces to obtain an intense 
field between them. If high sensitivity is required an electromagnet 
is used, the magnet being worked with a high degree of saturation 
in order that small changes in magnetizing current shall have a 
negligible effect upon the strength of the magnetic field. 

The vibrator loop is formed by passing the phosphor-bronze strip 
round a small ivory pulley, to which a spring and tension-adjusting 
device are attached. The loop passes over two ivory bridge-pieces 
which confine the vibrating portion of the loop to the section which 
is situated in the magnetic field. A small, light mirror is cemented 
to the loop midway between the bridge pieces. A piece of soft iron, 
cut away to clear the mirror, is usually fitted between the two sides 
of the loop, so that each side has its own air gap. The clearances 
between the sides of the loop and the pole pieces are very small— 
of the order of 0*01 cm. 

If a current of I amperes passes through the loop which is situated 

HIl 

In a magnetic field of strength H , forces of y?r dynes act on each 
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side, causing one side to move inwards and the other outwards, thus 
causing the loop as a whole to deflect, as shown in Fig. 335. I is the 
length of loop between the bridge pieces. If the current I is alter¬ 
nating, the loop is caused to vibrate. In this type of oscillograph 

the undamped natural period of the loop is about ~ —— second. 



(It may be as low as — sec.) Damping is obtained by immersing 

the moving system in oil, each side of the loop vibrating in a small 
oil-filled chamber formed by the pole-pieces and the central soft 
iron piece. Wave-forms of frequencies up to about 300 cycles per 
second can be faithfully recorded by such an instrument. 

These oscillographs are often fitted with several vibrators, side by 


Current Vibrator 


Load 



Regulating 

Resistance 


Fig. 336 . Conductions of Duddeiil Osctxt-ograph 


side. (The Cambridge Instrument Co. make both six- and twelve- 
element oscillographs of this type.) A fixed mirror, between them, 
is used to give a zero line on the film upon which the wave-forms are 
recorded. The connections of two vibrators for obtaining current 
and voltage wave-forms are shown in Fig. 336. 

The resistances of the loops are usually about 4 or 5 ohms, and 
currents of 1 milliamp can be detected, the safe working current of 
the vibrators being about 100 milliamps. It is thus necessary to 
shunt the current vibrator and to connect a high resistance in series 
with the voltage vibrator, as shown in the figure. 

A beam of light cast upon the mirror of one of these loops will be 
reflected, and the reflected beam will move backwards and forwards 

19—(T.5700) 
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in a horizontal plane (assuming the loops to be in a vertical position). 
In recording the wave-shape, the photographic film is passed at 
constant speed—the actual speed depending upon the frequency of 
the waves being recorded—in a direction perpendicular to that of 
the movement of the reflected beam of light, the result of these two 
perpendicular motions being the wave-shape required. If time 
measurements are to be made upon the 64 oscillogram” so obtained, 
a current of known frequency is passed through one of the loops, 
giving a wave on the oscillogram which can then be used as a time 
scale. 

The oscillograph can be calibrated by observing the deflection 
produced by a known direct current in the vibrator loop. 

If a wave-form is to be observed, but not recorded, the optical 
arrangements are as shown in Mg. 337. The reflected beam of light 
from the vibrator mirror falls on a plane mirror and is reflected 


Oscillograph 

11 


• \Screen 


Plane Mirror' 


Cam 


Shutter 

Fig. 337. Optical A rrantements foe Observing 

POEMS WITH a DiTDDELL OSCILLOGRAPH 


from thence upon a screen as shown. A cam, driven by a small syn¬ 
chronous motor, which is supplied from the source whose wave-form 
is required, is responsible for rocking this mirror, and so giving a 
forward motion of the reflected beam on the screen. This forward 
motion is continued for about 1 \ cycles of the wave, and the plane 
mirror is returned, by the cam, to its initial position during the next 
half-cycle, during which period the light is cut off by a rotating 
shutter attached to the motor shaft. Persistence of vision gives the 
effect of a continuously-existing wave (1J cycles long) on the screen. 

Theory of the Dudddl Oscillograph. Since the instrument is, essen¬ 
tially, a moving-coil vibration galvanometer, its equation of motion 

13 ™ + b d 4 + c9 = Gi 


dt 2 


dt 


as shown when the theory of the vibration galvanometer was dis¬ 
cussed (see page 259). 

In considering the vibration galvanometer the current i was 
assumed to be purely sinusoidal, its equation being i — I max cos cot. 
In the case of the oscillograph, however, this assumption cannot be 
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made. The current i must be assumed to contain harmonics and 
to be given by the expression 
n = a 

i = V I n sin (nwt ± </>n) .... (305) 

'n = 1 

according to Fourier’s Theorem, n is the order of the various 
harmonics and varies from 1 to the order of the highest harmonic 
present in the wave. 

The general expression for the deflection 6 was found, when dis¬ 
cussing the theory of the vibration galvanometer, to contain a 
transient term, and a term corresponding to a steady vibratory 
motion. In the oscillograph the damping is critical (6 2 == 4 ac) and 
the transient term rapidly falls to zero. The expression representing 
the motion of the vibrator is 

e = <? 2 a o+ I nWa Shl{rUOt± ^-^ ‘ (306) 

« = 1 

where fi = W 

c-an 2 co 2 

This expression follows from the vibration galvanometer theory. 
Owing to the term an 2 co 2 in the denominator, the higher harmonics 
have a disproportionately small effect upon the deflection, as com¬ 
pared with the lower harmonics. The harmonics also, in the expres¬ 
sion for the deflection 6 , have not the same relative phases as those 
in the current wave in the loop, and thus the oscillograph does not 
give a true reproduction of the current wave down to the harmonics 
of a high order. It can, however, be made to give a reproduction 
which is sufficiently accurate for practical purposes. 

Obviously, if the damping and inertia are both zero—i.e. if the 
constants a and b are both zero—the deflectional equation becomes 

cd = G^~ a I n sin (ncot ± <f> n ) . . . (307) 

n — 1 

and the deflection is directly proportional to the current at any 
instant. Under these conditions the amplitude of the deflection 
produced by the nth harmonic is 



When inertia and damping are present the amplitude of the deflec¬ 
tion produced by the nth harmonic is 


” c + n 2 co 2 a 

The ratio of the actual amplitude of the deflection produced by 
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the Tith. harmonic, to the amplitude produced under ideal conditions, 
is thus, 

Gin 

Q n ' _ c 4~ n 2 co 2 a _ c __1_ 

6 n ~~ GI n ~~ c + n 2 co 2 a n 2 co 2 a 

- l H--— 

c c 

Now, from equation (180), page 263, the periodic time of the damped 
natural oscillations of the moving system is that value of t which 

^kfhC/ *” t) 2 

makes -—-. t equal to 2 it. Let this value of t be T', then 

T* = — ^I T€C —— . If the damping is zero (i.e. 5 = 0) the free period 
V 4 ac - b 2 

T q of the moving system, is given by 


-%/! 


Let T be the period of the fundamental of the wave whose form 
is to be determined by the oscillograph, then 
2 tt 

CO =2*-/ = ^ 


Substituting T Q and T in the expression for the ratio we have 


,4772 2V 
T% * 4-T7 2 


Calling this ratio R n , we have 

R n = /j? \ 2 OT ~T~ = n a!R ^ * * (308) 

1 + ^ ” 

Example. A Duddell oscillograph has a moving system whose natural period 
of oscillation is ^ sec. The wave-form of a complex wave, the frequency 

of whose fundamental is 50 cycles per second, is to be determined. What are 
the percentage errors in the reproduction of the 3rd. 5th, 7th, and 11th 
harmonics ? 

T ° = 10,000 860 ' T = 50 sec ' 


Then R * 


d ( 50 V 

\io,ooo/ 


1 + 3* 
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# 5 = 

r 7 = 

Rn = 


i 


1 + 25( 

f 50 N 1 

ao,oooy 


i 

1 -f- 49( 

' so y 

. 10,000 y 


i 


1 -f 121 f \ 
VI0,000/ 


= 0*9994 

= 0*9988 

2 = 0-9970 


Thus the percentage errors in reproduction are— 


In the 3rd harmonic 
„ oth 
„ 7th 
„ Hth 


0*02 per cent 
0*06 
0*12 
0*30 


Phase Displacement of Harmonics during Reproduction. It has 
been seen (equation (306) ) that a phase displacement ft occurs, in 
the expression for the deflection of the oscillograph, in the case of 
any particular harmonic. 

This angle ft is given by 

. 2moVac 
tan - 1 -——^-5 


Substituting -=- for co and ~ for 
1 Ztt 



we have, after simplifying. 


ft = tan -1 


2n 



To 

T 


(309) 


Thus, in the above example, the phase displacement in the repro¬ 
duction of the seventh harmonic, relative to the actual phase of 
this harmonic, is 


tan’ 1 . 



= tan -1 0*0699 


= 4 


o 


This angle must be measured on the scale of degrees corresponding 
to the seventh harmonic. Thus 360° of the fundamental wave 
corresponds to 7 x 360 degrees of the seventh harmonic. 

(b) Electrostatic Oscillograph. This instrument, due to Ho 
and Koto (Ref. (21)), is really an electrometer of special design. It 
is best suited to low-frequency high-voltage work (above 2,000 volts) 
and has the advantages of consuming no energy, and of requiring 




568 


ELECTRICAL MEASUREMENTS 


only a very small current. With the development of the cathode- 
ray oscillograph the electrostatic type has largely fallen out of use 
and will not, therefore, be described, although it was fully discussed 
in earlier editions of thus book. 

( c ) The Cathode-bay Oscillogeaph. The cathode-ray oscillo¬ 
graph differs fundamentally from the previous instruments, as the 
moving metallic conductors are absent. They are replaced by a 
beam of electrons, which itself represents a current, and can be 
deflected by an electrostatic or an electromagnetic field. The inertia 
of this beam is very considerably less than that of a metallic con¬ 
ductor. Consequently the c.r.o. can be used at frequencies much 
above the highest which can be observed on the Duddell oscillograph. 

The c.r. tube has two main parts; the electron “gun,” and the 
deflecting arrangements (see Tig. 338, which shows the internal 
arrangement of the tube). 

The electron gun is a device for producing and focusing a concen¬ 
trated beam of fast electrons. The source of the electrons in the 
Crookes tube, from which the cathode-ray tube was eventually 
derived, is a piece of metal at room temperature. The field required 
to tear the electrons out of the metal is large, and high voltages 
must therefore be used. Modem c.r. tubes use a heated cathode 
coated with oxides of the rare-earth elements, which emit electrons 
very readily. The emitted electrons are accelerated by an electric 
field set up between the cathode and an anode placed near to it. 
The gun is so proportioned that the majority of the electrons form a 
concentrated beam. Electrons which are outside this beam are 
usually intercepted by a diaphragm. 

The focusing arrangements may be either electrostatic or electro¬ 
magnetic. In the former case, an electrostatic field is set up between 
two conductors in such a way that electrons passing through the 
field are deflected towards the axis. Such a device is termed an 
“electron lens” and the study of the electron paths through such a 
lens is termed “electron optics.” The design of electron lenses is 
more difficult than that of optical lenses, and the performance of 
the electron lenses which are available is much inferior to that of 
optical lenses. In consequence, the electron beam must not deviate 
far from the direction of the axis or aberrations of the image will be 
produced. The last electrode of the lens system is normally at earth 
potential, and preceding electrodes and the cathode are made 
successively more negative. If this were not done the screen of the 
tube would have to be maintained at a positive potential equal to 
that of the last electrode of the lens. This leads to difficulties when 
an earthed body approaches the screen, since the potential of the 
latter is momentarily reduced by the capacitive effect and the 
electrons are repelled. This shows itself in practice as a defocusing 
of the beam when the tube face is touched. 

Electromagnetic focusing depends upon the fact that an electron 
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which enters a constant magnetic field perpendicular to its path is 
deflected and moves in a circular path. The narrow axial beam of 
electrons produced by the electron gun is caused to enter a magnetic 
field parallel to the axis of the tube. Electrons which are travelling 
parallel to this axis are unaffected by the magnetic field while elec¬ 
trons which have a component of velocity away from the axis move 
in a spiral path which eventually returns to the axis. Provided that 
the axial velocity of all the electrons starting from a single point 
(the diaphragm) is the same, they will all, no matter what their 
radial velocity, return to the axis together at another single point. 
If it is arranged that this second point lies on the tube of the screen, 
focusing of the beam is achieved. Magnetic focusing is generally 
used with magnetic deflection, and although it is widely used in 
television it finds little application in c.r.o’s. 

One other method of focusing is of historical interest, the so-called 
“gag-focus ing .” Gas-focused tubes were not evacuated completely, 
and the electron beam passing through the residual gas produced a 
large concentration of ions. These, being much heavier than the 
electrons, and moving more slowly, formed a more or less persistent 
core of positive charge which held together the electron beam by 
electrostatic attraction. The great disadvantage of this means of 
focusing is that it fails when the electron beam is rapidly deflected, 
since the ion-core has not time to be formed in each new position. 

The deflecting arrangements may again be either electrostatic or 
electromagnetic. Electrostatic deflection is accomplished quite 
easily by causing the focused electron beam to pass between two 
plates between which a potential difference exists. The electrons 
are attracted to the positive plate, and repelled from the negative. 
The deflecting plates usually open out towards the screen, so that 
they do not intercept the deflected beam. Two sets of plates are 
fitted, producing deflections at right-angles. The plates which 
produce a deflection to left or right of the screen, as normally 
mounted, are termed the X-plates, while those which produce a 
vertical deflection are termed the 7-plates. The deflecting plates 
are supplied with voltages which are balanced about earth, so that 
no further acceleration or deceleration of the electron beam leaving 
the electron lens is produced. Without this precaution the beam 
would be defocused by the deflecting voltage applied to the plates. 

Electromagnetic deflection is achieved by producing a magnetic 
field perpendicular to the axis of the tube, by means of coils outside 
the tube. The electrons entering this field travel in circular paths, 
and emerge from the field with their paths deflected in a plane 
perpendicular to the deflecting field. Two fields at right angles are 
used to produce deflections in the X-direction (horizontally) and 
in the 7-direction (vertically). A greater deflection of the beam 
can be produced magnetically than electrostatically, and this enables 
a shorter tube to be used. The power required is considerably 
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greater, however, and the inductance of the deflecting coils leads to 
difficulty when deflections are very rapid. In consequence the major¬ 
ity of c.r.o’s use electrostatic deflection. 

The beam of electrons, after deflection, travels along the c.r. tube 
until it impinges on the “screen. 55 This is a coating of fluorescent 
materials on the end face of the tube, which shows a luminous spot 
at the point where the electron beam strikes it. 

Theory of Electrostatic Deflection. If the mass of an electron is m, 
its charge q, the potential difference between the cathode and last 
anode F, the potential gradient between the deflecting plates 
E, and and L 2 are respectively the axial length of the deflecting 
plates, and the distance from the centre of the deflecting plates to 



the screen, 
given by 


then the electron beam will be travelling at a velocity 
qV = \ rat- 2 .... (310) 


Here v is the velocity of the beam, and the two sides of the equation 
give respectively the energy acquired by an electron in moving 
through the p.d. F, and the kinetic energy of the electron. 

Referring to the Fig. 339, an electron entering the field between 
the plates will be accelerated with an acceleration / given by 

mf — qE ...... (311) 


The radial velocity of the electron will then be 



. (312) 


and its displacement from the axis 

x= J‘ v '- dt== il -* 2 • • • (313) 

Since the distance which the electron has moved along the axis is 


z = vt = 



A 
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v' qE 
tan oc = — = — . 
v m 


I, 


it follows that the path of the electron is a parabola. It is a property 
of the parabola that the tangent at any point (x 3 z) intersects the 
2-axis at the point \z. Thus if the tangent to the emergent beam is 
produced back it meets the axis at the mid-point of the plates. 

The angle a which the tangent to the emergent beam makes with 
the axis is given by 

m 

2qV 

where t is the time taken for the electron to traverse the length L 2 
of the plates, i.e. 

L 1 _ I m 

Thus 

.. qELjm _ EL 1 
tan * “ m . -2qV ~ W 

The radial distance of the beam from the axis when it arrives at 
the screen will be 

T , ELi L 0 

y — Lo tan oc = 


2 qV 


2V 


Electron 

Beam 


This simplified analysis has assumed that E is constant, i.e. it has 
neglected fringing of the field at the edge of the plates, and the non¬ 
uniformity of E which is produced 
when the plates are not parallel. In 
practice, the tube is calibrated with 
a steady potential applied between 
the plates, and the sensitivity in volts 
per cm. is thus obtained under work¬ 
ing conditions. 

Theory of Magnetic Deflection. An 
electron with charge q travelling with 
velocity v in the field H will experience 
a force qvH dynes, perpendicular to v 
and to j H, in the sense given by the 
L.H. rule. It is evident that the speed of the electron will be unaffected, 
since the force acting upon it has no component in the direction of v. 
The electron thus has a constant velocity, and a co ns tant accelera¬ 
tion perpendicular to its path. It follows that this path must be a 
circle. To find the radius of the circular path, we equate the force 
on the electron to the centrifugal force corresponding to its motion 

mv 2 



Fig. 340 


qvH — 


R 


R 


q . H 
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Thus if the length of the circular path is S, the angle a will be 

S _ SqH 

R mv 
__ SqH j m 
™ V 2qV ’ 

using the value of v already found on page 571. Note that S L 
The tangent to the emergent beam will not intersect the axis 
exactly at the mid-point of the held, so that L 2 should not strictly 
be measured from the mid-point. For small values of oc, however, 
the error is negligible, and we may write for the deflection 

y' = L 2 tan a = L 2 ol approximately, when a is small, so that 

/T bsl 2 

& V 2m Vv 


The value of the ratio of the charge (in e.m.u.) to the mass 

HSL 2 

of an electron, is 1*77 X 10 7 , so that y' = 0*3 ~ ^=“ if V is in volts. 


As before, the treatment is only approximate, since it neglects the 
variations of H at the edges of the field, and as before the tube is 
calibrated with a known steady voltage. 

Electromagnetic deflection can sometimes be used with advantage 
when a deflection proportional to a current is required, but the 
deflecting coils require an appreciable power, and their inductance 
may interfere with the circuit in which the current is to be measured. 
It is usual practice to obtain a voltage proportional to the current, 
and to apply this, with amplification if necessary, to a tube with 
E.S. deflection. 


Recording with a G.R . Tube. Three different techniques are used 
for recording the information from a c.r. tube, according to the 
particular circumstances. 

One method is to use a moving film on to which the image of the 
tube face is projected by a lens. The electron beam is deflected 
only in one plane, perpendicular to the direction of motion of the 
film, and the latter is either a continuous roll, or, for higher speeds, 
is wound upon a drum. If a drum is used, arrangements must 
generally be made to extinguish the beam until the record is required, 
and again when the length of film on the drum has been exposed. 
Alternatively, the shutter may be opened for one revolution of the 
drum at the appropriate time. If the beam remains at rest before 
and after the event to be recorded, however, the requirements are 
less critical, and it is only necessary to ensure that the shutter is 
opened in time to record the event, and not long enough for the 
record to be blurred by excess of light. 
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A second method is to project the face of the tube upon a sta¬ 
tionary film, and to traverse the electron beam at a constant speed 
from left to right, at the same time as it is deflected vertically by 
the quantity to be measured. The horizontal movement, or “scan” 
is started at the beginning of the period which is to be recorded, 
and the beam moves only once across the screen. It is usual to 
extinguish the beam except during the period of the scan, since 
otherwise the intense spot stationary at the side of the screen 
“burns” the latter, i.e. renders it insensitive at that spot. Arrange¬ 
ments must be made to start- the scan at the correct moment, but 
the shutter of the camera is left open until the trace has been re¬ 
corded. This method of “single-stroke” working can be used for 
visual observation if the material of the screen has some delay, i.e. 
if the screen continues to give out light at the points where it was 
excited for some time afterwards. 

The third method of recording can be used only with cyclic 
phenomena, and it consists in scanning the electron beam horizont¬ 
ally for an integral number of cycles of the phenomenon to be 
observed, and then returning it very quickly to the left-hand side 
of the screen, where it starts on a second scan. Thus a stationary 
picture of one or more waves is presented. This picture can be 
observed, and the arrangement forms the commonest application 
of the c.r. tube, namely the c.r. oscilloscope. Photographic 
records can be obtained by exposing a film for a suitable length of 
time to the stationary picture. 

The third method has the advantage that a very faint, and con¬ 
sequently well-focused trace can be used, with a relatively long 
exposure, but the method is naturally limited to repetitive phenom¬ 
ena. Recording by the first method on continuous chart avoids the 
difficulties of synchronization, but at the expense of producing 
great lengths of -unwanted record. The maximum chart speed for 
continuous feed is about 100 in./sec. With drum recording, chart 
speeds up to 1,000 in./sec., can be obtained, and frequencies up to 
about lOkc/'s can be recorded. With single-stroke working the 
highest writing speed which (to the author’s knowledge) has been 
achieved is 20,000 km per second (or 20,000 mm. per microsecond) 
(Ref. (58)) though this is not necessarily the limit. 

Synchronization of the record is quite easily carried out, either 
for drum recording or single-stroke recording, if the event can be 
controlled. In this case the electron beam is started by a pulse 
which also starts the event. If the event cannot be controlled, it is 
possible to use the signal which it produces to start the electron 
beam. The difficulty is then to keep down the unavoidable delay in 
starting the beam, which causes the beginning of the event to go 
unrecorded. The techniques involved are complicated, and resemble 
those used in radar. 

Time-base Circuits. It was seen above that it is often necessary to 
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traverse the electron beam at a constant speed from left to right, 
either once or continually at definite intervals. This is accomplished 
by the time-base circuit. Only circuits suitable for E.S. deflection 
will be considered here. 

All time-base circuits depend fundamentally upon the charging 
of a capacitor. The voltage between the plates of a capacitor is 


V 


Q 

c 


so that the rate of change of voltage is 

dv = l dQ__ I 
dt~ O' dt~ C 


(314) 


Thus if the current flowing into a capacitor is constant, the voltage 
across it increases uniformly with time. The design of time-base 
circuits is directed towards obtaining a current which remains 
constant whatever the charge on the capacitor. 

If the time-base is to be repetitive, as is usual, arrangements 
must also be made to return the beam rapidly to the left-hand 
side of the screen as soon as it reaches the right-hand side. The 
frequency of the time-base will depend on the rate of charging of the 
capacitor, and this must be variable over a wide range, in order to 
present input wave-forms of various frequencies. In addition it is 
necessary to synchronize the time-base with the input, to ensure that 
each sweep of the time-base begins at exactly the same part of the 
cycle of the input wave. Without this precaution the presentation 
of the wave-form on the screen of the c.r.o. would move erratically 
from side to side, or drift gradually to left or right as the time-base 
frequency altered. 

The simplest possible time-base is obtained by charging a capacitor 
through a high resistance from a high-voltage supply. The current 
through the resistance depends on the voltage across it, and if the 
maximum voltage across the capacitor is small compared with the 
supply voltage, this current will remain nearly constant during the 
charging. The rate of rise of the deflecting voltage will thus be 
constant and a linear time base will result. 

A method of producing a linear time base due to 1ST. V. Kipping, 
employs a neon lamp with a variable capacitor across its terminals, 
the full connections being as shown in Fig. 341. 

A neon lamp has the property of “striking 55 (i.e. commencing to 
pass a current) only when the voltage applied to it reaches a certain 
value and of “failing 55 (i.e. ceasing to pass a current) at a consider¬ 
ably lower voltage. Thus, referring to the figure, the capacitor C 

builds up to a voltage given by e = E (1 ~ s R0 ), where E is the 
voltage of the battery supplying the lamp (200 volts) and R is the 
resistance in series with the capacitor and lamp, before the lamp 
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strikes. The time taken for it to build up to the striking voltage of 
the lamp obviously depends upon the value of C (for a given value 
of R). When the lamp strikes the current through R increases* and 
the voltage across the terminals of the lamp falls below the failing 
value, after which the charging of C recommences. The neon lamp 
therefore “blinks” and a voltage which rises gradually and then falls 



Fig. 341. Circuit for Obtaining the 
Teme Base 


rapidly is thus applied to one pair of deflecting plates. This produces 
an approximately linear time base, as shown in Fig. 342. The 
frequency of the blink can be altered by adjustment of C. Such a 
simple circuit is not, however, very satisfactory. 

Fig. 343 gives a diagram of connections of a circuit utilizing a 
gas-filled triode which is typical of a number of such circuits devised 

Volts Applied 
to Deflecting 
P/ates 


Time 
Fig. 342 

for the production of a linear time base. The time base, or sweep , 
circuit itself is enclosed within the frame (shown dotted), the ter¬ 
minals for connection to the cathode-ray oscillograph being T x> 
T 2 , and T 3 . 

P e is a pentode and G a gas-filled triode (the gas may be mercury 
vapour, neon, etc.). P 1 and P 2 are potential dividers. R x (about 
50,000 ohms) is a resistance in the grid circuit of the triode and R % 
(about 500 ohms) is a limiting resistance in its anode circuit. R z 
(about 2 megohms) and C t (about 2 microfarads) are for the purpose 
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of isolating d.c. potentials so that these do not produce a steady 
deflection of the cathode ray. 

The action of the circuit is as follows. When the d.c. supply is 
first switched on the capacitor C 4 (or G z ) acts instantaneously as a 
short circuit and the full d.c. voltage is applied to the pentode. 
0 4 charges (at almost constant current due to the shape of the 
anode current/anode volts characteristic of the pentode) and the 
voltage across it rises until it is sufficient for the triode G to dis¬ 
charge. The voltage required for discharge depends upon the grid 
bias of G and is therefore controlled by the potential divider P 2 . 


r 



Again, the charging current of C 4 depends upon the grid bias of the 
pentode and is controlled by potential divider P x . Now, as already 
shown, the rate of sweep on the oscillograph depends upon the rate 
of increase of voltage across the time-base pair of plates, i.e. upon 
the rate of increase of the voltage across C 4 and, since i is constant, 

^ (and therefore the rate of sweep) is constant, giving a linear time 
cut 

base. 

The rate of sweep depends upon the setting of P l9 and the ampli¬ 
tude of sweep upon the setting of P 2 . 

The capacitors C 3 and C 4 are usually of the order of 1 microfarad 
and 0-1 microfarad respectively. 

An important feature of the circuit is the synchronizing branch 
circuit consisting of capacitor Cj (about 0*1 microfarad) and P 4 
(about 2 megohms). This enables the sweep frequency to be 
“locked” to some sub-multiple of the frequency of the voltage 
under test by applying to the grid circuit of the triode a small 
alternating voltage of this frequency. The result is to maintain the 
trace of the wave stationary upon the oscillograph screen. 

Such a circuit gives almost constant velocity of sweep (i.e. linear 
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time base) with almost instantaneous return, for frequencies from 
(say) 0*5 per second to about 10,000 per second. 

Fig. 344 shows the Milliard C.R-. Oscillograph which is typical. 
It contains a two-stage, push-pull amplifier, using pentode valves 



(MiUlard Electronic Products , Ltd.) 
Fig. 344. Mutxabd Cathode Ray Oscillograph 


and giving a gain of 7,000 or 1 mV (r.m.s.) per cm. deflection. The 
time-base frequency range is from 0*25 to 16,000 c/s. 

The deflection sensitivity is 

Vertical plates: 7 V (r.m.s.)/cm. 

21 V (d.e.)/em. 

Horizontal plates: 14 V (r.m.s.)/cm. 

42 V (d.c.)/cm. 

Synchronizing from the input voltage and from 50 c/s mains is 
provided internally and it is also possible to synchronize the time 
base using a mechanical contact breaker. 

Another feature is the possibility of single-stroke operation for 
non-recurrent phenomena or for photographic recording. 
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High Voltage C.R. Oscillographs. E. L. White (Ref. (59) ) has 
described the use of h.v. oscillographic tubes for the study of fast 



Fig. 345 


transient phenomena, particularly in the work of the Electrical 
Research Association on high-voltage surges and on spark break¬ 



down in small gaps. The paper shows examples of single-sweep 
traces recorded on a sealed-off tube at 10 kV (Fig. 345). One of the 
traces is of a 1,000 megacycles/sec. oscillation. 
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The connections of the E.R.A. high-speed sweep circuit are given 
in Fig. 346. This circuit, described fully in Ref. 57, obtains the drive 
from a pulse-transformer. The generator valve is an EE55 having 
its base mo difi ed to give greater clearance around the anode pin. 
The generator produces a maximum rate of charge of sweep voltage 
of 4 x 10 10 volt/sec. 

The works mentioned in Refs. (7), (23), (24), (25) and (53) give, 
also, very full information regarding cathode ray oscillographs and 
their applications, while Ref. (52) is concerned especially with the 
various forms of time base. 
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CHAPTER XVI 

TRANSIENT PHENOMENA 


Phenomena which are not simple periodic functions of time, and 
which usually exist for only a short time, are referred to as “tran¬ 
sients” or “transient phenomena.” We have already had several 
examples of such phenomena in previous chapters. 

In this chapter, transients produced by the sudden opening or 
closing of various circuits, will be considered. 

Initial Conditions when a Steady Unidirectional Voltage is Im¬ 
pressed upon Circuits. When such a voltage is applied to a closed 
circuit the current which will eventually flow in the circuit will, of 

course, be given by =— . -—. At the instant of 

Resistance of the circuit 

switching the voltage on to the circuit, however, the current is 
zero. The initial, or transient, conditions with which we are now 
concerned are those which exist while the current is changing from 
its initial value to its final steady value. These conditions depend 
upon the resistance, inductance, and capacitance of the circuit under 
consideration, and various possible cases will now be discussed. 

Resistance Only. If a steady voltage E , from a battery (say), is 
applied to a circuit, of resistance R, whose inductance and capaci¬ 
tance are negligibly small, the current in the circuit rises to the 
E 

value -jr instantaneously, without any transient conditions. 

It 

Resistance and Inductance in Series. Let E be the impressed 
steady voltage, and R and L the resistance and inductance of the 
circuit; then, when the voltage is switched on to the circuit, we have 


E = Ri + L§ t 


( 315 ) 


where i is the instantaneous value of the current in the circuit at 
any time t. The voltage-drop in the resistance of the circuit, together 
with the back e.m.f. of self-induction, is equal and opposite to the 
impressed voltage at all instants. 

The instantaneous current i can be obtained as follows— 

E - Ri = L% 

Cut 


dt di 
~L E - Ri 
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Integrating each side we have 

rdt C di 


rdt r _ d 

J L== J E - 


Ri 


1 ~ logs (E-Ri)+A 


where A is a constant. 

Rt 


= log s (B — Bi) — AR 


= logs (B “ #0 4 - logs B 
where B is another constant such that log 6 B = — 

Rt 


Hence 


= B (E- Ri) 


B can be found from the conditions at the instant of switching. 
Thus, when t = 0, i = 0, so that 

£° = B (E) on B — ~ 

Substituting this value for B we have 


Rt 

~ L 


= ~(E-Ri) 


so that 


.--la-, 


(316) 


This means that the current rises according to an exponential 
law, the current-time graph being as shown in Fig. 347, curve (1). 
The maximum, or final, value is attained when t =ao . 

Then 






E 

R 


Thus, if a circuit possesses inductance the current only reaches 
its steady value—as given by Ohm’s law—after infi nite time, 
although it may rise to wdthin a very small percentage of this value 
in quite a short period of time. 

Example. Calculate the value of the current after 1 second, when a voltage 
of 100 volts is applied to a circuit having a resistance of 20 ohms and an 
inductance of 100 millihenries. 


100 „ -jvv, 


20 


(l-e 


20 

0 - 1 ) 
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In this example, the ratio ~ is large, and the ratio ™ —which is called the 

i ‘time-constant” of the circuit—is thus small. The current therefore very 
rapidly attains a value which, for all practical purposes, is the same as its 
final steady value of 5 amp. 

If the resistance had been 0*2 ohms ins tead of 20 ohms, the time-constant 
would have been 0*5 instead of 0*005, and the current, after 1 second, is given 

by 

_ 

o-i 

= 432*3 amp. 

which, is appreciably less than its final value of 500 amp. 



• 00S0 *010 •015 •020 •025 030 -035 -040 *045 


Seconds 


Fig. 347. Curves of Rise and Decay of Current in 
an Inductive Circuit 


Obviously, in all such circuits, after a time — seconds the current 
is given by 

i = |(l- e -i) = 0-63221 

Transient Effect when the Impressed Voltage is Removed. If the 

impressed voltage is suddenly removed from the circuit (without 

E 

opening the circuit) when a current amp. is flowing in it (a con¬ 
siderable time having passed since the instant of switching on) the 
current does not disappear instantaneously, just as it did not rise 
to its final steady value instantaneously. The energy which was 
absorbed by the magnetic field of the inductive part of the circuit 
during the initial rise of the current to its maximum value, and 
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which has been stored in the field while the steady current has been 
flowing, is now discharged again, and maintains a current for some 
time after the removal of the impressed voltage. 

The current variation with time, after removing the voltage, is 
obtained as below. The voltage equation of the circuit is now 


L m + M - 

dt 
~ L ‘ 


(317) 


di 

Ri 


Integrating, we have 


di 

Ri 


~z = s log * Ri + A ’ 

where A' is a constant. 

-Rt 

s L = B'Ri 

where B' is a constant such that log B r = A'R. 

E 


If 


i — — when t = 0, 
R 

£ 0 = B’E or B’ = 4 

Jtb 


Hence, the law of die-away of the current is 

_ m 

i = L .(318) 

This curve is shown in Fig. 347, curve (2). 

Circuit containing Resistance, Inductance, and Capacitance. 

Suppose a steady voltage E is suddenly switched on to a circuit 
containing resistance R , inductance L, and capacitance C. The 
voltage equation of the circuit when current of instantaneous value 
i begins to flow is 


R% 4- L -r -f 


J idt 


= E 


(319) 


dt 1 C 

The expression j*idt represents the quantity of electricity which 
has been given to the capacitor during the first t seconds after 

/ idt 

switching on the voltage, t being variable. Hence — represents 

G 

the voltage across the capacitor terminals after t seconds. 
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Differentiating both sides of the above equation with respect to 
t we have 


or, rearranging. 


di dH 
B dt^ L dt* 

T dH ! T> di 

L dt^ R dt 


+ In = 0 


0 . 


(320) 


It has been shown already that the solution of an equation of 
this form is 

i = Ae m i t -J- Bs m 2 t 

where A and B are constants, and and m 2 are the roots of the 
auxiliary equation Lm 2 -f- Rm + ^ = 0. 


— R -\- 


Thus, 


and 


mi = 


/*■- 

2L 


4cL 

C 




4L 
' C 


2 L 


The final form of the expression for the current i depends upon 
whether the term under the square-root sign is positive, zero, or 
negative—i.e. upon whether R 2 is greater than, equal to, or less 

than —. There are, therefore, three cases to be considered. 

(J 

4Tj 

Case 1 . R 2 >- 77 -. 

G 

In this case, and m 2 are both real quantities. To find A and 
B, consider the initial conditions of the circuit. Suppose i = 0 when 

t = 0 and that the capacitor is uncharged (i.e. Jidt — 0). Then, 


from the original voltage equation, when t — 0, 
_ di di E 

L dt = Eov dt-L 
From the current equation we have 
0 = Ae° + Be 0 

= a + b 

A — — B 

^ = Arrive 0 + Bm»£° = f 
at -L/ 

. Am^ — Am 2 — ~ 


also 





Thus. 

and 


Case 3. B 2 < 
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A = 0 

* = * = 
dt L 

. E 

l — — t£ 2L 

Jj 
4 L 
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(323) 


The roots m a and m 2 are then imaginary, and can be written 

m 2 = - h ~ ft 2 

R 


where 


V-1.V 


and h 2 


S- 


2 L 


R 2 


2 “ 2 L 

Hence, the equation for i is 
% = x 4 s( _ ^i *^ 2 ^ -j— 

or i = £~^iP £ x 4 _|_ Bs~^^~\ 

Since e 5j>x — cos px -f- j sin px 

and e~ jvx = cos px - j sin px 

we can write 

i = [A (cos kot + j sin k 2 t) + B (cos k 2 t -j sin k 2 t)] 
= [M cos + N sin Jc 2 t] 
where M = A B and N = j (A — B) 

— s~ 1 'i { [P sin (k 2 t + a)] 

, M 


(324) 


where P = ViJ4 2 4- iV* 2 and a = tan -1 


Psin 


If { = 0 and 


J' idt = 0 




JV r 


4X > 

— - ft 2 


(325) 


when t — 0 


Then ~ ^ when t = 0. 

ac Lt 


From the final equation for i, when t = 0, 0 = P sin ^tan -1 

M 

Therefore, either P — 0 or tan -1 ^ — 0. 
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Now P cannot be zero, since this would cause the current to be 

M 

zero for all values of i —which it is not. Thus, tan -1 — = 0, which 
gives ^ 



Now, when t — 0, by differentiation. 


. (326) 


di 

dt 


P 



2L 


E 

L 




(327) 


The general shapes of the current-time graphs for these three 
cases are as shown in Figs. 348, 349, and 350. The current, in the 
first two cases, is non-oscillatory, and in the third case oscillatory. 
In all three cases the final value of the current will, of course, be 
zero, since there is a capacitor in the circuit and the applied voltage 
is unidirectional. 

Circuit containing Resistance and Inductance, when the Impressed 
Voltage is Alternating. Let R and L be the resistance and induc¬ 
tance of the circuit and let the impressed voltage be given by 
e = E max sin cot. 
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(328) 


Hence, 


1 + 


A 


Rt 

L 




E max 

r ™ 

1 L 

L „ 

r 

E max 

Ri 

L 

L ‘ 

£ 


r* 


sin cot 4- A 
, Rt 

£ L sin cot + As 
sin cot— co cos cot] 


I s 


(329) 


The term / s sin cot — s 1 


R? 

L 2 


4- co 2 


E„ 


fR* ol 

'\jJ + co J 


sin cot-co cos coi') + Ae 


Rt 
’ L 


E„ 


(R sin cot — coL cos cot) 


{§-] 


-j- As 


Rt 
' L 


E, 


max (R sincc^ — coL coscot) + Ae 
coL 


Rt 

L 


R 2 + co 2 L 2 

r r 


: sin cot - 


VR°- + co 2 !, 2 [_VR 2 + ai-L 2 VR 2 + co 2 ! 2 

■ * = I max sin (fot-a) + Ae 


Rt 
' L 


coscotfj + As 

. (330) 


* This differential equation is of the form 
dy 


dx 


A Py = M 


J* 


which is solved by first multiplying each side by s and then integrating 
each side with respect to x, when we obtain the equation 


P 


ys 


R/Ms 


f F 


where A te a, constant. 
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where a = tan -1 -=r- and I max is fche maximum value of the current 
«. fi 

under steady conditions and equals -—=A^L== = =. . 

VR 2 -j- m 2 Z 2 

The first term of the above expression for i obviously represents 
the current which flows under steady conditions (i.e. after the 
voltage has been switched on for some time). The second term 
represents a transient current which disappears comparatively 
rapidly, but which exists for a short time after closing the switch. 
The value of the constant A depends upon the position on the 
voltage wave at which the switch is closed—i.e. upon the value of 
e at that instant. 

If the switch could be closed when e had the value E max sin a , 
then the current at the instant of switching would be given by 

i = lmax sin (a - a) + Ae 

But i is zero at the instant of switching, and therefore we have 
0 — 04* As 0 

Hence, A is zero. In this case, therefore, there would be no transient 
current, the voltage and current being in their correct (i.e. their 
final) relative phases from the instant of switching. In all other 
cases, however, the transient term will not be zero. 

Thus, suppose that the switch is closed when the voltage is at 
some point on its wave corresponding to a time f seconds after its 
zero value. Then, counting time—in the expression for the current 
— from the instant when the voltage is zero, when i — 0 , we have, 
when t = f (at the instant of closing the switch), 

_ nr 

0 = I max sin (cot' - a) 4 Ae L 

Hence, A = - I max sin (cot' - a ). e L 

The general equation of the current is therefore 

rv _ m 

i = I max sin (cot - a) - I max e L . & L sin (cot' - a) 

or i = I max sin (cot - a) - e sin [cof - a) (331) 

The general shape of the current-time graph is as shown in Fig. 
351, from which it can be seen that the effect of the transient term 
is to produce dissymmetry in the first few cycles of the current wave ; 
this dissymmetry rapidly dies away so that the wave approaches 
very closely to its normal sinusoidal form after a few cycles. 

Circuit containing Kesistanee and Capacitance Only. If the same 
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alternating voltage e = E max sin cot is impressed upon a circuit 
having resistance R and capacitance G, but no inductance, the voltage 
equation is 


e = Ri 



= E- 


. sin co t 


(332) 


By differentiation we have 

coE max cos cot ■■ 


_ di 


i 

C 



This is an equation of the same form as that obtained when resis¬ 
tance and inductance were contained in the circuit, as in the previous 
paragraph. 

It can be solved in the same way, giving 

_ t_ 

sin (cot + a) + As R ° 


t 

Dp 

or i — Imax sin (tt>< + a) + -4s .... (333) 


Err 


7 


R 2 + 


co 2 G 2 


Circuit containing Resistance, Inductance, and Capacitance in 
Series, with an Alternating Impressed Voltage. If, as before, the im¬ 
pressed voltage is given by e = E max sin cot and the resistance, 
inductance, and capacitance of the circuit are R , L , and G , the 
voltage equation is 

di f idt 

e = Ri + L -j t + sm cot . . (334) 


Differentiating, we have 

_ d 2 i , —di . i r, 

L d& + R di + C = coEmaxCOB 

The solution of this equation will give an expression for i which 
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is the sum of a particular integral and the complementary function, 
the latter being obtained by solving the equation 

The solution of this equation has already been shown to be 
i — As 77 h t + Bs m 

where A and B are constants and % and m 2 are the roots of the 
equation 

im 2 + Rm + = 0 (see page 587) 

C 

As regards the particular integral, by analogy with the differential 
equation for the motion of the moving system of a vibration gal¬ 
vanometer, given on page 261, we have the solution 

t = _ ■ = cos (cot - P) . . (335) 


= tan -1 - 


This may be written as 


(--A) 


sin (coi -j- a) 


where tan a — 
or, otherwise 


i.e. a — 90 — j3, 


_ " max _ 


sin (cot — y) 


where y — tan -1 --= — a. 

The complete equation for the current i is therefore 


i = As -f- Bs m ^ + 


_ —max _ 

V s, + (“ x -S5j 


sin (o>£ - y) 


p i + Bs m -f- / m0 a: si 11 — y) . . (336) 

The last term obviously represents the current in the circuit when 
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the transient current—represented by the first two terms—has died 
away. 


Now, 


and 


mi 

TO. - -I_____ 


2 L 


so that the final form of the equation for the current depends, as 

before, upon whether R 2 is greater than, equal to, or less than, -~- 
These three cases will now be considered in turn. ^ * 

Case 1. R 2 > 

G 

Both and m 2 are now real values, and 

i — Ae m ? t -f Be™z* -f- I max sin {cot — y) 

To evaluate the constants A and B, the initial conditions in the cir¬ 
cuit must be known. Suppose that the switch is closed when the 
voltage has a value corresponding to time t' seconds on its wave 
(i.e. at the closing of the switch e — E max sin cot'). Let time be counted 
from the instant when the voltage is zero. Then, the current is zero 
at the instant of closing the switch, so that i = 0 when t = i\ 
Suppose that the capacitor is discharged when the switch is closed, 

so that J*idt = 0 when t = t'. 

We then have 

i — As™?? + Be™* 1 ' -b I max sin {cot' - y) — 0 
Integrating the expression for i 3 we have also 

I, 


f 


Ae™? 1 ' Be 171 **' 

idt = -{- 


? cos {cot' - y) == 0 


rrii m 2 co 

Substituting for As™?*' (from the first of these equations) in the 
second equation, we have 


-Be™**- 


. sin {cot' — y) Be™**' 
m 2 


From which 




B = 


mj?n 2 cos {cot' - y) -{- 


? cos {cot' — y) = 0 


. sin {cot' - y) 


% 

or B 

20-(T.5700) 


£ m 2 t' 

cos (<*>^ ~ y) 4- sin {cot' — y)J 




- 


KilmaxS-™* 1 ' [sin {cot' - y 4 - 0)] 


(337) 
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, m zVrn^ -f- co 2 , a , .i®l 

where J5T, =-r- 2 — 1 —— and 6 = tan 1 —. 

1 co (% - -m 2 ) co 

Similarly, 

4 = KJ max sin ^coJ' - y + 


( 338 ) 


where K z — ~ 2 -E^ 003 


Case 2. R 2 


4 L 
C' 


R 


In this ease, 7 ^ = ^ = - —, and the most general expres¬ 
sion for the transient, when these roots are equal, is 


s “ (A + Bt) 


Thus the equation for i is now 


JLt* 

2X 


% = s (A -I- Bt) -r I max sin {cot - y) . . . (339) 

If the switch is closed when e = Emax shi cot' (i.e. t = t' when the 
switch is closed), and if the capacitor is then uncharged, we have 
at this instant 


t= t\ 


0 , f idt = 0 


2i 


0 = s [A A- Bt'] -f~ I ma3 . sin {cot' - y) 
and, by integrating the expression for i. 


0 = 


-2L . 


W e ~ ZL [a + Bt’ + cos (arf'-y) = Jidt 

From these two equations A and B may be evaluated as before. 
Case 3. B 2 < 

o 

In this case, the roots m 1 and m 2 are imaginary. If m 3 = — 7c ± + jk 2 

R 


jh (' 

nay 


and = — Jc x —jh 2 |^where Jc-^ = g-g and Jc 2 
transient terms may be combined to give the expression 


“ 2L J 


the 


—-jj 2 
c 


t + p 


(see page 262) 
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where J = V C ! -~ D 2 

and C = 1 t -B, D — j (A - E) 

P = tan- 1 

Hence, the whole expression for the current takes the form 


^2 l . \ 
Fs sin’ 


* + P J + I max sin (cot - y) . (340) 


If, as in the previous cases, the switch is closed when 


then i = 0 when t = t '. If the capacitor is uncharged at this 
instant, Jidt = 0 when t — t', we have 
/ /4L ~ \ 


0 = Fs 2L sin ' 


+ £ 7 + 4^ sin (coi' -y) = i 


Also, by integration, when t = t' 
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0 = - FVLCs ~ L 

where <j> = tan" 1 —— 




'2 L l . I* 

V <? 

sm y - 

2i 




t'+P+<f>) -— cos (■ cot'-y) 


\J Q — 

Substitute ———- = k 2 for convenience in simplification. 

From these two equations for i and Jidt we have 

^JLtr j 

FVLC e ~ L sin (Jc 2 t f -f £ + </>) = - -^ x cos (cot' - y) 


O T\ ^ 

and Fe sin ( Jc 2 t' -{- ft) = - / wa2 . sin (a>*' - y) 

By division, 

/Tlrt ^hl QVt* “}~ $ ~f” C&) , , . 

sm (A^ -h p) 

sin (& 2 Z' -f- /?) cos <f> -r cos (Ic^t' -j- /?) sin </>_cot (cot' — y) 

01 sin (&/ -4- fi) ~~ VLC 


max sin (cot' - y) 


. cos <f> -f- cot (h>t r 


, cot (cot' — y) 

' 4, = ~vW~ 


cot fee + p) = . ~ - cot <f> 

VLC sm <p 

Hence, hgff -f /? = cot’ 1 [~-2^ _ co t <£~| 

L V LC sin (f> J 

or p — cot" 1 [” —- 2^ - cot - k % t f 

lVLCsincf> 2 

2JT 1 

Tims F = - £ hiss. skl (gg. Z r) 

’ sin (V + /)) 

or F = - s “ Angg sin ~ V) 

sin [" cot -1 i —-Z) _ co t 

L ( ViC sin ^ ^ 
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The final expression for i may be obtained by substituting these 
values of F and ft in the expression 




+ % max sin (cot - y) 


The general shape of the current wave, immediately after closing 
the switch which applies the voltage to the circuit, is shown in 
Fig. 352. As the transient current dies away, the wave approaches 
the wave obtained under steady conditions, as shown. 

The Calculation of Transients by the use of Laplace Transforma¬ 
tions. As already seen in this chapter, the relationship between the 



Transient Current 


352 


voltage and current in an electric circuit is, in general, a differential 
equation the solution of which has two parts—the particular 
integral, representing the steady state to which the quantities tend 
after a long time, and the complementary function, representing 
the transient phenomena which die away. 

The steady-state solution can be found by Ohm's law, using 
resistance only in d.e. circuits and impedance in a.c. circuits. 

Laplace transformations, which are fully discussed by J. C. 
Jaeger (Ref. (4) ), may be used to provide a convenient method of 
calculating both parts of the solution—steady state and transient 
—when the voltage or the current in a circuit is suddenly changed. 
The notes on the method, given here, are intended merely as an 
introduction. The works mentioned in Refs. (4) and (5) should be 
referred to by readers wishing to make a fuller study of the subject. 

Note 1. The Laplace transform is defined by the equation 

V(P) = f 'e-v*. V(t)df 

where V(p) is the transform of V(t). 
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Note 2. Table XVI gives a list of the transforms which are most 
useful for the calculation of electrical transients. 


TABLE XVI 


Voltage 

Transform 

Zero up to time t = 0, then a constant V 

VIp 


** 

91 11 

Vs-** 

VHP -f a) 


** 


Yt . s—xt 

v/(p + a)* 

,, 



V sin cot 

Vcof(p 2 ~r co 2 ) 


** 


V cos cot 

Ypf(p* 4* co 2 ) 




Ye~zZ . sin cot 

Vco/[(p 4 - a ) 3 + co 2 } 


91 


Vs—at . cos cot 

V{p 4- a )fl(p 4- a ) 2 4- co 2 } 


The quantities in the first column, (which are written for voltage 
but could be written similarly for current) are zero up to time 
t = 0, so that their value for a negative value of t is not that obtained 
by inserting this negative value in the expression given. 

Note 3. The transform of any voltage V (not necessarily constant) 
is written V and the transform of current I. The “generalized 
impedance 55 is written Z and this is obtained by writing p in place 
of joo in the complex expression for the impedance of the circuit, 
e.g. for a circuit containing resistance, inductance and capacitance 

JL_ 

pC 

Note 4. To obtain the solution to any given problem, when the 
voltage or current is suddenly changed from zero to some other 
(constant or alternating) value all that is needed is to solve the 
V 

subsidiary equation I = and then to consult Table XVI to find 

Z 

the corresponding value of I (or V). 

Example 1. A constant voltage of 50 V is suddenly applied to a circuit 
containing a resistance of 10 Q. and inductance of 5 H in series. What will be 
the current? 


'The applied voltage is 50 V and, from Table XVI, V = : The generalized 

impedance is 


Z = R 4- pL 


Thus 

Splitting this 


j _ F _ 50 

Z p(B pL) 

expression into partial fractions we have 


50 50 L 

Bp B{B 4- pL) 
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and* from lines 1 and 2 of Table XYI it follows that 


'- 5 - 


50 - ft 
re L 


R 

= 5(1 - s~ 2t ) 

Thus I is zero up to time t — 0, and, for positive values of t 
2 = 5(1 - s~ 2i ) 

If the given voltage, or current, is not zero up to time t = 0, we adopt a simple 
artifice. For example, if the voltage of 50 V had been applied up to £ = 0 and 
then removed, we should consider this applied voltage to be made up of a 
voltage of 50 V applied continuously and a voltage of — 50 V applied suddenly 
at £ = 0. The current produced by the first voltage is, by Ohm’s law, 

i = Z = = 5 

R 10 

while the current produced by the voltage — 50 is, as above, 

I = —5( 1 ~ £-**) 

The total current flowing is, therefore, 

I = 5 - 5(1 - a- 2f ) = 5e _2t 

Example 2. A constant voltage V is suddenly applied to a circuit containing 
resistance R, inductance L and capacitance (7. What is the current which will 
flow? 

V 

The applied voltage V is transformed to V — —. 

The generalized impedance is 

Z = R pL -j—— 
pc 

Thus 

V 

I * _ 2 _^ 


R+pL + 


which can be written 


pc 

V 




Hy completing the square we can write 
r V 


Where 


L{(p 4- ^) 2 + ™ 2 1 

R , , 1 

— and «* - w - f 


J_ R 2 

~ LG ±L 2 

From line 6 of Table XVI, the expression for the current is thus 


This is correct if n 2 > 0. If n 2 = 


-tit 


. sm nt 


■■ 0 

y — & 

I = ~ts (see Ref. (4) ) 
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and if n z 


Ic" < 0 


I 


r 

kL 


- nt 

£ . sinh. kt 


These expressions—although of slightly different form—will be found to 
agree with those obtained for these circuit conditions earlier in the chapter. 
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CHAPTER XVn 

MEASURING INSTRUMENTS 

In this, and the succeeding chapters, we shall be concerned with the 
principles and construction of the various measuring instruments 
which are used for the measurement of current, voltage, power, and 
energy. Certain features are common to all such instruments and 
these will now be discussed. 

'Classification. In the broadest sense, instruments may be divided 
into two classes— 

{a) Absolute instruments. 

(b) Secondary instruments. 

(a) Absolute Instruments give the value of the electrical 
quantity to be measured in terms of the constants of the instrument 
and of its deflection, no comparison with another instrument being 
necessary. For example, the tangent galvanometer gives the value of 
the current to be measured in terms of the tangent of the angle of 
deflection produced by the current, and of the radius and number of 
turns of the galvanometer, and of the horizontal component of the 
earth’s magnetic field. No calibration of the instrument is thus 
necessary. Another example of an absolute instrument is the 
Rayleigh current balance, which has already been discussed in an 
earlier chapter. 

(b) Secondary Instruments are so constructed that the value 
of current, voltage, or other quantity to be measured can only be 
determined from the deflection of the instrument, provided the 
latter has been calibrated by comparison with either an absolute 
instrument or one which has already been calibrated. The deflection 
obtained is meaningless until such a calibration has been made. 

This class of instrument is in most general use, absolute instru¬ 
ments being seldom used except in standards laboratories and 
similar institutions, and it is principally, therefore, with secondary 
instruments that we shall deal in this and the following chapters. 
v'Effects Utilized in Measuring Instruments. Secondary instruments 
may be classified according to the various effects of electric current 
or voltage upon which their operation depends. The effects utilized 
are— 

(a) Magnetic effect. 

(b) Heating effect. 

(c) Chemical effect. 

(d) Electrostatic effect. 

(e) Electromagnetic induction effect. 

Table XVH shows in what kinds of instruments these various 
effects are most generally used in practice. 
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TABLE XVII 


Effect 


Instruments Utilizing the Effect 


Magnetic effect 

Heating effect . 

Chemical effect 
Electrostatic effect . 

Electromagnetic induction 
effect . 


Ammeters, voltmeters, wattmeters, integrating 
meters, and most other electrical instruments. 

Amm eters and voltmeters. 

Integrating meters (D.C. ampere-hour meters). 

Voltmeters (indirectly, ammeters and watt¬ 
meters). 

Alternating current ammeters, voltmeters, watt¬ 
meters, and integrating meters. 


Of these effects the first and last have been most commonly used. 

The use of the term “integrating meter” in the above table may 
perhaps require explanation. An integrating instrument is one 
which measures the total amount, either of quantity of electricity, 
or of electrical energy, supplied to a circuit over a period of time. 
Its readings give, therefore, either the number of ampere-hours, or 
of T^att-hours, supplied. 

/The introduction of the term “integrating meter” leads to another 
method of classifying secondary instruments, namely, as either— 

(a) Indicating. 

(b) Recording. 

(c) Integrating. 

Ammeters, voltmeters, and wattmeters, belong to the first of 
these three classes. As stated above, ampere-hour and watt-hour 
meters belong to the third class. Recording instruments give a 
continuous record of the variations of some electrical quantity, such 
as current or power, by means of a path traced out by a pen 
(attached to the moving system of the instrument), on a sheet of 
pappr carried by a revolving drum. 

-^Indicating Instruments. In most indicating instruments it is 
essential that three distinct forces shall act upon their moving 
system in order that they shall indicate satisfactorily. These forces 
are— 

(i) A deflecting force. 

(ii) A controlling force. 

(iii) A damping force. 

Thus, the deflecting, or operating, force causes the moving system 
of the instrument to move from its “zero” position (i.e. its position 
when the circuit in which it is connected, is disconnected from the 
supply). The magnitude of this movement would be somewhat 
indefinite (in most cases) unless some controlling force e xis ted which 
limits the movement and ensures that the magnitude of the deflection 
is always the same for a given value of the quantity to be measured. 
A “damping” force is also necessary in order to bring the moving 
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system to rest in its deflected position quickly. Without such 
damping, owing to the inertia of the moving parts, the pointer of 
the instrument would oscillate about its final deflected position for 
some time before coming to rest, and t his would cause waste of time 
in taking readings, as well as preventing any but very slow varia¬ 
tions of the quantity to be measured, from being observed. 

Curves showing the effect of damping upon the variation of 
position, with time, of the moving system of an instrument, are 
given in Pig. 353. Oscillation about the final position is shown in the 
under-damped curve. If the instrument is over-damped, the moving 
system rises slowly from zero to its final deflection. When the 



Time 

Fig. 353. Damping Cubves 


instrument rises quickly to its deflected position without oscillation 
the damping is said to be “critical,” and the instrument “dead¬ 
beat.” In practice it is found that the best results are obtained 
when the damping is slightly less than the critical value. 

The damping force must operate only while the moving system of 
the instrument is actually moving. The final deflection of the 
instrument must not be affected by the damping. 

The deflection of the moving system of an indicating instrument 
will rise from zero to such a value that the controlling torque at 
this deflected position is equal (and opposite) to the deflecting torque. 
The deflecting torque produced by any given value of the quantity 
to be measured is constant and thus the controlling torque must 
increase in magnitude with the deflection until it balances the 
constant deflecting torque. 

The operating or deflecting torque is produced by utilizing one or 
other of the effects already mentioned. The actual method of 
production of this torque depends upon the type of instrument and 
will be discussed later. 

The controlling torque in indicating instruments is almost always 
obtamestfby a spring or, much less commonly, by gravity. 

Spring Control. A hair-spring—usually of phosnh 
attached to the moving system, is used in indicating instruments 
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for control purposes, tlie arrangement being as shown in Pig. 354 
—in which B is the control spring, F the moving iron, and D a 
damping vane—and in Fig. 355. 

To give a controlling torque which is directly proportional to the 



Fig. 354. Moving System or a SpBrnG-coNTRoinED 

INSTRUMENT 



{Balder Bros, and Thompson , Ltd.) 

Fig. 355. Moving System: of a Moving-iron Instrument 
SHOWING THE AlR-DAMFING CHAMBER 

angle of deflection of the moving system the number of turns on the 
spring should be fairly large, so that the deformation per unit length 
is small. The stress in the spring must be limited to such a value 
that there is no permanent set. 

Suppose that a spiral spring is made up of a total length of L in. of strip 
whose cross-section is rectangular, the radial thickness being t and the depth 
b, both in inches. Let E be Young’s Modulus (in pounds per square inch) for 
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the material of the spring. Then, if 8 radians be the deflection of the moving 
system to which one end of the spring is attached, the law connecting the 
controlling torque with 8 is 


T = 


Ebt 8 
12 L * 


(342) 


Thus, controlling torque oc Q 

OC instrument deflection 

Another formula which is of use in connection with the design of springs is 
L E 

rp> — “s X 8 . . * - (342a) 

c /~ ^ max 

where S max is the maximum stress in the spring. 

In order to avoid overstressing the spring, the ratio — should be about 2,000 
if the material is phosphor-bronze. * 




Fig. 356. G-bavity Cointkol 


Instead of a spiral spring, one in the form of a long helix is some¬ 
times used. In some instruments the control is exerted by a sus¬ 
pension consisting of a single strip of phosphor-bronze. 

^JThe requirements of materials used for springs are that they shall 
be non-magnelic. _ bbt^ubJect to appreciable fatigue; and, in cases 
where the spring is to be used as a lead to the moving system (as 
it often is), it is also necessary that its resistance shall be low and 
that its temperature coefficien t^ shall be small. 

Silicon bronze, hard-rolled silver or copper, platinum-silver, 
platinum-iridium, and German silver have all been used, in addition 
to phosphor-bronze, as spring materials, but, either on account of 
fatigue, or of high temperature coefficient, they are all inferior to the 
latter. 

Fatigue in springs, the presence of which may be detected by the 
fact that the moving system does not return to zero after deflection, 
but remains slightly deflected, may be avoided to a great extent by 
proper annealing and ageing during manufacture. 

Two springs, coiled in opposite directions, are sometimes fitted so 
that the effect of variations of temperature upon the length of the 
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spring may not produce an erroneous deflection. When the instru¬ 
ment deflects, one spring is extended while the other is compressed. 
xJctRAVIty Control. In gravity-controlled instruments, a small 
weight is attached to the moving system in such a way that it 
produces a restoring, or controlling, torque when the system is 
deflected. This is illustrated in Fig. 356. The controlling torque, 
when the deflection is Q, is Wl sin 6 where W is the control weight 
and Z its distance from the axis of rotation of the moving system 
and it is, therefore, proportional only to the sine of the angle of 
deflection, instead of, as with spring control, being directly pro¬ 
portional to the angle of deflection. The controlling torque can be 
varied quite simply by adjustment of the position of the control 
weight upon the arm which carries it. Gravity-controlled instru¬ 
ments must obviously be used in a vertical position in order that 
the control may operate. They must also be level, or their zero 
position will be affected. For these reasons, control by gravity is 
not so well suited to indicating instruments generally, and partic¬ 
ularly to portable instruments, as the spring control. 

MJoydparison of Spring and Gravity Control. As against the 
disadvantages mentioned above, gravity control has the advantages, 
when compared with spring control, of cheapness, and of independ¬ 
ence upon temperature, and freedom from deterioration with time. 

Consider an instrument in which the deflecting torque T D is 
directly proportional to the current (say) to be measured. 

Thus, if 7 is the current 

Tjj as hi .(343) 

If the instrument is spring-controlled, the controlling torque being 
T 0 , then when the deflection is 6, 

T 0 = h g 6 .(344) 

Also T 0 = Tj, 

or h,6 — hi 

0-j.I ... . (345) 

Thus the deflection is proportional to the current throughout the 
scale. 

If the instrument is gravity-controlled, 

T 0 = h ff sind . . . . (346) 

and T c = = hi 

h g sin 6 = hi 

sm d = . I 

k g 

0 = sin• • • ( 347 > 
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For example, if the maximum deflection, produced by a current 

I max * is 90°, then when the current is the deflection if the instru¬ 
ment is spring controlled, is 45°. ^ 

If gravity control is used, we have 


or 


when 


sin 90° = 




I = 



1 


or 


x max 

6 = sin -1 . j ? = sin -1 .0*5 

x max 

6 = 30° 


Thus, a gravity-controlled instrument would have a scale which 
was “cramped” at its lower end, instead of being uniformly divided, 
if the deflecting torque is directly proportional to the quantity to 
be measured. In practice, however, gravity control would not usually 
be used in such an instrument. 

Balancing of Movikg Parts. In order that the deflection of a 
spring-controlled instrument shall be independent of its position, 
and also that the wear on the bearings shall be uniform, it is essential 
that the centre of gravity of the moving system shall lie on the 
axis of rotation. This condition is attained by the use of balance 
weights carried on fairly short arms attached to the moving system. 
In the gravity-controlled system shown in Fig. 356, both the 
“ control ” weight and the “ balance ” weight take a part in balancing 
the weight of the pointer and the rest of the moving system. 

In determining suitable weights and distances from the axis of 
rotation for control and balancing purposes, attention must be paid 
to their effects upon the weight and inertia of the moving system. 
If large weights at short radii are used, the weight of the moving 
system is made large, whereas small weights at a large radii add 
considerably to the inertia of the system and necessitate a large 
damping torque. A compromise is usually effected. 

Torque ahd Weight Ratio. In order to reduce the load on the 
bearings and to reduce the friction torque, which is proportional to 
the pressure on the bearing surface, the weight of the moving parts 
should be made as small as possible. 

Expressing the deflecting torque in terms of the force which, 
acting at a radius of 1 cm., would produce full-scale deflection, the 
ratio of this torque to the weight of the moving system should be. 
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if possible, not less than 0*1. The torque/weight ratio is influenced 
by whether the axis of the moving system is vertical or horizontal. 
Jd^AMPiNG. There are three systems of damping in general use. 
These are as follows— 

(а) Air friction damping. 

(б) Fluid friction damping. 

(c) Eddy current damping. 

The system used varies with the type of instrument. Eddy 
current damping is perhaps the most efficient form, and is used in 
cases where the introduction of a permanent magnet—necessary 
for the induction of the eddy currents—will not produce errors due 
to dis tortion of an e xis ting magnetic field which is being used for 
operating purposes. It is a very convenient form of damping when 
either a permanent magnet or some metal part, such as a disc, 
already forms part of the operating system of the instrument. For 
these reasons this form of damping is used in “hot-wire,” moving- 
coil, and induction instruments. 

The disadvantages of fluid friction damping are that it can only 
be used in instruments which are used in a vertical position and also 
that, owing to “creeping” of the oil used for the purpose, it is 
difficult to keep the instrument clean. An advantage of this method 
is, however, that the damping oil can be used for insulation purposes, 
as well as for damping, in some forms of instrument in which the 
whole moving system is immersed in the oil. When the system is 
so immersed the up-thrust of the oil on the system reduces the load 
on the bearings or suspension. 

x^Atr Friction Damping. Two methods of damping by air friction 
are illustrated in Figs. 355 and 357. In one case a light aluminium 
piston is attached to the moving system and moves in an air chamber 
closed at one end, as shown in Fig. 355. The cross-section of this 
chamber may be either circular or rectangular. The clearance bet¬ 
ween the piston and the sides of the chamber should be small (a few 
thousandths of an inch) and uniform. If the piston is moving rapidly 
into the chamber the air in the closed space is compressed and the 
pressure opposes the motion of the piston (and therefore of the whole 
moving system). If the piston is moving out of the chamber, rapidly, 
the pressure in the closed space falls, and the pressure on the open 
side of the piston is greater than that on the opposite side. Motion is 
thus again opposed. With this damping system care, must be taken 
to ensure that the arm carrying the piston is not bent or the piston 
will touch the sides of the chamber during its movement. The solid 
friction which thus occurs may result in a serious error in the deflec¬ 
tion. When once bent, it is often difficult to straighten the piston 
arm so that it does not touch the sides of the chamber at any point 
during the deflection. The second method utilizes a vane, mounted 
on the spindle of the moving system. This vane is of thin alumin¬ 
ium sheet and moves in a closed, sector-shaped box, as shown in 
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Fig. 357 illustrating the air damping system (and the other working 
parts^of an Evershed and Vignoles moving-iron instrument. 
xJFtuid Friction Damping . In this method of damping, no very 
careful fitting, as in the previous method, is necessary. A light 
vane, attached to the spindle of the moving system, dips into a pot 



(Evershed & Vignoles , Ltd.) 
Fig. 357. Am Dampeb 


of damping oil and should be completely submerged by the oil. 
Fig. 358 illustrates the method. 

The frictional drag on the disc in the first system is always in 
the direction opposing motion, and increases with the speed of 
rotation of the disc. There is no friction force when the disc is 
stationary. The suspending stem of the disc should be cylindrical 
and of small diameter where it penetrates the oil surface, so that 
surface tension effects may be negligible. In the second system. 
(Fig. 358 (6)), increased damping (as compared with the previous 
system) is obtained by the use of vanes, in vertical planes, carried 
on a spindle and immersed in oil, as shown. 
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The principle requirements of oil for damping purposes are that 
it shall not evaporate quickly, shall not have any corrosive action 
upon metals, and that its viscosity shall not change appreciably 
with/temperature. It should also be a good insulator. 

^JEddy Current Damping. When a sheet of conducting material 
moves in a magnetic field so as to cut through lines of force, eddy 
currents are set up in it and a force exists between these currents 



Damping. Oil 

(cl) (h) 

Fig. 358. Fmn> Friction Damping 



Damping Fonce 

(b) 


Fig. 359. Eddy Current Damping 

and the magnetic field, which is always in the direction opposing 
the motion. This force is proportional to the magnitude of the 
current, and to the strength of field. The former is proportional to 
the velocity of movement of the conductor, and thus, if the magnetic 
field- is constant, the damping force is proportional to the velocity 
of the moving system and is zero when there is no movement of the 
system. The theory is discussed in Chapter XIY. 

Pig. 359 shows two methods of applying this method of damping. 
In diagram (a) a thin disc of conducting, but non-magnetic material 
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usually copper or alumimuin—is mounted on the spindle which 
carries the pointer of the instrument* When the spindle rotates, 
the edge of the disc cuts through the lines of force in the gap of a 
permanent magnet, and eddy currents, with consequent damping, 
are produced. An arrangement similar to this is often used in hot¬ 
wire instruments* 

Fig. 359 (6) shows the essential parts of a permanent-magnet, 
moving-coil, instrument. The coil is wound on a light metal former 



(Evershed Yignoles, Ltd,) 

Fig. 360 


in which eddy currents are induced when the coil moves in the per¬ 
manent-magnet field. The directions of the eddy currents, and of the 
damping forces produced as a result of them, are shown in the figure. 

Fig. 360 shows an adjustable magnetic damping device used in 
the latest type of Evershed and Vignoles recorder. 

CONSTRUCTIONAL DETAILS OF INDICATING INSTRUMENTS. 

'-(1) Methods of Supporting Moving Systems . The two commonest 
methods of supporting the moving system of an instrument are— 
(a) By pivoting. ( b ) By thread suspension. 

When the system is pivoted, the ends of the spindle are conical, 
and should be of hardened steel. These ends fit into conical *holes 
in jewels (preferably sapphire), which form the bearings, on the 
fixed part of the instrument. 

To reduce friction at the pivots the contact area should be small, 
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but the pressure per unit area must be carefully considered, since, if 
the pivots are sharply pointed, this may exceed the crushing 
strength of the material of the pivot. Although the weight of the 
moving system may be only a few grammes, if the area of the point of 
the pivot is very small, the pressure per square inch may be many 
tons. “For example, this pressure may be 80 tons per sq. in. or even 
more. 

In mounting the moving part, a small amount of play should be 
allowed so that the pivots are not forced hard on to the jewels. 

The question of the wear on instrument pivots and bearings is so 
important—particularly in electricity meters, in which the rotating 
system is almost continuously in movement—that fundamental 
studies extending over many years have been made especially by 
G. E. Shotter and by the Electrical Research Association. Refs. 
(29), (30), (32) deal very fully with the matter. It has been shown 
that the relation between the direction of pressure and the optic 
axis is very important in the steel-sapphire combination. Tests 
have co nfir med that, with a set frictional limit as basis, jewels having 
an active surface at an angle of 90° to the optic axis have a much 
longer life than those cut at other angles. 

Glass has been shown inferior to sapphire as a bearing material 
(except, perhaps, when the direction of the load may vary) but 
German work (Ref. (30) ) during World War II has indicated that 
hardened spinel bearings may be almost as good. 

\yThread suspension is advantageous when the operating forces 
are small compared with the weight of the moving part, since 
bearing friction is avoided. Such suspensions are, however, delicate, 
and protection from vibration and shock is necessary. Phosphor- 
bronze strip is most commonly used for these suspensions. 

-'{li) Permanent Magnets. In most cases when permanent magnets 
are used in instruments it is essential that their strength shall not 
vary with time. 

Such magnets may be of very hard steel, containing a small 
percentage of tungsten or of cobalt and chromium together. The 
coercive force of cobalt-chromium steel is high, and thus magnets 
made of this steel are not subject to self-demagnetization to the 
same extent as tungsten steel magnets. 

Within the last two decades great advances have been made in the 
development of magnetic materials having properties suiting them 
to the construction of permanent magnets. In particular, ,. Alnico (i 
the United States) or Alcomax (in England), a lloys of iron 7 rnf^l 
and alii minium, have especially good properties with coercive forces 
which may be as high as 700. 

R. M. Bozorth (Ref. (20) ) gives data for modern permanent- 
magnet materials. The energy product ( BH) max (see Chap. I, p. 45) 
ranges from 300,000 for tungsten steel to as much as 4,500,000 for 
Alnico (or Alcomax) having a composition of 24 Co, 14 Hi, 8 Al, 
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3 Cu. The coercive force H c for this material is given as 575 and the 
residual induction jB rem as 12,500. 

HDuring manufacture, permanent magnets are artificially aged by 
being placed in a weak alternating magnetic field, or by heating. 
This reduces their strength somewhat, but ensures permanence of 
the magnetism remaining. 

(iii) Pointers a?id Scales. The shape and size of pointer used 
depends upon the type of instrument. In all cases, however, the 
weight and inertia of the pointer must be reduced as far as possible, 
both, to reduc e the load on the bearings of the moving system and 
to avoid th e high degree of damping which would be necessary if 
tEe moving system had considerable inertia. 

For the sake of lightness, aluminium strip or tube is used for the 
pointer, a truss construction being used in some cases for rigidity. 

In some instruments where precision in reading, at close range, is 
aimed at, a strip of mirror is fitted on the plate which bears the scale. 
The end of the pointer is flattened so that, when viewed from above, 
it appears as a narrow strip or edge. The eye of the observer must 
be moved until the end of the pointer and its image in the mirror 
are coincident, before a reading is taken. This avoids error due to 
parallax. 

The moving system of most indicating instruments rotates 
through an angle of about 90° (for full-scale deflection), although 
some makers have designed instruments having angles of deflection 
of 120° or even greater. The length of scale in many instruments is 
about 6 in. Thus, for an accuracy, in the reading, of (say) J per 
cent, it is necessary to observe the position of the pointer to within 
0*03 in. at full-scale deflection and to within smaller fractions of an 
inch when the deflection is less than the full-scale value. Hence 
the necessity for a clearly-marked and carefully divided scale and 
for a sharply-pointed pointer. In the case of good-class instruments 
the card upon which the scale is to be marked is blank when first 
fitted. The main divisions of the scale are then marked in by 
comparison of the instrument with a sub-standard one, after which 
the scale is completed by means of some dividing instrument. Stiff 
card, mounted on a metal sheet, is generally used for the scale. An 
excellent review of the various types of pointers and scales in use in 
electrical measuring instruments, with comments on their relative 
effectiveness and on possible future developments, with many 
illustrations, has been given by L. B. S. Golds (Bef. (14) ). 

■J^f) Cases. These may be of hard wood or brass, but are most 
often of cast iron or pressed steel. The steel cover is an advantage 
for magnetic screening in the case of instruments which are affected 
by external magnetic fields. The base which carries the operating 
portion of the instrument is, also, often of steel for the same reason. 
The cover should be fitted so as to exclude dust and moisture from 
the instrument. When steel covers are used, the moving system of 
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the instrument should he mounted in a position as far away from the 
case as possible, in order to avoid errors due to hysteresis and eddy 
current effects in the case. 

Recording Electrical Quantities. The value of an electrical 
quantity which varies with time may be recorded, 

(a) to preserve information which could be obtained at any 
instant from indicating instruments—as when the voltage or power 
of a supply circuit is recorded, or, 

(b) to give information which could not be obtained readily from 
indicating instruments. Examples are wave-forms and transient 
phenomena or the phase relationships in different parts of a circuit. 

It is often necessary to record an electrical quantity which is 
being used to study some other physical quantity such as strain or 
pressure. The speed of response of the recording instrument is then 
important whereas a recorder which merely replaces an indicating 
instrument is not usually required to have a quick response. The 
recording instruments considered below are given in (roughly) 
ascending order of response speed. 

Recorders. These instruments generally resemble the corres¬ 
ponding indicating instruments—voltmeters, wattmeters, etc., but 
have a light arm, carrying a pen, in place of the pointer. The pen 
rests lightly on a chart which is moved, at a slow and uniform speed, 
in a direction perpendicular to that of the deflection of the pen. This 
chart is unwound from a drum on to another similar drum by 
clockwork. The path traced out by the inked pen gives a continuous 
record of the variations of deflection of the instrument. 

Owing to the friction of the pen on the chart and to the necessarily 
greater weight of the moving system, the design of an indicating 
instrument must be somewhat modified if it is to be used for 
recording purposes. 

In order that friction shall not introduce serious errors, the 
operating torque must be increased in proportion to the increased 
friction torque. The controlling torque must, therefore, also he 
increased, and increased damping is necessary on account of the 
greater inertia of the moving system. It may be necessary also to in¬ 
crease the size of the bearings on account of the greater load on them. 

The line diagram in Fig. 361 shows the construction of a relay- 
operated recording instrument by Messrs. Everett-Edgcumbe. The 
tongue M is moved by any variation in the quantity to he measured. 
This closes the circuit of one of the electro-magnets E lt E 2> causing 
the shaft N to deflect. The friction wheel C engages with one of the 
discs D tJ Z> 2 , and causes the worm F to rotate. This moves both the 
toothed quadrant G and the pen L. 

The chart is driven by the small motor, whose speed is maintained 
constant by the centrifugal governor A. 

Instruments of this kind can be divided into two classes; those 
in which the pen-arm is vertical, and those in which it is horizontal. 
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The former has the advantage that the time-lines on the chart are 
straight, whereas in the second they are segments of circles. The 
pen, however, is generally heavier in the instruments with a vertical 
pen, since the ink must be carried in the pen at the end of the arm, 
or in a trough into which the pen dips. Instruments with a hori¬ 
zontal pen generally carry the ink in a well at the axis about which 







( Everett-Edgcumbe cfe Co., Ltd.) 

Fig. 361- Recording Instrument 

the pen arm rotates, and ink flows along the arm to the writing point 
by capillary action. 

Instruments which are intended to record information normally 
shown on indicating instruments have a response time, from zero 
to full scale, of several seconds. For the purposes for which the 
recorders are used this time is unimportant, and it is not generally 
quoted. 

Milhammeter Recorders with Quick Response. A pen recorder of 
normal pattern having a moving-coil movement driving a hori¬ 
zontal pen can be made to have a response time, from zero to full- 
scale, down to about OT sec. by careful design. The moving parts 
must be as light as possible and the driving power must be increased 
as the response time is reduced. Such an instrument is made by 
Messrs. Everett-Edgcumbe. The four-inch-wide chart runs normally 
at 1 inch per second but can run at up to 4 inches per second. The 
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response tim e is 0*1 second and the instrument consumes 1 watt for 
full-scale deflection. 

By still further reducing the weight of the pen and by considerably 
reducing its movement, the response of such an instrument can be 
improved further. The recorder made by Kelvin and Hughes 
(Industrial), Ltd. has a pen movement of 7*5 mm. on each side of the 
centre zero. Several models of different coil resistance are made and 
one example has a uniform frequency response up to 90 c/s while it 
consumes 1 watt for full deflection to either side. 

Milliammeter Recorder driven by Amplifier. The power required 
to drive a recorder having a milliammeter movement with a fast 



response is often greater than is available from the circuit providing 
the quantity (whether voltage or current) which is to be recorded. 
In such cases the recorder may be driven by an electronic amplifier 
which requires a very small input power. 

An amplifier which can be used for this purpose is shown in Fig. 362. 

The circuit shows a differential cathode follower. The resistance 
of the recorder and the series resistance R 1 is small compared with 
i? 2 or R 3 . If the input voltage E 1 is the same as the voltage E 2 
applied to the grid of the second valve and if the characteristics of 
the valves are the same, no current will flow through the recorder. 
If the applied voltage is then increased the current through the 
first valve increases and the voltage of its cathode rises. This causes 
a current to flow through the recorder, and raises the voltage of the 
cathode of the second valve, which in turn decreases the current 
through that valve. Thus the final effect of raising the input voltage 
E x is to increase the current through the first valve, decrease the 
current through the second, and cause an equalizing current to flow 
through the recorder. 

The current flowing through the recorder for a given change of 
the input voltage is dependent mainly on the circuit resistances. 
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and is very little affected by changes of the valve characteristics or 
of the h.t. voltage. It can be adjusted by varying the value of R x . 

Since the resistance R± may be high—<>f the order 0-5 MO—the 
power required to drive the amplifier is very small. 

The principle of the Tinsley (H. Tinsley and Co., Brit. Patent 
537784 and others) d.c. amplifier, which is free from drift or in¬ 
stability and is operated entirely from a.c. mains, is illustrated in 
Tig. 363 (see also Ref. (23) ). A thyratron T is used and its anode is 
supplied with an alternating voltage. Its grid is supplied in anti¬ 
phase through capacitor C so that the thyratron is maintained below 



the critical firing potential. A vacuum photocell P shunts the grid 
to the cathode. 

The voltage to be measured is applied to a reflecting galvano¬ 
meter G and the spot of light is deflected over the photocell, this 
causing the latter to act as a variable resistance across C. The phase 
of the potential applied to the grid is thus changed and the thyratron 
fires for part of each positive cycle. The resulting current pulses are 
fed through the feed-back resistance R so as to oppose the applied 
voltage. Equilibrium is reached when the product of the output 
current and the resistance R equals the input voltage (less a small 
quantity required to move the galvanometer the necessary 3 or 
4 mm.). If R is very small the output current is very large and must 
be exactly proportional to the applied voltage provided the gal¬ 
vanometer movement is small. 

The uni-directional pulses are fed to the recorder through a 
smoothing circuit. 

The ma ximum output current of the amplifier is 20 mA into a 
load of 2,500 Q (max.) for all inputs. 

Servo-operated Pen Recorders. If a recorder must be driven by 
an amplifier, it is inherently more accurate to use the amplifier in a 
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servo-system. An example of such, an instrument is that manu¬ 
factured by Messrs. Evershed and Vignoles. The operation of the 
recorder can be understood from Eig. 364. 

The moving coil is wound in two equal halves, which are supplied 
with currents in opposition by a balanced amplifier. There is no 
control spring, and when the currents in the two halves of the moving 
coil are equal, the pen will remain at rest. The pen-arm carries a 
contact which bears lightly on a small potentiometer. The input 
to the amplifier is taken from the centre-tap of a resistance connected 
between the input terminal and the pen-arm contact. 

If the voltage picked up by the pen-arm contact is equal and 
opposite to the input voltage, there is no input to the amplifier, the 



currents in each half of the moving-coil are equal, and the pen re¬ 
mains at rest. If the input voltage is increased, the currents in the 
two parts of the moving coil became different, and a torque is set 
up which drives the pen in a direction to increase the negative 
voltage picked up by the pen-arm contact. When this becomes 
equal and opposite to the applied voltage there is again no input to 
the amplifier, and the pen comes to rest. 

The recorder is thus essentially a self-resetting potentiometer, and 
the accuracy is unaffected by the amplifier characteristics. The 
instrument has a chart width of 2| in., and has a robust vertical 
pen arm. The response is uniform up to about 10 c/s for an amplitude 
of 14 in. peak-to-peak. 

Integrating Instruments. These instruments measure, and register, 
either the total quantity of electricity, in ampere-hours, or the total 
amount of energy, in kilowatt-hours, supplied to a circuit in a given 
time. They give no direct indication as to the rate at which the 
energy is being supplied. Their registrations are independent of 
the rate at which a given quantity of energy is supplied, provided 
that the current flowing is sufficient to cause the instrument to 
operate. 
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Ampere-hour meters are used on direct-current circuits where the 
supply voltage is constant. The number of watt-hours supplied to 
such a circuit is obtained by multiplying the measured number of 
ampere-hours by the supply voltage. The registering dials (or 
scales) are usually marked in kilowatt-hours, which means that the 
instrument only gives correct readings when connected in a circuit 
whose voltage is that for which the instrument was calibrated. 
Obviously, when such instruments are used, the constancy of the 
voltage is depended upon. This is justifiable in most cases, since, 
by law, the voltage in public 
supply systems must be main¬ 
tained within 4 per cent of the 
nominal value. 

These meters have the advan¬ 
tage of simplicity, cheapness, 
and of low power consumption. 

Watt-hour meters measure 
the watt-hours supplied to a 
circuit, directly, the operating 
torque being due, in part, to 
a current proportional to the 
supply voltage. 

With the exception of those 
of the electrolytic type—in 

. X « O/ JUkMbVUj JMOmf 

which the quantity of electric- Fig. 365 . Me t er Registering 
ity supplied is indicated by the Mechanism 

level of liquid in a graduated 
tube—integrating meters regi¬ 
ster by means of a train of gear wheels and dials similar to that 
shown in Pig. 365. 

Meters of the “motor” type are most generally used, and in these 
instruments the train of wheels is driven from the spindle of the 
rotating system of the instrument. This spindle has a worm cut 
on it, and this engages with a pinion and thus drives the wheel-train. 
The spindles of the wheels in the train carry hands which move over 
the dials (five or six in number) which register units, tens, hundreds, 
and so on. 

The essential parts of such meters are— 

(а) An operating system which produces a torque proportional to 
the current or power, and causes the rotating system to rotate. 

(б) A braking device—usually a permanent magnet—which pro¬ 
duces a braking torque proportional to the speed of rotation, and 
thus causes the rotating system to run at a steady speed such that 
the braking torque is equal to the operating torque. 

(c) A device for registering the number of revolutions of the 
rotating system, t his usually taking the form of a train of wheels 
operating the hands of dials. 
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CHAPTER. XVIII 

AMMETERS AND VOLTMETERS 


Ammeters and voltmeters are classed together because there is no 
essential difference in principle between them. Except in the case 
of electrostatic instruments, a voltmeter carries a current which is 
proportional to the voltage to be measured, and this current produces 
the operating torque. In an ammeter this torque is produced by 
the current to be measured, or by a definite fraction of it. Thus, 
the only real difference between the two instruments is in the 
magnitude of the current producing the operating torque. 

An ammeter is usually of low resistance , so that its connection in 
series with the circuit in which the current is to be measured does 
not appreciably alter this current. A voltmeter, on the other hand, 
is connected across the voltage to be measured, and must therefore 
have a high resistance so that the current taken by it may be small. 
A low range ammeter—i.e. one which gives full scale deflection for 
a very small current—may thus be used as a voltmeter if a high 
resistance is connected in series with it. The current which flows 
through it when it, together with its series resistance, is connected 
across the voltage to be measured, must be within its range when 
used as an ammeter. 


Example. A milflammeter, whose resistance is 5 ohms, gives full-scale 
deflection for a current of 15 mill!amp- Calculate the resistance which must 
be connected in series with it in order that it may be used as a voltmeter for 
voltages up to 100 volts. 

Xret R be the required series resistance. The current flowing through the 
instrument when 100 volts are applied to the instrument and resistance in 
series, must be 0*015 amp. 


100 
R -f* 5 


0*015 


or 


R + 5 


100 

0*015 


= 6666 ohms 


.*. R — 6661 ohms 


Power Loss* If i? A is the resistance of an ammeter in which a 
current I flows, the power loss in the instrument is 7 2 R A watts. 
Again, if is the resistance of a voltmeter to which a voltage E 

E % 

is applied, the power loss in the instrument is . 

fly 

Obviously, in order that the power loss in the instruments shall 
be small, R± must be small and R Y large. 

Operation of Ammeters and Voltmeters on Alternating-current 
Circuits. If an ammeter or voltmeter, whose operating torque is pro¬ 
portional to the current passing through it, is used on an alternating 


624 



AMMETERS AND VOLTMETERS 


625 


current circuit, the torque acting on the moving system is alter¬ 
nating. This means that the moving system tends to oscillate 
about its zero position. If the current through it alternates rapidly, 
the moving system of the instrument cannot, in general, follow these 
alternations, and no deflection will be observed. 

It is thus essential that the torque, in an instrument to be used 
on an alternating current circuit, shall be proportional to the square 
of the current passing through the instrument. The deflection will 
then be proportional to the mean value, of the square of the current 
(assuming that spring control is used), and the instrument can 
thus be used for the measurement of r.m.s. values of current or 
voltage. 

'Types of Instruments. The following types of ammeters and 
voltmeters are in common use— 

(а) Moving iron. 

(б) Moving coil— 

(i) permanent-magnet form, 

(ii) dynamometer form. 

(c) Hot wire. 

( d) Electrostatic (voltmeters only). 

(e) Induction. 

Of these the permanent-magnet, moving-coil type can be used 
for direct-current measurements only, and the induction type for 
alternating current measurements only. The other types can be 
used with either direct or alternating current. 

The moving-iron and moving-coil types both depend, for their 
action, upon the magnetic effect of current. The former is the most 
generally used form of indicating instrument, as well as the cheapest. 
It can be used for either direct- or alternating-current measurements 
and, if properly designed, is very accurate. T he movi ng-coil 
permar> en t-m apri et instrurn ept is th e most accurate type lor direct- 
curre nt measuremen ts, and instruments oTthis type"are frequently 
constructed to have Sub-standard accuracy. 

Hot-wire instruments have the advantage that their calibration 
is the same for both d.c. and a.c. They are particularly suited to 
alternating-current measurements, since their deflection depends 
directly upon the heating effect of the alternating current, i.e. upon 
the r.m.s. value of the current. Their readings are thus independent 
of the frequency or wave-form of the current, and of any stray 
magnetic fields which may exist in their vicinity. 

As voltmeters, electrostatic instruments have the advantage that 
their power consumption is exceedingly small. They can be made 
to cover a large range of voltage, and can be constructed to have 
sub-standard accuracy. Their main disadvantage is that the elec¬ 
trostatic principle is only directly applicable to voltage measure¬ 
ments. 
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The induction principle is more generally used for watt-hour 
meters than for ammeters and voltmeters owing to the compara¬ 
tively high cost, and inaccuracy, of induction instruments of the latter 

Ammeters and Voltmeters. There are certain errors which occur 
in most types of instruments, while other errors occur only in those of a 
particular type. These latter errors will be dealt with later, together with the 
instruments in which they occur. 

Of the errors common to most types of instrument, friction and temperatur e 
'errors are perhaps the most important. To reduce the effect ol motion torque, 
and consequently the error produced by it, the weight of the moving system 
must be made as small as possible compared with the operating forces, i.e. 
the ratio of torque to weight must be large (about ^ for full deflection). 

A"vertical spindle is generally to be preferred to a horizontal one from the 
point of view of a small friction torque. 

The most serious error produced by the heat generated in the instrument, 
or by changes in room temperature, is that due to a change in the resistance 
of the working coil. Such a change of resistance is of little importance in 
ammeters, but in voltmeters, in which the working current should be directly 
proportional to the applied voltage, it is essential that the resistance of the 
instrument shall remain as nearly constant as possible. 

Thus, the power loss in the instrument should be small, and resistance coils 
which are likely to produce appreciable heating should he mounted, if possible, 
in such a position that they are well ventilated. 

To eliminate temperature errors, the working coil is wound with copper wire 
and is of comparatively low resistance. A high *‘ swamping” resistance, of 
material whose temperature coefficient is small, is connected in series with the 
coil, so that, although the resistance of the coil may change considerably, 
the change in total resistance is small. 

Other errors resulting from heating may be caused by expansion of the 
control spring, or of other parts of the instrument, although such errors are 
usually small. Tack of balance in the moving system and changes in the 
strength of permanent magnets (if used) are other possible sources of error 
which are common to several types of instrument. 

Permissible Errors in Ammeters and Voltmeters. British Standard Specifica¬ 
tion No. 89 (1937) grades indicating instruments on the basis of their limits 
of error. These grades are— 

Snb-standard. First Grade. 

The limits of error over the effective range, expressed as a 
percentage of the maximum scale value, may be summarized from the 
specification as follows— 

Voltmeters and ammeters: From 0*2 per cent for a single-range voltmeter 
of the permanent-magnet, moving-coil type up to 0*6 per cent for a multi¬ 
range, self contained ammeter of the same type. From 0*3 per cent for a 
single-range voltmeter of the electrodynamic type up to 0*5 per cent for a 
double range ammeter (not exceeding 10 A by series-parallel connection, one 
range being double the other self-contained). From 0*5 per cent to 0*6 per 
cent for other types. 

Wattmeters: From 0*25 per cent for a special electro-dynamic wattmeter 
(single element for d.c. or single-phase or three-phase balanced load) to 0*6 per 
cent for an electro-dynamic wattmeter with a multi-voltage range and current 
range between 0-25 and 20 A. For a double-element wattmeter of the last- 
mentioned type the limit is 1*2 per cent. 

First Grade. The limits of error permitted for first-grade ammeters, 
voltmeters and single-element wattmeters are from 1 per cent up to 3*5 per 
cent, the latter being for thermo-couple, hot-wire and rectifier instruments. 





AMMETERS AND VOLTMETERS 

TABLE XVIII 


627 


Type of 
Instrument 

Accuracy of 

1 Pattern which the 

i pattern Instrument is 

1 Capable 

Ammeter Ranges 
for which this 
Accuracy may 
be Expected 

1 Voltmeter Ranges 
for which this 
Accuracy may 
be Expected 

Permanent - mag- 

Laboratory ; Sub-standard 

| Up to 500 amp. 

Up to 750 volts 

(D.C. onlyf 

Combined am- Sub-standard or 
meter and volt- ■ 1st Grade 
meter testing set 



Moving iron 

Laboratory Sub-standard 

d.e. and a.e. up 
to 60 — 

0-5 to 10 amp. 

Above 75 volts 


Testing sets 1st Grade d.c. 

, and a.c. up to 

1 60 ~ 




Switchboard , 1st Grade d.e. 

i and a.c. up to 
! 60 — 



Electro - dynamic 
ammeters and 
voltmeters 

Laboratory and Sub-standard 
testing sets d.c. and a.c. up 

to 60 ~ 

1st Grade 

0-5 to 10 amp. 

Above 10 amp. 

Above 75 volts 

Above 300 volts 
(single range) or 
600 volts (multi¬ 
range) 

Hot-wire ! 

i 

1 

1st Grade 

i 

D.c. and a.c. up 
to 100 (shun¬ 
ted type) up to 
10* unshunt¬ 

ed, max. cur¬ 
rent < 3 amp. 

D.c. and a.c. up 
to 5,000 ~ 

Thermo-couple j 

With self - con- 1st Grade 
tained thermo¬ 
couples 

D.c. and a.c. up 
to 10* ~ 5 mA 
to 1 amp. 


Induction am - j 
meters, volt- , 
meters and ; 

wattmeters 

1st Grade 

(At standard or marked frequency 
and temperature) 

Electrostatic | 

voltmeters . 

i 

1st Grade 


1,000 to 7,000 
volts d.c. and 
a.c. np to 

10,000 — 

Rectifier volt- 

meters and mil- 
Iiammeters 

| 

| 1st Grade 

! i 

1 mA to 50 ml 
for full scale de¬ 
flection 

Frequency 25 to 
ations affected 

Not less than 10 
volts for full 
scale deflection 
10,000 Indic- 

by wave-form 


The limits of error, and capabilities of different types, of recording 
instalments are given in B.S. 90 : 1940. 

'^Moving-iron Instruments. There are two general types of such 
instruments, namely, the a ttract ion type and the r epulsio n type. 
In all moving-iron instruments the c urrent to be meas ured (or a 
current proportional to the voltage to'be measured) is passed through 
a coil of wire, the number of turns on which depen ds upon the 
current passing through it. A certain number of ampere-turns is 

si—(T.5700) --- 
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required for the operation of the instrument, and this number can 
be made up by having a few turns and a large current, or vice versa. 

In the attraction form of instrument, a small piece of iron is drawn 
into the core of the coil when the current flows. In the repulsion 
form there are two rods, or pieces, of iron inside the coil—one fixed 
and one movable. These are similarly magnetized when the current 
flows through the coil, and repulsion of the moving iron from the 
fixed one ensues. The force of repulsion is obviously roughly pro¬ 
portional to the square of the current in the coil, since each iron is 
magnetized thereby. 

Whatever the direction of the current in the coil of the instrument, 
the magnetization of the moving iron is always such that attraction 
takes place in the attraction form and repulsion in the repulsion 
form. They are thus "unp olarized” instruments (i.e. instruments 
which are independent of the direction in which current passes 
through them). 

The principle of a moving-iron instrument of the attraction 
type is illustrated in Fig. 366, and of the repulsion type in Fig. 367. 

In the instruments shown, gravity control is used. In the past, 
this method of control was very generally used for moving-iron instru¬ 
ments, but now spring control is used almost universally. The method 
of damping moving-iron instruments is by air friction, two different 
forms of damping chambers being shown in the figures. 

In the attraction type of instrument the moving iron is eccentric¬ 
ally pivoted, and consists of thin discs of soft iron. This iron tends 
to move, when the current flows, from the weaker magnetic field 
outside the coil into the stronger field inside it. The shape of the 
disc is such that a suitably divided scale is obtained. 

In the repulsion type, the shapes of the irons vary in different 
makes of instrument. They may be rods or the fixed iron may 
consist of a tongue-shaped piece of sheet iron bent into a cylin¬ 
drical form, the moving iron being another piece of sheet iron, 
bent and mounted so as to move parallel to the fixed iron and 
towards its narrower end. Such an arrangement is shown in Fig. 
368. These shapes of the irons give a more uniform scale than is 
obtained with plain rods. Figs. 369, 370 and 371 show the con¬ 
struction of moving-iron instruments by different makers. The 
Record Electrical Co., Ltd. make a “Cirscale” moving-iron instru¬ 
ment (see also p. 643) of the repulsion type, with two separately 
pivoted repulsion movements, to give a 270° scale. 

Theory of Attraction Type Moving-iron Instruments. 
Referring to Fig. 372, suppose the axis of the soft iron disc, when in 
the zero position, makes an angle <f> with the direction perpendicular 
to the field of the coil of the instrument, as shown. Let 6 be its de¬ 
flection (into the core of the coil) when a current I flows in the coil 
and produces a field strength H, this field being assumed uniform 
and in a direction parallel to the axis of the coil. The magnetization 





Fig. 366. Attraction Tyre or Moving-iron Instrument 


Moving Fixed 





Fig. 368 
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of the disc in this position is proportional to the component of H in 
the direction of its axis, i.e. to H cos )90 - (6 + <f>)l or to H sin (6 
+ c f >). The force pulling the disc into the coil is thus proportional 
to H 2 sin (8 + cf>). If constant permeability of the iron of the disc 
is assumed, this force F is proportional to I 2 sin (6 + <f>) for all 



(Sangamo Weston, Ltd.) 
Fig. 369. Moving-iron Instrument 


values of I (and of 6). If it acts at a distance l from the pivot, the 
deflecting torque is obviously given by 

= FI cos (6 + <j>) . . . . (348) 

Thus Tjy o c H 2 sin (8 + cf>) cos (8 + cj>) 

oc 1 2 sin 2(6 + cf>) 
since l will be constant. 


This may be written 

= hi 2 sin 2(Q + 4>) • * - * (349) 

where h is constant. 

If the instrument is spring controlled, the controlling torque T c 
is proportional to 6, and we may write 
T 0 = ¥6 

¥ being a constant. A steady deflection is obtained when 
T Q — Tjy 






Fig. 371. Details or Moving-iron Instrument 
(Repulsion Type) 
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or when k'8 = kl 2 sin 2(0 + <f>) 

HenCe 1 = Jk sin 2(0 TT) = K J sin 2(0 

where K is another constant. 

If gravity control is used 

T 0 = h" sin 6 

Thus, for a steady deflection 6, 

k" sin 6 = kP sin 2(6 4- </>) 



<f>) 


(350) 


(351) 


The greatest range is obtained when the initial angle </> is zero. 
The deflecting torque per unit of current is obviously maximum 
when sin 2(6 + <f>) — 1, i.e. when 6 -j- cf> = 45°. The deflecting 
torque is zero when (0 + <f>) is 90°. 

Theory of Repulsioh Type Movikg-iron Instruments. Let 
the two irons—fixed and moving—of a repulsion instrument be 
straight round rods of equal length and diameter, and assume that 
the distance between is at all times small compared with their 
lengths. Suppose that the pole strengths of these rods, when the 
current in the coil is I, and the corresponding field strength inside 
the coil H, are and respectively. Referring to Mg. 373, l is 
the length and D the distance apart of these magnets, the angle of 
deflection being 6 . Let the initial angular displacement of the rods 
be <f). 

Then, if l is great compared with D, the forces of attraction 
between either of the pairs of diagonally opposite poles can be 
neglected in comparison with the forces of repulsion between the 
adjacent poles. 
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The total force of repulsion between the rods is thus —^ 

Now D = 2B . sin 

where R is the distance of the rods from the axis of rotation of the 
moving one. The deflecting torque is, therefore, given by 



Fig. 373 



Since both and Wg are proportional to the current I, 
KI 2 cos 

T » = . ,, 0 + ' ' 


where is a constant. 

If gravity control is used, the controlling torque T a is proportional 
to sin 6 or T 0 = & sin 6 where Jc is a constant. If spring control is 
used, T 0 = k'6 where k' is another constant. 
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Therefore, if 6 is the steady deflection for a current I, we have, 
for the gravity controlled instrument. 


IT 72. @ ~ <j> 

KI Z COS -~—— 

2 


sin- 


o + <f> 


— k sin Q 


TT, • 0 -}“ <f> 

= K sin — 


sin # 




0 ~h 


where jST' is another constant. 

For the spring-controlled instrument, 


KI 2 cos 

--•-2 9 + 


= 4'0 


(354) 


7_jr- sto i+i /: 


(9 


v 


,0 + <£" 


(355) 


The initial angular displacement <£ is of the order of 20°. 


Relationship between Torque and Inductance. Cjf the attraction type of 
moving-iron instrument is considered, it can easily be seen that, since the 
inductance of the coil of the instrument is proportional to the flux linking 
with it, per ampere flowing in it, this inductance will change as the position 
of the moving iron changes. There is thus a relationship between torque and 
inductance and this is developed belowA 

Suppose the moving iron to be a rectangular plate of thickness t, breadth 6, 
and length d s as shown in Fig. 374. Suppose also that the flux passes through 
the iron in straight lines (i.e. that the shape of the field of the coil is not 
altered by the presence of the iron) and that the permeability of the iron is 
constant. 

Then, for any deflection (d -f* <f>) from the vertical position, we have for the 


length of magnetic path in the iron - 


as can be seen by considering 


cos (6 -f- 6) 

the elemental strip shaded in the figure. The cross-sectional area of iron, 
presented to the flux when the iron is in this position, is td cos (d + <j>), Hence, 

b 


the reluctance of the path in the iron is - CC ^ ^ ^ where u is the per¬ 
meability. td cos & + ^ 

The iron and air paths of the flux are in parallel and thus the total reluctance 
& of the path of the flux is given by 



1_ 

b 


td p cos 2 (6 + 4>) 
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where S a is the reluctance of the air path. The total “permeance’■ 


J_'\ 


' Reluctance/ 


is therefore 

dt ix cos* f© -4- _ . 

P — P a -j-—-^-— where P a is the permeance of 


the air path and is constant. 

The total flux threading the coil, for a current 1 is given by 

^To- N1 - p . 

where N — No. of turns on the coil. 


(356) 



The inductance L of the coil is given by L = where L is in henries 

and I is amperes. Then, 10 I 

4- . NIP . N 4ttN 2 


L = 


- .P 


10 ® I 10 * 

or L = A [P 0 -j- o> cos 2 (6 -J- <£}] 

where A and a are constants. This may be written 


s-^[r. + »j !y 2 <?+*>+ 1 j] 

L = A £p a -f - + -cos 2(6 + <£) J 


(357) 


(358) 


Now, the deflecting torque is given by 
- Jcl 2 sin 2(6 4- 4>) 

Differentiating L with respect to (Q + </>) we have 
^ 5 ^) = ^'sin 2(0+ 4) 

where A' is constant and equals - Aa. 

Substituting for sin 2(6 -j- <£) in the equation for P D we have 
kl 2 dL 


Tj> = 

= GI S . 


A' * d(6 4- 4>) 
dL 

d(6 4- 4>) 


(359) 


where <7 = —. 

A 
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Otherwise, the energy in the magnetic field of a coil of inductance 
L when a current I flows in the coil is |L/ 2 . If the mooring iron 
rotates through a very small angle d(6 -f- <^), thus changing the 
inductance of the coil by an amount dL , the change in the energy 
of the magnetic field is ML . I 2 . Also, if T h is the deflecting torque, 
the work done during the movement of the iron is T D . d(6 + <£)• 


Hence 


T b . d(B + </>) = \&L . 2 2 


Tr> 


11 2 * 


dL 


d(6 + <f>) 


(360) 


If I and L are in electromagnetic C.G.S. units, T v is in dyne- 
centimetres. Thus, when these units are employed, G, in the above 
expression for T», is equal to J. 

Expressing in gramme-centimetres, I in amperes, and L in 
henries, we have 


T * 2 x 981 
v^5,100I 2 


I* 

X 100 
dL 


X 10 9 . 


d[Q + <f>) 


dL 
d(6 + 


Errors in Moving-iron Instruments. The causes of errors in these instru¬ 
ments may be divided into those which occur with either direct or alternating 
current and those which occur only with^aitemating current. 

(a) With Both D.C. aotd A.C. (i) '• Hysteresis Er ror . This is a serious source 
of error in moving-iron instruments. Owing to hysteresis in the iron of the 
operating system the readings are higher when descending values of current 
or voltage are measured than when ascending values are observed. 

The error is reduced by making the iron parts short so that they demag¬ 
netize themselves or by choosing such (low) values of flux density in the ircn 
that the hysteresis ©fleet in the iron is small. A low flux density is, however, 
detr im ental when the instrument is used with alternating current ywing to 
the flattening of the B-H curve at the bottom end. A compromise is usually 
made. _ . 

Another ©fleet of hysteresis is to cause an error due to the change in the 
position of the poles in the moving iron as its position changes. This “posi¬ 
tion.” error is usually small. 

s Jp£) genetic Wi elds. Errors due to this cause may be serious, if not 

gimrd fir lag ams f£ owing to the weakness of the operating magnetic field. 
The error produced depends upon the direction of the stray field relative to 
that of the field of the instrument. 

Such errors are minimiz ed by magnetic screening of the working part of 
the instrument by an iron case or a thin iron shield. 

v^fWiT H AD. Q uit, (i) Frequency Errors . Changes of frequency may 
produce 'errorsdue to changes of reactance of the working coil and also to 
changes of the magnitude of eddy currents set up in metal parts of the instru¬ 
ment near to the working portion. The magnitudes of these eddy currents 
and, consequently, their effect upon the magnetic field of the instrument, 
varv with frequency. 

The change of impedance of the coil of the instrument, of resistance Jx 
(together with its series resistance r), due to change of frequency, is only of 
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importance in the case of voltmeters. If L is the inductance of this coil 
circuit, the current for an applied voltage B will be given by 

B 

I — — - — ■ where co = 2 tz X frequency. 

(R - f- r) 2 -{- 0**1/* 

Thus, if the frequency changes, the current for a given applied voltage 
changes, and hence an error in deflection is produced. In order that the error 
shall be small, L must be made small compared with 12+ r. 

The time-constant for such voltmeters is usually of the order of 0*0005. 
There are several methods of compensating for frequency error, one of which 
consists in connecting a capacitor in parallel with r. It can be shown that the 
impedance of the whole circuit (including the working coil) is independent 

of frequency if C — ~ where C is the the capacitance of the capacitor. 


Total impedance of the instrument circuit when r is shunted by a capacitor 
r ^ t , r jcoGr 2 


C is R -f jcoL -f — 


= R + jcoL + 


1 + jcoGr 1 1 1 4 - co^C^r* 1 + co 2 G 2 r 2 

For independence of frequency this should equal R -f- r and, equating real 
and imaginary terms, we have the conditions 

r , „ L 


I + co 2 6 72 r 2 


and C — —z 


The first condition is only fulfilled if co 2 C 2 r 2 is small compared with unity. 
Although the above theory had long been generally accepted, it was pointed 
out* that while the circuit is thus made independent of frequency the resistance 

T 

of the voltmeter is reduced from R -J- r to R 4- -— - - and that co 2 C 2 r 2 is 

1 + co~C 2 r 3 

not usually sufficiently small for this reduction to be negligible. 

Both graphical and calculation methods of obtaining the correct value of 
G to avoid this are given in the article. 


TABLE XIX 


Quantity 

Voltmeters 

Ammeters 

Weight of moving system 

4g- 

3g- 

Torque at full deflection 

0*2 g-cm. 

0*2 g-cm. 

Torque * 

A- ra t 10 .... 

Weight 

0*05 

0*067 

Resistance ..... 

( 20 ohms per volt 
< of range 

0*01 ohm 

Inductance..... 

1 henry 

— 

Watts lost ..... 

8 

4 

Coil surface per watt . 

16 sq. cm. 


Ampere-turns at full deflection 

300 

300 


Design Data for Moving-iron Instruments. Table XIX, 
which is compiled from data given by various writers on measuring 
instruments and from figures supplied by instrument manufacturers, 
gives average values of the various quantities involved in the design 
of moving-iron instruments (see also Ref. (1) ). 

^/Moving-coil Instruments. There are two types of moving-coil 
instruments, namely, the permanent-magnet type, which can only 
* See The Wireless Engineer , October, 1940, p. 429. 
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be used for direct current measurements, and the dynamometer 
type, which can be used on either direct or alternating current 
circuits. 

1. PERiiAXEXT-iiAGNET Type. The principle of this type of 
instrument is the same as that of the mov in g coil, or jD’Arsonval 
galvanometer. A light rectangular coil is pivoted so that its sides 
Ue in the air gaps between the two poles of a permanent magnet 
and a soft-iron cylinder. When current passes through the coil a 
deflecting torque is produced owing to the reaction between the 
permanent-magnet field and the magnetic field of the coil. This is 



illustrated in Fig. 375. The air gap between the magnet poles and 
iron core is small (about 0*05 in.), and the flux density is uniform and 
is in a radial direction. If a current I flows in the moving coil in 
the direction shown, forces F, F, will act on the two sides of the coil 
which are in the field. The torque causing the coil to rotate is thus 
2Fr, where r is the mean distance of the wires forming the sides of 
the coil, from the axis of rotation. 

If there are N turns on the coil and the field strength in the air 
gap is H } the force F, in dynes, for a given current I (amperes) in 
the coil, is given by 

NHll 


where l is the active length in centimetres of the sides of the coil in 
the air gap. 

Since H is uniform, the deflecting torque is constant for all 
positions of the moving coil, provided its sides are within the pole 
arcs of the magnet. 

The full expression for the torque in gramme-centimetres is 


T = 2r X 


NHll 

10 X 981 * 


(361) 


Ampere-turns on coil 

10 x 981 


X Area of coil X H 
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Constructional Details. Moving-coil instruments are spring-con- 
trolled. Two phosphor-bronze hair springs are used, these also 
serving as leads to the moving coil. Fig. 376 shows the construc¬ 
tion of a moving-coil instrument. A bracket of non-magnetic 
material carries the iron cylinder which fits inside the coil. Since 
the deflecting torque is directly proportional to the current and 



(Nalder Bros, and Thompson , Ltd.) 
Fig. 376. Pasts or Moving-coil Instrument 


the controlling torque of the springs is proportional to the deflection 
0, we have 

Tjy oc I 

and T 0 oc 0 

But T» = T c 

when the moving system is at rest in its deflected position, 

/.0 cc / 

Thus the scale is uniformly divi ded. Da mping is by eddy curr ents 
induced in the aluminium^ former upon which the moving coil is 
wound. 

Types of Permanent-magnet Moving-coil Instruments. The form 
of instrument already described is perhaps the commonest. Its 
development for commercial use has been largely the work of Dr. 
Weston. 

The other types are the same in principle, but different in the 
form of the magnet and in the relative positions of the magnet and 
moving system. The Nalder-Lipman patent moving-coil movement 
shown in Fig. 377a is unusual in that there is, inside the coil, a cylin¬ 
drical magnet of nickel-aluminium-cobalt-steel alloy with very high 
coercive force. An outer ring of soft iron provides the return path 
for the magnetic flux and the coil moves in the uniform field between 
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the two. The instrument is entirely free from interference by stray 
magnetic fields and has a very low power consumption. Figs. 377b 
and 377c show the internal construction of two Crompton-Parkinson 
instruments, the first having a circular scale and the second being 
of the self-shielding pattern. Fig. 378 shows the original arrange¬ 
ment of the Record “Cirscale” instrument. One pole of the permanent 
magnet lies inside the two parallel halves of the other pole. The coil, 
which is mounted to one side of the spindle, fits round the inn er pole 
as shown, its two horizontal sides lying in the two inter-polar gaps. 
A very long scale is obtained with this type of instrument, the total 



deflection obtainable being about 300°. Fig. 379 shows the working 
system of an improved form of instrument of this type. 

In the “Unipivot” instrument manufactured by the Cambridge 
‘Instrument Co. Ltd., the moving coil is circular instead of rect¬ 
angular, and is carried by one pivot in the top of the iron core, 
which is spherical. The construction is shown in Fig. 380. The 
instrument is highly accurate, the friction torque being reduced by 
the elimination of one pivot. It is frequently used for current 
measurements when the current is small, but is not very robust, 
and needs rather careful handling. The current is led into the moving 
coil by the single control spring and passes out by a ligament at 
the bottom of the coil. Such instruments must, of course, be used 
onfp'fn a horizontal position. 

Extension of Range of Moving-coil Instrument. Owing to the low 
current-carrying capacity of the moving coil, these instruments are 
very largely used in conjunction with shunts—when used as am¬ 
meters—and with a high series resistance when used as voltmeters. 

The extension of range of instruments will be discussed more 
fully in the next chapter. Amm eter shunts are simply low resistances 
which are connected in parallel with the instrument so that only a 
small fraction of the current to be measured actually passes through 
the latter. The shunt itself is usually of manganin strip or tube, 
and has, therefore, a very small temperature coefficient. The 
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instrument must also have a small temperature coefficient if the 
Instrument current . 

ratl ° .Total current 13 to remain constant ‘ 

B.S.I. Spec. 89 (1937) specifies a voltage drop, across the shunt 
and instrument in parallel, of 0-075 volt. An operating current of 
0*015 amp. (15 milliamp.) has been largely adopted in these instru¬ 
ments. Thus, the total resistance of the instrument (including the 
leads which connect it to the potential terminals of the shunt) must 
be 5 ohms. Of this, only about 1 ohm should be in the coil and 



(Cambridge Instrument Co., Ztd.) 
Fig. 380. Unipivot Movdtg-coil Instktjment 


copper leads, the remaining 4 ohms being in the form of a “ swamp¬ 
ing” resistance of manganin. The advantage of this arrangement 
is shown in the following example. 


Example. A moving-coil instrument whose resistance is 5 ohms and whose 
working current (for full-scale deflection) is 0*015 amp. is to be used, with a 
manganin shunt, to measure up to 100 amp. Calculate the error caused by a 
10° C. rise in temperature— 


(а) when the whole of the 5 ohms is in the copper of the instrument coil 
and leads, 

(б) when a 4 ohm mang anin swamping resistance is used with a coil and 
leads of 1 ohm resistance. 


Instrument current 
Shunt current 
Volt drop across the shunt 

Shunt resistance 


= 0*015 amp. 
= 99*985 amp. 
= 0*075 volt 


0*075 

99*985 


0*00075 


Take the temperature coefficient of copper as 0*0040 ohms/ohm/° C., and 
of manganin 0*00015 ohms/ohm/° C. 
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Then shunt resistance at 10° C. rise in 
temperature 

In case (a), instrument resistance after 
10° C. rise in temperature 

Then, instrument current corresponding 
to 100 amp. in the main circuit 


Instrument reading 
Percentage error due to temperature 
rise 


0*00075 (1 + 10 X 0*00015) 
0*000751 


5 (1 -f- 10 X 0*004) 
5*2 


0*000751 

5*200751 


X 100 


0*01444 amp. 
96*3 amp. 


3*7 per cent 



Fig. 381. Connections of Moving-coil Instrument 


In case (b), after 10° C. rise in tempera¬ 
ture, resistance of instrument circuit = 1(1 + 10 x 0*004) 

4* 4(1 + 10 X 0*00015) 

= 5*046 

.*. Instrument current corresponding 0*000751 

to 100 amp. — 5*046751 X 1UU 

= 0*001488 

.*. Instrument reading =99*2 amp. 

.*. Percentage error due to temperature 

= 0*8 per cent 

Thus, the effect of using the manganin swamping resistance is to reduce the 
percentage error for 10° C. rise in temperature from 3*7 per cent to 0*8 per 
cent. 

Jig. 381 shows the connections of a moving-coil instrument 
when used, {a) as an ammeter for large currents, ( b ) as a voltmeter. 
If the voltage drop across the shunt is 0*075 volt and the working 
current of the instrument 0*015 amp. the total power loss is 0*075/ 
when used as an ammeter (I being the current to be measured), and 
0*015 V when used as a voltmeter, V being the voltage to be measured. 
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In general, the power loss in permanent-magnet moving-coil in¬ 
struments is lower than that in other types of instruments. 

^Principal Advantages of Permanent-magnet Moving-coil Instru¬ 
ments . These are— 

(a) Low power, consumption. 


(c) Uniformity of the scale and the possibility of a very long 
scale. 

(d) The possibility of a single instrument being used, with shunt 
and resistances, to cover a large range of both current and voltage. 

(e) Freedom from hysteres is errors and, very largely, from errors 
due to stray mag netic fields. 

(/) FerfecjLdamping^ ^implv afforded by eddy currents induced 
in the metal former of the moving coil. 

Errors . Friction and heating errors are, of course, present as 
in other types of instrument. The weake nin g of the permanent 
magnet with the passage of time may introduce a considerable error 
unless the magnet is carefully aged during manufacture. Thermo¬ 
electric e.m.f’s may introduce errors when these instruments are 
used shunted, for current measurements, but with a well-designed 
shunt such error should be small. 

Design Data. The following table gives approximate values of 
various quantities in connection with the design of permanent- 
magnet moving-coil instruments. 


TABLE XX 


Quantity 

Voltmeters 

Ammeters 

Weight of moving system 

Torque at full deflection 

Torque 

. — ratio .... 

Weight 

Resistance of coil and springs 

Flux density in gap 

Number of turns on coil 
Ampere-turns at full deflection 

3-5 g. 

0-5 g-cm. 

ffch 

50 ohms 

1,200 lines/sq. cm. 
50 

1 

3*5 g. 

0*5 g-cm. 

^th 

1 ohm 

1,200 lines/sq. cm. 
20 

1 


■^2. Dynamometer Type Moving-coil Instruments. In dyna¬ 
mometer instruments the permanent magnet is replaced by either 
one or two fixed coils which carry the current to be measured (or 
a current proportional to the voltage to be measured), and which 
are connected either in series or in parallel with the moving-coil. 
The c oils are nsnallzzi ^ahi^ored. the use of iron being usually avoided 
in fmbFS ina t n 7 m erits owing to its introduction of hysteresis, eddy 
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current, and other errors when the instrument is used for a.c. 
measurements. The general arrangement is shown in Pig. 382, in 
which the connections of a dynamometer ammeter (b) and of a 
dynamometer voltmeter (c) are also shown. 

The torque of the instrument is dependent upon the strengths 
of the magnetic fields of both fixed and moving coils—i.e. in an 
ammeter the torque is roughly proportional to the current squared, 
and in a voltmeter to the voltage squared. Dynamometer instru¬ 
ments can thus be used on alternating current circuits, for which 
a square law is essential. 

Two hair-springs are used for the qgritmL.and as leads to the 



(O 

Fig. 382. Dynamometee MovmG-com Instrument 


moving coil. D amping; is often by air piston or^epdosed vane, 
although in some cases eddy current damping, by, an aluminium 
disc rotating in a permanent-magnet field, is used. vJn ammeters of 
this type the current which can be measured without the use of 
a shunt, is small owing to the difficulty of leading-in the heavy 
currents to the moving system, and also on account of the heavy 
moving coil which would be necessitated if this were to have a high 
current-carrying capacity. Thus the moving coil is usually con¬ 
nected, in series with its swamping resistance across a shunt together 
with the fixed coils, as shown in Fig. 382 By this means the time 
constants of the two parallel branches can be more easily made 
equal—an essential requirement if the division of current between 
the two paths is to be independent of frequency when the instru¬ 
ment is used for alternating current measurements. 


^-disadvantages for Direct Current TJse. Although useful for precise i 


merits on alternating current circuits, these instruments compare unfavourably 
with the permanent-magnet type owing to the following disadvantages— 

(a) The magnetic field strength obtainable is small, owing to the absence 
of iron. This means that a comparatively large number of ampere-turns must 



649 


AMMETERS AND VOLTMETERS 

be used on tlie moving coil in order to obtain the necessary deflecting torque. 

A heavy moving system and high power loss are the results. The ^ - or ^ - 

weight 

ratio is small, and hence friction errors tend to be serious as well as those due 
to internal heating. 

(&) Owing to the deflecting torque varying with current according to an 
approximate square law, the scale is not uniform. 

(c) Such mstruments are more expensive than the types of ammeters and 
voltmeters already described. 

For these reasons, ay ^ jmd ^voltmeters are 

important application of the dynamometer principle is the dynamo¬ 
meter wattmeter. 

For full descriptions of the various types of dynamometer instru¬ 
ments and for the theory of the instruments, the reader is referred 
to the works mentioned in Refs. (1) and (2). 

A. H. M. Arnold (Ref. (31) ) has discussed the performance limits 
of dynamometer instruments at audio frequencies. He gives curves 
showing the frequency errors of dynamometer ammeters both with 
air cores and with nickel-iron cores and shows the improvement 
which can he obtained through compensation by connecting a 
capacitance and resistance in series across the instrument terminals. 

Arnold shows that dynamometer voltmeters with nickel-iron 
cores are superior to those with air cores because of their greater 
inductance and that the effective frequency range can be extended 
by connecting a capacitor in parallel with the series resistor. K. A. 
Macfadyen and N. D. Hill (Ref. (32) ) have developed a negative 
feed-back amplifier circuit for use with a dynamometer instrument 
in measurements at 50 c/s with distorted wave-forms. This dis¬ 
penses with the need for a series resistor for the instrument. 
v^/Hot-wire Instruments. In these instruments the current to be 
measured, or a definite fraction of it, is passed through a fine wire, 
which expands due to the heating effect of the currents. If the 
resistance and coefficient of expansion of the wire are constant, the 
heating and expansion are both directly proportional to the square 
of the current. If the expansion is large enough, it can be used to 
produce deflections of a pointer which are also proportional to the 
square of the current. 

Since such instruments have a square law, they can he used for 
alternating-current as well as for direct-current measurements. 
Moreover, since the deflections depend upon the heating effect of 
the alternating current, hot-wire instruments measure the r.m.s. 
values of the current, regardless of wave-form or frequency; 
this is their greatest advantage. The calibration is the same for 
alternating-current measurements as for direct-current measure¬ 
ments. Another advantage is that they are not affected by stray 
magnetic fields, since no magnetic effects are employed to produce 
their operation. 
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Magnification of the Expansion. In commercial instruments, 
the hot wire is too short for the expansion to be used directly for 
the production of a deflection. A magnifying device is used, the 
theory of which is given below. 


Referring to Fig. 383 (a), let AB be the hot wire, of length L, and let its ex¬ 
pansion after reaching a steady temperature (when the heat produced by the 
current per second equals the heat radiated in the same time) be dL. Then, 
if tension is applied at the centre of the wire, the sag S is given by 





2L . dL -b {dL) 3 
4 


S = .(362) 


if {dL) 3 is neglected as being small compared with L. dL. 



(b) 


Fig. 3S3- Sag Magnification in Hot-wire Instrument 


Since dL is proportional to the square of the current, the sag is thus pro¬ 
portional to the current, and the magnification of the expansion dL is 


In Fig. 383 (6) further magnification is obtained by utilizing the sag of the 
downward wire. Let the length of this wire be L v and let it be pulled at its 
centre so as to take up the slack produced by the sag of the hot wire. Let 
the “sag” in the downward wire be Then we have 


or, neglecting S 3 compared with L X S, 

./M 


^ 

S 1 oc 's/'dL oc a/' 


\/L. dL 
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The above theory assumes that there is no sag in either of the 
wires before current flows. As they are under tension from a spring, 
this is not so in practice, nor are the attachments to them exactly 
at their centres. The theory suffices, however, to show how the 
magnification is produced. The actual scale closely approaches to 
the square law scale, and is cramped at the bottom end. 

Construction or Hot-wire Instruments (Double-sag Type). 
The construction of the commonest forpa of double-sag hot-wire 
instrument is illustrated by Fig. 384.-"Tne hot wire is of platinum- 
iridium, so that it may withstand high temperatures without 


Tension \ *omter 
Adjustments^ 


Hot Wine 
— / _ 



Fig. 384. Construction of Hot-wire Instrument 


deterioration due to oxidation. The diameter of this wire is of the 
order of OT mm. Attached to it is a phosphor-bronze wire W, and 
attached to this wire again is a fine silk thread T, which passes round 
a small pulley P (to which it is clamped) before being fastened to a 
spring which keeps the whole system taut. A light pointer and thin 
aluminium disc L> are carried by the spindle upon which the pulley 
is mounted. The edge of the disc is situated-fin the air-gap of a 
permanent magnet, and provides damping.u^his damping is neces¬ 
sary, not so much to prevent oscillation when the instrument 
deflects originally (since the movement is somewhat sluggish), but 
to damp out rapid movements due to vibration or to sudden changes 
in the current, which would place excessive stresses upon the hot 
wire. 

When the hot wire expands, the slack in it, and in the wire W, is 
taken up by the spring, and the thread T causes the pulley to rotate 
and the pointer to deflect. The base of the instrument must be 
made up of materials which give a coefficient of expansion equal to 
that of the hot wire, so that changes in temperature external to the 
instrument shall not affect the deflections. Even when these co¬ 
efficients of expansion are equal there is, however, a tendency for 
an error to be caused by the fact that the wire, being of small mass, 
changes in temperature quickly, while the temperature of the base 
takes some time to change. 
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ie hot wire is made as thin as possible, so that it may attain a 
steady temperature quickly when current flows through it. It 
must at the same time have sufficient mechanical strength to with¬ 
stand the stresses placed upon it by the tension of the spring and 
system. 

^/Range. Instruments of this type are very limited as regards 
current-carrying capacity, owing to the fineness of the wire. They 
can be used as ammeters for current of the order of 1 amp. in the 
above form without a shunt. Tor currents up to about 5 amp. 
without a shunt, the device shown in Tig. 385 is used. This divides 



Fig. 385. Arrangement of Hot-wire Instrument for 
5 amp. Range 


the hot wire electrically into four parallel paths, so that the current 
in any part of it is only one-quarter of the total instrument current. 
Above 5 amp. the instrument must be shunted for use as an ammeter. 

When used as a voltmeter, a high non-inductive resistance is 
connected in series with the hot wire. 

^Towher Consumption. The power consumption in hot-wire 
instruments is high. The voltage drop across ammeters of this type 
is about 0*5 volt at full deflection, and the current in the wire for 
full deflection in the case of voltmeters is usually about 0-25 amp. 
Thus the power consumption depends directly on the range of the 
instrument. In the case of voltmeters, the wire cannot be reduced 
in diameter indefinitely on account of the mechanical strength 
required to withstand the stresses imposed upon it. A comparatively 
high voltmeter current must therefore be taken in order to heat the 
wire/sufficiently to give the desired deflection. 

^xDisabvantages. Most of these have already been mentioned. 
Summarizing, they are— 

f(a) Sluggishness owing to the time taken for the wire to heat up. 
fy(b) A cramped scale. 

(c) Errors, due to differences of temperature of the working wire 
and the base of the instrument, which cause shifting of the zero of 
the instrument. Such temperature variations and stretching of the 
wires require frequent zero adjustment. 
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l (d) Inability to withstand, overloads. The hot wire is so fine that 
it quickly fuses if the current exceeds the working value by any 
appreciable amount. Puses do not give adequate protection, since 
the wire may melt before the fuse. 

(e) Fragility. 

*(/) High power consumption. 

The construction of the heating element of the Weston Thermo- 
ammeter for a range of 50 amp. is shown in Fig. 386. Between the 
terminals BB r a platinum alloy resistor strip S is hard soldered. The 
hot junction of a thermo-couple is hard soldered, or welded, to the 



(i Sangamo Weston , Ltd.) 

Fig. 386. Heating Element for Thermo -ammeter (Elevation) 


centre of this strip. The cold ends of this thermo-couple are soldered 
to the centre points of two copper compensating strips, which 
are in thermal contact with the terminals BB\ but are insulated 
from them by thin mica strips. The compensating strips are pro¬ 
portioned so that they are thermally equivalent to the strip S. 
The thermo-couple has a very small heat capacity, so that the 
response to variations of current in S may be rapid. A surrounding 
case (17) shields the heater from external air currents. 

This case, together with the compensating strips, ensures that the 
indications of the instrument are independent of external tempera¬ 
ture variations and of air currents. The indicating instrument used 
in conjunction with the heating element is connected to two ter¬ 
minals brought out from the thermo-couple. 

The full-load volt drop across the heating element is only about 
150 millivolts, and the safe overload capacity is about 50 per cent. 
The instrument is free from zero shift and is especially useful for 
the measurement of very high-frequency currents and for currents 
whose wave-form is very far from sinusoidal. * 

Electrostatic Instruments. Such instruments are essentially volt¬ 
meters, and although they may be applied to the measurement of 
current and power, such applications involve the measurement of 
the voltage-drop across a known impedance. 

Their advantages are that they give equally correct measurements 
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on a.e. and d.c. circuits, and that since no iron is present in their 
working system, they are free from all errors in connection with 
magnetic fields in iron, such as those due to hysteresis and eddy 
currents. Wave-form, and frequency variations, also, are unim¬ 
portant, and the power loss in such instruments is also extremely 
small. 

They have the disadvantages, however, that the operating forces 
are very small, especially for low voltages (of the order of several 


Quadrants 



Heedle 



Fig. 387. Quadrant Electrometer 


hundred volts), their most useful range being from about 500 volts 
upwards to several hundred kilovolts. 

Types. There are two general types of electrostatic voltmeters, 
namely— 

(а) The quadrant type. 

(б) The attracted disc type. 

Instruments of the former type are used for voltages up to 10 
or 20 kilovolts, while the attracted disc type is general for voltages 
above this. Since these voltmeters are really modifications of Lord 
Kelvin’s quadrant and attracted disc electrometers, the theory of 
these electrometers will now be discussed, the same theory holding 
for the voltmeters under consideration. 

Quadrant Electrometer. The principle of this instrument is illus¬ 
trated by the line diagrams in Fig. 387. There are four fixed metal 
double quadrants arranged so as to form a shallow circular box with 
short air gaps between the quadrants. Inside this (incompletely 
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closed) box a thin metal “needle 55 is suspended by means of a 
thread of phosphor-bronze or silvered quartz. The needle is of a 
double-sector shape, and is suspended so as to be equidistant from 
the quadrant plates, which are above and below it. A plan view is 
shown in diagram (a) of Fig. 387. In diagrams (b) and (c), two 
methods of connection to the quadrants and needle are shown. In 
diagram (b) a high-tension battery^ is used to charge the needle to a 
potential considerably above that of the quadrants to which the 
negative of the voltage to be measured is connected. When so 
connected, the electrometer is said to be used “heterostatieally.” 



Fig. 388 

When the needle is connected directly to one pair of quadrants, as 
in diagram (c), the electrometer is used “idiostatically. 55 

The idiostatic connection is generally used in commercial instru¬ 
ments. With the polarities shown in diagram ( b ), end A of the needle 
is repelled by the fixed quadrant adjacent to it, while end B is at¬ 
tracted by its adjacent fixed quadrant, so that rotation of the needle 
is produced. In diagram (c), end B of the needle is repelled, and end 
A attracted, by the fixed quadrants near them. 

The torque producing rotation will be shown (below) to be pro¬ 
portional to the square of the voltage to be measured in the case of 
the idiostatic connection. Hence, the instrument can be used to 
measure alternating voltages. 

Actually, of course, the forces of attraction and repulsion are not 
purely rotational, but have components in the direction perpen¬ 
dicular to the needle—one upwards and one downwards at each 
end of the needle—but these components neutralize one another, 
leaving only the rotational components. 

Theory. In considering the theory of the instrument it is simpler to consider 
one-half of the needle only, with the two (double) quadrants adjacent to it. 
Suppose the connection to be heterostatic. 

Then, referring to Fig. 388, in which the half of the needle is taken simply 
as a sector of a circle whose radius is r, we have an arrangement which is 
essentially two capacitors side by side. Each of these capacitors is composed 
of portions of the upper and lower plates of one of the double quadrants, 
and a portion (both sides) of the needle. When the needle rotates, the capa¬ 
citances will change, one becoming less and the other greater. Thus, in Fig. 
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388, suppose the needle rotates in a clockwise direction, then the capacitance 
of the right-hand capacitor will increase and that of the left-hand one will 
decrease. 

Let the potential of the needle be V , that of quadrant P being V 2 and of 
quadrant Q F x where F > V 2 > F x . 

Suppose the capacitances of the right- and left-hand capacitors, when the 
needle has rotated through an angle 6 from its zero position, to be C 1 and C 2 
respectively. 

Then, energy stored in right-hand capacitor = (F — F x ) 2 

Energy stored in left-hand capacitor = ^C^F — F 2 ) 2 

Thus, total energy stored in any position B — £[C X ( V - F x ) s -+* C 2 ( F - F 2 ) a 

= W 

Let the torque, when the needle is in this position, be Tq. Then, considering 
an infinitesimal advance dO of the needle the work done on the moving system 
= Tq .dd. Increase in stored energy = dW. But these two quantities must 
be equal. Therefore 

Tq . dd = dW 
fj-j dW 

or T e = lid 


- ^ [* °i( v - F i) a + 


(F- 


>Vi)*dOi (V-V a )* dC t 
2 dd ~ 2 dd 


(364) 


Now, if d is the distance of the needle from either of the plates (upper or 
lower) of the quadrants, and if 2a is the angle of the needle sector, then, since 
the plates are in air, 

+ -f-Aa + e) 

1 d 4mi v ' 


and 


C t = 


2 &r*(a-d)l 
4—d 


4nd 




8~d 


KV-vj*- 


(a-0) 

(V-V 2) 2 

2 

(F~F a ) 2 ] 


47 id 


T, 


9 


8^ (F 2 - Fj) [2F- (F, + F 2 )] 


(365) 


This expression for the torque is positive only when 2 V > V 1 -{- V 2 , 
and its magnitude, for given values of V x and F 2 , obviously depends 
upon the value of V. 

In the idiostatic connection the needle and quadrant Q are con¬ 
nected together, so that V = V x and the expression for the torque 
then becomes 


T 9 = - 




= ~ %Trd X 


y 


(366) 


where v is the potential difference to be measured, and equals V 2 - V t . 
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The torque is negative in this case, which means that the needle 
will rotate in an anti-clockwise direction as shown previously. 

Considering now four quadrants and a needle of double-sector 
shape, the torque is given by 

Te=z ~£rd v2 . (367) 

being double the above value. The torque is in dyne-centimetres if 
the potentials are expressed in electrostatic C.G.S. units, r and d 



(W. O. Tye & Co ., Lid.) 

Fig. 389. Dolezalek Electeometer 

being in centimetres. Converting to gramme-centimetres and volts, 
we have 

™ r 2 F 2 / 

^ = - Mix iw g - cm - ^ 

where E is in volts (1 e.s.u. = 300 volts). Fig. 389 shows the con¬ 
struction of a quadrant electrometer of the Dolezalek pattern made 
by W. G. Pye & Co., Ltd. In the figure the fixed quadrants are shown 
opened out to disclose the needle. 
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w Attracted Disc Electrometer. It was shown in Chapter I that if 
two parallel conducting plates are at a distance d apart and are 
charged so that a difference of potential V exists between them, 
then the force of attraction between them is given by 


F 


AkE 2 

877 


where F is the force in dynes, A is the area of the plates in square 
centimetres, k the permittivity of the medium, and E the field 
intensity (considered uniform) between them. 


V 

Flow E — -3 

a 

j? — 

8rrd 2 . 

Hence the potential difference between the plates in air is 


(368) 


Hence, 



V = l,504cZ ^2 volts 


(369) 


This attraction between parallel plates is used as a measure of 
potential difference in the attracted-disc electrometer. 

Kelvin Absolute Electrometer. This was one of the earliest instru¬ 
ments employing the attracted disc principle. The essential parts 
of the instrument are shown in Fig. 390. 

The moving disc is carried by a spring, and is thus suspended 
from a micrometer head so that it is above the centre of a fixed 
disc. Surrounding the moving disc is a guard ring separated from 
the disc by a short air gap. The purpose of this guard ring is to 
render the field between the moving and fixed discs unif orm by 
transforming the non-uniform fringing field from the edge of the 
moving disc to its own outer edge. It is electrically connected to 
the moving disc. The effective area of the moving disc is its actual 
area plus half the area of the air gap. 

A fine cross-hair is carried by the moving disc, so that, by means 
of a sighting device consisting of lenses and two finely pointed rods, 
the zero setting of the disc may be accurately determined. 

In use, the potential difference to be measured is applied between 
the two discs. The moving one is attracted downwards and is 
brought back to its zero position by turning the micrometer head, 
the movement required to return the disc to zero being observed. 

The spring and micrometer head are calibrated by first short- 
circuiting the instrument, then setting the moving disc to its zero 
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position, and adding known weights to the disc. The movements of 
the micrometer required to bring the disc back to zero are observed 
for different weights, a calibration being thus obtained. Thus, 
actually, the attractive force produced by a certain potential 
difference between the discs is measured by the instrument, and 
the potential difference itself is then determined in terms of the 
dimensions of the instrument and of this measured force. 

The disadvantage of the electrometer, when used as above, is 
that when the potential difference to be measured is only a few 
hundred volts, the two discs must be very near together for any 
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Fig. 390. Kelylnt Absolute Electbometeb 


appreciable attractive force to be obtained. In such cases the 
measurement of their distance apart is difficult to carry out accu¬ 
rately. To overcome this difficulty, Lord Kelvin used an auxiliary 
high potential in conjunction with the instrument, the heterostatic 
connection, previously mentioned, being employed. 

In secondary instruments of the attracted-disc pattern, the guard 
ring is omitted and the voltage corresponding to a given deflection 
is obtained by calibration instead of by calculation from the dimen¬ 
sions of the instrument. 

Commercial Forms of Electrostatic Voltmeters. Fig. 391 shows, 
diagrammatically, the construction of the Kelvin Multicellular 
Voltmeter. This instrument is essentially a quadrant electrometer 
with a large number of needles and of fixed quadrants, instead of 
the single needle and four fixed quadrants. It is suitable for a 
voltage range of about 100 to 1,000 volts, although instruments of 
this type having as low a range as 40 volts have been constructed. 

The large number of quadrantal cells are necessary in order to 
obtain a sufficiently high working force with such low voltages. 

By suspending the moving system, bearing friction is avoided. 
The coach-spring is fitted as a protection against fracture of the 
suspension due to vibration. A clamp is fitted to he used when 
transporting the instrument. The torsion head, which can be moved 
very slowly by a worm-wheel attachment, is for zero adjustment. 
The pointer and scale are of the “edgewise” pattern, and damping 
is by a vane dipping into an oil-dashpot. 


22—cr.5700) 
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There are several other features which have been omitted from 
the diagram for the sake of clearness. The suspended system has a 
safety collar just above the pointer to prevent such movements of 
the system as would cause the moving needles to touch the fixed 
quadrants and produce a short-circuit. Two vertical guard plates 
of tin-foil are fitted inside the case of the instrument. These plates 
are electrically connected to the moving system and to the case, 
which is metal. 

Precision Forms of Kelvin Electrostatic Voltmeters . Work at the 
National Physical Laboratory during the past two or three decades 


NTonsion Head 



Fig. 391. Kelvin- Mttlticelltjlab Voltmeter 


has resulted in the development of this form of instrument as a 
transfer instrument, from direct to alternating current, of standard 
accuracy. 

There is no standard, for alternating voltages, comparable with 
the standard cell for direct voltages so that the approach to stan¬ 
dardization in the former case must be through the use of a transfer 
instrument which reads the same on both a.c. and d.c. Although 
both thermal and dynamometer transfer instruments can be used, 
at N.P.L. the greatest reliance is placed on this electrostatic standard 
instrument developed by E. H. Rayner (Ref. (28) ). 

The instrument, which is a reflecting one with a scale about four 
metres long, is calibrated on d.c. by potentiometer and standard 
cell. Optimum sensitivity is around the 100-Y point and the read¬ 
ability on the scale is there better than 1 part in 20,000. Applying 
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the appropriate corrections, alternating voltages of about 100 V 
can be measured in terms of the absolute units to an accuracy of 
1 part in 10,000 (Ref. (27) ). 

The use of electrostatic instruments for alternating power 
measurements is discussed in Refs. (29) and (30). 

Kelvin Electrostatic Voltmeter for Volt - ^ , I 

ages up to 10,000 volts, A simple form of ' j %^=== : =====^ 1 f 

voltmeter, which has the same principle L yZ.—-_I p 

as the one described above, but which has V 3 
only one moving needle and is suitable W. A 

for a voltage range of about 1,000 to (A J R 

10,000 volts, is shown in Fig. 392. \ | £\ ] t | 

The needle is of thin al um inium sheet, /tSK \ I ~ j ttV 

and is carried on a spindle which is sup- (- / Qrw ; ^ - ~ 

ported by knife edges. This needle is V b 
connected to one terminal of the instru- \. : ft \ 

ment, and is mounted in the space between J 

two parallel, fixed, vanes, which are con- 

nected to the other terminal of the \ * 

instrument. It carries a pointer as shown Fig. 392. Pabts of 
and is gravity-controlled. Mechanical Electrostatic Voltmeter 

damping, bv a wire passing through the (From “Theory and Practice of 
1 £ R y , f . & , p rm Alternating Currents ” Dover.) 

case of the instrument, is employed. The 

controlling torque may be increased by adding small weights to the 
bottom of the needle. This, of course, increases the range of the 
instrument. 


The instrument case has a glass front to which a strip of tin-foil 
is pasted, in order to lead away to earth any electrostatic charges 
which may accumulate on the glass, and so affect the reading of the 
instrument. 


Vacuum-enclosed Electrostatic Voltmeters. Metropolitan-Vickers 
Electrical Co., Ltd. have recently developed instruments of this type 
for the measurement of high voltages. The interior construction of 
one for 12 kV is shown in Fig. 393. The active vanes are segments of 
cylinders, concentrically mounted on a framework. The fixed vane 
is at high voltage and the moving vane, mounted between jewel 
bearings, is earthed. The control springs are made from temper¬ 
hardening spring alloy and a concave mirror is carried by the 
moving system, a light pointer being used. For damping there are two 
permanent magnets operating on a radial portion of the moving vane. 

The weight of the moving system is 1*25 grammes and the torque 
is 0*0125 gramme-centimetres per degree deflection. The full scale 
deflection of the movement is 30° (60° on the scale) and the 
torque/weight ratio is about 1/4. The movement is aperiodic with 
a response time from 1/5 to 1 second and the instrument is robust. 
Such instruments are calibrated to give an accuracy of 0*1 per cent 
or better. 









Fig. 393a. Electrostatic Voltmeter 





(Metropolitan-Vickers JEZlec. Co., Ltd.) 

Fig. 393b. Iinter^al C onstrttctiok of the Electrostatic 
Voltmeter 

observation. A difference between the readings of the three instru¬ 
ments contained in the indicator shows that a fault exists on one or 
more of the lines. The advantage of electrostatic instruments for 
this purpose is that they themselves do not take any appreciable 
current, and therefore do not constitute a ‘Teak” when installed. 

The instrument shown consists of two fixed curved vanes about 
1 in. wide and mounted parallel to one another about J in. apart. 
A pivoted vane is pulled inside them when the potential difference 
is applied. The pivots are attached to the spindle at right angles to 
its axis, and rest in polished steel cups. Gravity control is employed. 
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Other Forms . Fig. 394 shows the moving system of an Everett 
Edgcumbe single-vane voltmeter, three such movements being used 
in one case as a three-phase “leakage indicator” for 2,000 volts. 

A leakage indicator is for the purpose of detecting a ground fault 
on a system. In the three-phase indicator one terminal of each 
movement is connected to earth and the remaining three terminals 
are connected to the three insulated lines of the system under 
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Voltmeters for Extra-Mgh Tension. Voltmeters for tlie measure¬ 
ment of voltages in excess of about 10,000 volts are almost always 
of the attracted disc type. Several forms of such instruments have 
already been described in Chapter XI. The Abraham voltmeter, 
which is manufactured by Messrs. Everett Edgcumbe & Co., for volt¬ 
ages up to 500,000 volts, is perhaps the most generally used form, 
v^nduction Instruments. These instruments can only be used on 
'alternating currents circuits. Their chief advantage is that a full- 
scale deflection of some 300° can be obtained, giving a long and open 

iT FIXED VANES B • SUPPORTING, INSULATOR 
C - MOVING .'ANE D - SPINDLE 
t NEEDLE POINTS IN HARDENED CUPS 
F • CLAMPING ARMS 
G ■ INSULATED CHAMPING ROD 


B 


(Everett Edgcumbe <k Oo. f Ltd.) 

Fig. 394. Moving System of Single-vaius Voltmeter 

scale. The effect of stray magnetic fields upon their readings is 
small and the damping is good. 

They have, however, several serious disadvantages which, for 
most purposes, outweigh their advantages. The large deflection 
means a greatly increased stress in the control spring, since this 
stress is proportional to the deflection. A serious error may be 
introduced by a variation of the supply frequency, unless a com¬ 
pensating device is employed. Temperature variations also, may 
produce considerable errors unless, again, compensation is employed. 
Other drawbacks are the fairly high power consumption and high 
cost of such instruments. 

Principle. All induction instruments depend, for their action, 
upon the torque produced by the reaction between a flux, whose 
magnitude depends upon the value of current or voltage to be 
measured, and eddy currents which are induced in a metal disc, or 
drum, by another flux, whose value again is dependent upon the 
current or voltage to be measured. Since the magnitude of the eddy 
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current is proportional to that of the flux inducing it, the torque 
at any instant is proportional to the square of the current or voltage 
to be measured, and the mean torque is proportional to the mean- 
square value of this current or voltage. 

Consider a flux <j> = sin 6 producing a torque, by the force 
which it exerts upon an eddy current lagging in phase by an angle a 
behind this flux, i.e. whose law of variation is i = max I sin (0 — a). 

Then, since the instantaneous torque is proportional to the 
product of the instantaneous current and instantaneous flux, we 
have 

Instantaneous torque T inst oc <f>i 
The mean torque T u is therefore proportional to — 

7 T 

or T x cc - f*cj> max I max sin 6 sin (0 - a) dQ 

77 Jo 

cc [ “*“-7 128 - g) ] M 

-a)T* 


oc Irnax (77 cos a) 

2/tt 

Thus oc <f>I cos a . . . . . . . (370) 

where <f> and I are r.m.s. values of flux and current. 

Hence, in all induction instruments, some means must be provided 
for producing an eddy current which is either appreciably less than, 
or appreciably greater than, 90° out of phase with the flux with 
which it reacts, since, if a is 90°, cos a —and hence T u —is zero, the 
torque being small, also, if a is not far from 90°. 

There are two general methods of fulfilling this conditi on. One 
method is by splitting the winding of the electromagnet in winch 
the flux exists into two portions, one of which is highly 
and the othe r non-inductive. The other method is by splitting the 
phase of the working flux by a copper band placed round a portion 
of the poles of the electromagnet. This leads us to the two general 
types of induction instruments, which are— 

(а) The Ferraris type. 

(б) The “shaded-pole” type. 

(a) Ferraris Type. This instrument operates on the same prin¬ 
ciple as the induction motor. A rotating field is produced by two 
pairs of coils wound upon a l aminated magne t system, as shown in 
Fig. 395. These pairs of coils are both supplied Irom the same source, 
but a phase displacement of approximately 90° is produced in the 
currents flowing in them by connecting an inductance in series with 


oc 


&max %max 
277 


6 cos a — 


sin (2d 
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one pair and a high resistance in series with the other pair. This 
rotating held induces currents in an aluminium drum, and causes 
this drum to follow its rotation. If the drum were free to rotate, 
it would do so at a speed slightly less than that of the rotating field, 
and in the same direction as the latter. If a control spring prevents 
such continuous rotation the drum will rotate only through some 
4ngle less than 360°—i.e. until the operating torque is balanced by 
the controlling torque of the spring. 

The dr um and moving system are carried by a spindle whose ends 
fit in jewelled cups or bearings. Inside the drum is a cylindrical 



laminated-iron core, to strengthen the magnetic field cutting the 
drum. The spindle also carries an aluminium damping disc, the 
edge of which moves in the air gaps of two permanent magnets. 

Theory. The theory of the instrument can be most easily worked out by 
considering the torque produced by the reactions between the two fluxes and 
the two eddy currents produced by them. 

Saturation of the iron in the instrument, and iron losses, will be neglected so 
that the fluxes may be assumed to be in phase with, and proportional to, the 
currents producing them. 

Referring to the vector diagram of Fig. 396, the vectors I R and I L represent 
the currents in the non-inductive and inductive windings of the instrument 
respectively, and the vectors ^ and <f> L the fluxes produced by, and in phase 
with them. Let the phase angle between these currents (and fluxes) be j$. 
This angle is large, but cannot be quite 90° owing to the inductance of the 
so-ealled “non-inductive ” winding and to the resistance of the inductive 
winding. and e L —lagging 90° in phase behind ^ and <f> L respectively— 
are the e.m.f’s induced in the rotor drum, and and -i L are the eddy currents 
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set up by them. These currents lag behind the e.m.f.’s by a small angle a 
owing to the inductance of the eddy current paths. 

As regards the torque of the instrument, it can be seen from Fig. 397 that 
there will be two components in opposite directions, one proportional to 
in the direction of rotation of the rotating field, and one proportional 
to in the opposite direction. In this figure both of the fluxes <f R and <j> L 



are assumed to be decreasing, so that, from Lenz’s Law, the currents i R and 
induced by them are in such directions that they tend to maintain the flux 
(as shown). The directions of the forces acting on the drum are obtained from 
the Left-hand Rule. 

The resultant torque is thus the difference between that due to Sji^ and 



Fig. 397. Illustrating the Action or the Ferraris Induction 
Instrument 

that due to Thus, if and are r.m.s. values, the mean torque 

is given by 

2 , m = Wi%cos(90 + a-/9)- 9 S E i L cos(90 + a + i 8)] . . (371) 

where k is a constant. 

(90 + a — ft is the phase angle between ^ and 
and (90 + a -f ft „ „ „ „ 

Then, T- K = k{- cos [90 - (a - ft] -f cos [90 ” ( a + ft!) 

= sin (a + ft - sin (a - ft] 

Now, e & OC / • and e h o C /. <£ L where / is the frequency. 
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Also, i R = — and — — where z is the impedance of the eddy-current 
paths in the drum. 

Hence, 5P M = [sin (a -{-/?) - sin (a - f $)] 

2! 

= - rB.r'LJ cog a _ sin ft 


where k' is another constant. 

Again, if ^ and ^ are directly proportional to the current and J L (as 
they are here assumed to be), 

T m cc — cos a . sin p ..... (372) 

or, since both Z a and 1 x are proportional to the current I to be 
measured (in the case of an ammeter) or to the voltage to be meas¬ 
ured (in the case of a voltmeter), we have 

T2f 

jP m oc . cos a . sin p - ■ (373) 


Since I is a root-mean-square value, the torque is proportional to 
the mean-square value of the current to be measured. 

It can be seen from the above that the torque is directly propor¬ 
tional to the sine of the auHe between the two currents I R and Z x , 
hence the necessity for mamngtins angle large. 

D. Connelly (Ref. (26) ) has discussed, in some detail, the produc¬ 
tion of the torque in an induction instrument. 

vCompensation for Frequency and Temperature Errors. Since the torque is 
directly proportional to the frequency and also since z , cos a. and Ij, are all 
dependent upon the frequency, it is necessary to consider compensation if 
serious errors, due to variation of frequency, are to be avoided. Some com¬ 
pensation can be provided by shunting the ammeter—in which instrument 
such errors are usually larger than in voltmeters—by a non- induc tive shunt, 
✓-if, then, the frequency increases, the increase in torque which would, as seen 
from the above expression, take place, is to some extent prevented by the fact 
that the impedance of the instrument windings increases and hence a greater 
proportion of the total current is taken by the non-inductive shunt, whose 
impedance remains constant for all frequencies. 

xJbn the case of a voltmeter the impedance of the inductive winding of the 
instrument increases with increasing frequency, and hence this winding takes 
a smaller current, which tends to compensate for the increase in torque due 
to the frequency increase. 

Variations of turpi may produce serious errors, since the resistances 

of the eddy currentpaths in the rotor are dependent upon temperature. 
Compensation is obtained by shunting the instrument (in the case of an 
ammeter) with a shunt of material having a higherj^empuerature coefficient 
than that of aluminium—of which the rotor is maHe. This shunt may be the 
same one as is used for frequency compensation. If, then, the temperature 
increases, the proportion of the total current which passes through the instru¬ 
ment is increased, and this compensates for the loss of torque due to the 
reduction of the eddy currents owing to the increased resistance of their path. 
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In voltmeters a combination of shunt and swamping resistance in series 
with the instrument is often used. 

The frequency errors in induction instruments of all types are so serious, 
and are so difficult to compensate satisfactorily, that such instruments are 
most often used for switchboard purposes when frequency changes axe small. 


ided-pole Type. Fig. 398 illustrates the principle of the 
shaded-pole type of induction instrument. A thin aluminium disc 
is mounted on a spindle which is supported by jewelled bearings. 
The spindle carries a pointer and a control spring is attached to it. 
The edge of the disc moves in the air gap of a laminated electro¬ 
magnet which is energized either by the current to be measured or 
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Fig. 398. Illustrating the Principle of the Shaded-pole Type 
of Induction Instrument 


by a current proportional to the voltage to be measured. A damping 
magnet is placed at the opposite side of the disc from the electro¬ 
magnet, so that the disc serves for damping as well as for operating 
purposes. The poles of the electromagnet are split into two halves, 
with a thin copper band round one-half of each pole (on the same 
side), as shown. These two bands have currents induced in them by 
the alternating flux of the electromagnet, and the magnetic fields 
set up by these induced currents cause the flux, in the portions of 
the iron surrounded by the bands, to lag in phase by some 40 to 50 
degrees behind the flux in the unshaded portions of the poles. 
This phase displacement is necessary for the production of torque, 
the shading bands serving the same purpose as the interposition of 
resistance and inductance between the windings and the terminals 
in the Ferraris type of instrument. 

The disc, instead of being circular, is sometimes made cam-shaped 
in order to improve the scale of the instrument. The scale is 
normally cramped at the lower end, since the deflecting torque T D is 
proportional to the square of the current or voltage to be measured, 
and spring control is used. Then 

oc Z 2 and T c oc 6 

where 6 is the deflection. 

For steady deflection T c — 
so that B oc Z 2 
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\JE heory. Fig. 399 gives a vector diagram showing the relative phases of the 
fluxes, and the induced currents in the disc. The current induced in the shad¬ 
ing band produces a number of “back” ampere-turns, and causes the flux 
4> s hi the shaded portion of the pole to lag in phase behind the flux 4> u in the 
unshaded portion. The resultant flux <f>, in the main portion of the iron, is 
the vector sum of and as shown. 

These two fluxes induce voltages e u and e s in the disc, each of which is 90 8 
in phase behind the flux inducing it. Eddy currents i u and i s flow in the disc 



as a result of these e.m.f’s, each current lagging by a small angle a behind 
its voltage owing to the inductance of the path in the disc. 

From Fig. 400, which illustrates the operation of the instrument, it can be 
seen that the deflecting torque has two components, one due to <j> s reacting 
with i u> and one due to <f> u with i s . These torques are in opposite directions 



Fig. 400. Illustrating tee Action of the Shaded-pole Type 
of Induction Instrument 

so that the resultant torque is the difference between these two component 
torques. 

If <fr s , 4> u , i s and i u are r.m.s. values, the mean torque T> deflecting the disc, 
is given by 

T = k{tf> a i u cob [90 - (/? - a)] - <fr u i s cos [90 + (/J 4- a)]} - . (374) 

where h is a constant. 

90 — (p — a) is the phase angle between <fr s and i u ' 

90 + (P + a) „ ,, ,, ,, 4> u „ i s 

.*. T = k[<f>d u sin (p - a) 4- <f> u i s sin {p + a)] 

As in the theory of the Ferraris instrument it follows that, if 
<f> s and <f> u are each directly proportional to the current I in the 
magnetizing coil, and z is the impedance of the eddy current paths, 
the torque is 
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For any given frequency, 

T cc I 2 

Variation of frequency affects the torque for a given current 
directly, since the expression for T contains /. The values of sin p 
and of cos a and z also vary with frequency, so that compensation is 
applied both for frequency and temperature variations by shunting 
and by the use of non-inductive series resistance as described in 
dealing with the Ferraris instrument. 

Thermionic Voltmeters. E. B. Moullin (Refs. (10), (11), (12) ) 
has designed a thermionic voltmeter which is very useful for the 



measurement of low alternating voltages. The connections of the 
instrument, which is manufactured by the Cambridge Instrument 
Co., are shown in Fig. 401. It consists of a three-electrode valve 
used in conjunction with a unipivot galvanometer, the latter being 
operated by the rectified anode current obtained when the voltage 
to be measured is applied to the grid of the valve as shown. To 
allow for varying filament battery voltages it is necessary, before 
using the instrument, to adjust the pointer to zero on the scale by 
variation of the rheostat B T . # , 

The instrument absorbs negligible power from the circuit under 
test, and has no frequency error. The error due to varying wave¬ 
form is small and the accuracy of the instrument is usually to within 
2 per cent. 

Moullin’s papers on the voltmeter should be consulted for 
descriptions of the various forms used. Methods of utilizing gas- 
filled triodes, or Thyratrons, for the measurement of peak voltages 
are described in Refs. (14) and (15). 

Rectifier Instruments. During recent years copper-oxide rectifiers 
have been used fairly extensively in conjunction with moving-cofi 
instruments for the measurement of small alternating currents and 
voltages. They are particularly suited to measurements on com¬ 
munication circuits and for light-current work when the voltage 
is low and the resistance high. It is essential in such cases that the 
current taken by voltmeters should not exceed (say) 1 mA at full 
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scale and rectifier voltmeters are available having resistances of 
1,000 or 2,000 ohms per volt. 

These instruments consist of a permanent-magnet moving-coil 
instrument together with a full-wave copper-oxide rectifier incor¬ 
porated within the case of the instrument. The connections are as 
shown in Fig. 402 (a). During both half-cycles of the a.c. wave 
current flows in the moving-coil instrument M in the direction 
shown, so that its deflection is proportional to the mean value of 
the current flowing through it. 

On the assumption that the current is sinusoidal the scale of the 
instrument must be marked in terms of Til times the current 



actually measured, to give r.m.s. values. It is clear at the outset 
that these instruments must be subject to considerable .wave-form 
errors. A number of current wave-forms having the same mean 
value I av (say), may have r.m.s. values which vary considerably, 
but in all cases the rectifier instrument will indicate the same r.m.s. 
value, namely. 1 11 I av . 

The copper-oxide rectifiers used in such instruments are of three 
types, 1 mA, 5 mA, and 10 mA. As regards their characteristics it 
is important to realize that their resistance, even to current in the 
“forward” direction, is not constant, but depends upon the value 
of the current passing. The resistance in the “reverse” direction 
varies between 20,000 ohms and 80,000 ohms for a 10-mA rectifier, 
and between 0*3 and 0*6 megohm for a 1-mA unit. These figures 
are given by E. Hughes in a valuable paper on the subject of these 
rectifiers (Ref. (16)). The resistance in the “forward” direction 
is somewhat difficult to define, but in the case of a 10-mA rectifier 
this is of the order of 100 ohms when the rectified current is 6 mA, 
and between 300 and 500 ohms when the rectified current is 1 mA . 
The “reverse” current is thus negligible compared with the “for¬ 
ward” current. Dr. Hughes found that the resistance varied 
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approximately as (current) ~ °' s over a wide range, so that when a 
sinusoidal voltage v — sin 6 is applied to a rectifier having a 
resistance R in series with it, the alternating current flowing is given 
by 


. (376) 

where Jc is a constant. Alternatively, the d.c. voltage v across the 
rectifier for a direct current i through it is given aonroximatelv hv 
the equation 

v = c + bi 

where c and b are constants. On this basis the alternating current 
through the rectifier may be expressed as 

V m sin 6 - c 
* = iJ + 6 

The effect of the non-linear volt-amperes characteristic of the 
rectifier is to distort the wave-form of the alternating current 
flowing through it. Thus, if a sinusoidal voltage is applied the 
current flowing will be “peaked,” its form-factor being greater 
than 1-11.* This means that the actual r.m.s. value of the current 
flowing will be greater than that indicated by the rectifier instru¬ 
ment, i.e. the instrument reads low. The effect of series resistance 
is to “swamp” the variable resistance of the rectifier itself, so that 
the greater the series resistance the less the error in reading on this 
account. When an alternating voltage is applied to a rectifier in¬ 
strument having a large series resistance the reading of the instru¬ 
ment will thus be almost exactly proportional to the mean value 
of the voltage applied. As already pointed out, if the voltage wave¬ 
form is not sinusoidal an error is necessarily introduced. To correct 
for such non-sinusoidal wave-form, assuming that the instrument 
reads the true mean value of the wave, the instrument indication 
must be multiplied by K f /b 11 where K f is the form-factor of the 
voltage wave-form. Dr. Hughes states that rectifier instruments 
actually read the r.m.s. value within 10 per cent for any shape of 
wave “except for a certain range and phase of the third harmonic.” 

The relationship between the applied voltage V and the rectified 
current I may be expressed in the form 

I = KV X where A is a constant. 

With comparatively low values of series resistance the exponent 
x is approximately 2, so that low range voltmeters will have prac¬ 
tically a square-law scale and will read roughly the r.m.s. value 
of the voltage whatever the wave-form. 

^Gompensation for temperature errors in rectifier voltmeters 

* See the author’s contribution to the discussion of Dr. Hughes’s paper. 
Journal I.E.E*, Vol. 75, p. 477. 
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may be carried out by using a combination of copper and Eureka 
for the series resistance as shown in Fig. 402 (b). The copper resistance 
is of such a value that the total volt drop across the rectifier and 
copper together is between 1-5 and 2*5 volts, the remaining series 
(Eureka) resistance being made up to the total value required, 
depending upon the applied voltage. The rectifier has a negative 
temperature coefficient and this is counterbalanced by the positive 
coefficient of the copper. The lowest voltage range for complete 
compensation is obviously of the order of 2 volts. 

These instr um ents are subject, also, to frequency errors, the 
accuracy obtainable being some 2 per cent at full scale for fre¬ 
quencies between 20 and 4,000 cycles per second with ordinary 
wave-forms. The instrument indications decrease by about 0*5 per 
cent for every 1,000 cycles up to 35,000 cycles and, applying the 
necessary correction for this, the accuracy may be within 5 per 
cent when the wave-form approximates closely to a sine wave. 
By very careful construction to reduce the self-capacitance of the 
instrument it has been found possible to obtain an accuracy of 
within 1 per cent over a frequency range of 50 to 10,000 cycles per 
second and of 5 to 8 per cent between 50 and 100,000 cycles. While 
these errors may appear large it must be appreciated that the suit¬ 
ability of rectifier instruments for the measurement of small alter¬ 
nating currents having bad wave-forms, such as are met with in 
telephonic work, lies in their much greater sensitivity as compared 
with any other type of instrument available for the purpose. 

As commonly manufactured the ranges covered by these instru¬ 
ments are— 

Milhammeters 0-0*5 mA to 0-10 mA; 

Voltmeters 0-1*0 to 0-300 volts. 

J The instrument scale is practically linear in the case of the higher 
voltmeter ranges, but is practically a square-law scale in the lower 
range instruments. 

The use of rectifier instruments in conjunction with current 
transformers is also dealt with in the paper by E. Hughes already 

mentioned. 

syR* S. J. Spilsbury has described a direct-reading form-factor 
meter, devised by hi m (Ref. 17) which utilizes a rectifier instrument. 
The essential features of the device are shown in Fig. 402 (c). D is 
a low-range dynamometer voltmeter which is placed in parallel 
with the rectifier unit, M being, of course, a permanent-magnet 
moving-coil voltmeter. C is a capacitor which is connected across 
a portion of the series resistance of D to reduce the frequency error 
due to the inductance of the dynamometer instrument. R 2 is the 
series resistance of the rectifier (about 40,000 ohms) and r is a 
variable resistance for the purpose of adjusting the voltage across 
the combination of D and M to the same value whatever the 
voltage applied. 
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The dynamometer indicates the r.m.s. value of the voltage and 
the rectifier instrument its mean value. The resistance r is adjusted 
until D reads a standard value (actually 20 volts) so that M indicates 
the mean value of the standard voltage and its scale can thus be 
marked in terms of form-factor. 

The range of form-factor measurable is from 1*0 to 1*32 and the 
indications are independent of wave-form, temperature and .fre¬ 
quency (between 25 and 800 cycles per second) to an accuracy of 
0*2 per cent. An important application of such an instrument is the 
measurement of form-factor in the magnetic testing of sheet steel 
with alternating currents (see page 401). 

H. J. Lindenhovius, G. Arbelet and J. C. van der Breggen (Ref. 
(24) ) describe a millivoltmeter, employing an amplifier and rectifying 
circuit with a moving-coil instrument, with a full deflection for 
1 mV and covering the frequency range 1,000 to 30 x 10 6 c/s. 
Using an attenuator, voltages up to 1 kV can be measured. 

Testing Sets. This chapter should not be concluded without 
mention of various “test-sets” which have been developed by a 
number of manufacturers as multi-range instruments for the 
measurement of current, voltage, power, resistance and other 
electrical quantities. Some of these consist of two moving-coil 
instruments in a common case together with appropriate shunts 
and multipliers. Others have moving-iron instruments for d.c. or 
a.c. measurements and there are also several sets, of unconventional 
design, intended for special measurements such as those of current 
in circuits which cannot conveniently be broken. 

There is not space here to illustrate these sets nor, indeed, to give 
a full list of them but the following are some of the sets in common 
use— 

(a) Avometers (The Automatic Coil Winder and Electrical 
Equipment Co., Ltd.). The “Universal” Avometer is an a.c.-d.c. 
instrument with fifty ranges of current, voltage, resistance, capacit¬ 
ance, power, etc. 

A wide variety of instruments by the same makers include an 
“Electronic” test meter, valve-characteristic meter, high-sensitivity 
Avometers and a light meter. 

(b) Weameter Test-set (Elliott Brothers (London), Ltd.). This 
is an a.c. test set for current, voltage and power with extensions, 
beyond its normal ranges, through current and voltage transformers. 

The Elliott “Multiversal” test-set is particularly for insulation and 
fault location tests. 

(c) Eerranti Test-sets (Ferranti, Ltd.) for current and voltage 
measurements (a.c. or d.c.) by two multi-range instruments con¬ 
tained in a single case. 

(i d ) “Vampire” (Everett Edgeumbe & Co., Ltd.) a.c. test set for 
current, voltage, and power (up to 5 kW). 

(e) Precision Multi-range meter (Electronic Instruments, Ltd.). 
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An instrument of sub-standard accuracy for current, voltage and 
resistance measurements. 

(/) C.P. “Tong-test” (Crompton-Parkinson, Ltd.). An instru¬ 
ment, for both a.c. and d.c. measurements of current, which is used 
by placing the “tongs” round the current-carrying conductor. 

(g) “Selectest” (General Electric Co., Ltd.). A multi-range 
instrument for d.c. and a.c. measurements of current and voltage at 
power and audio frequencies, and for resistance measurements up to 
1 megohm. 

(h) Component tester (Pye, Ltd.). This is an instrument for 
resistance, capacitance and insulation tests mainly on radio com¬ 
ponents in the workshop. 
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CHAPTER XIX 


EXTENSION OF INSTRUMENT RANGE 

^^Xmmeter Shunts. The use of low resistance “shunts” to be placed 
in parallel with an ammeter in order to measure a greater current 
than that which the instrument itself can carry, has been mentioned 
in dealing with moving-coil instruments, with which type of am¬ 
meter such shunts are most commonly used. 

Let the ammeter resistance be B, and its current for maximum 
deflection be i. Suppose that B s is the resistance of the shunt, 
which must be placed in parallel with the instrument in order to 



uri'Gin, /c/V/////C7/0 


Fig. 403. Shunted Ammeter 


enable a maximum current of I to be measured, and let 1 s be the 
current through the shunt during the measurement (see Eig. 403). 

Then i = I - I s 

Also, Volt-drop across shunt = Volt-drop across instrument 
Hence, = iB 

The resistance of shunt required is thus given by 

R ‘ = T- R = JTi x R = 77 \ • R ■ ( 377 ) 


(?-) 


The ratio of the total current to the instrument current ^i.e. 

is called the “multiplying power” of the shunt. Expressing this 
ratio as N, we have 

R ‘ = • R 


^=i+^ . 
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(378) 
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Eix&mple. Calculate the resistance of shunt required, to make a milli- 
ammeter, which gives maximum deflection for a current of 15 milliamp., 
and which has a resistance of 5 ohms, read up to 10 amp. 

Multiplying power = » = 666*7 = N 

U* 0 JL 5 




- 1 


X 5 


. = 0-007511 ohm 


666-7- 
5 

665-7 

or, otherwise. 

Volt-drop across instrument for maximum deflection 
= 5 x 0*015 sss 0*075 volt 
= Volt-drop across shunt 
= (10-0*015) B t 
= 9’985B a 
0-075 




0-007511 ohm 


•*/ * 9*985 

X*&£ternatin& Current Operation. If a shunt is to be used with 
an ammeter for alternating current work, the inductances of both 
the instrument and the shunt must be considered as well as then- 
resistances. 

In order that the division of current between the two parallel 
branches—instrument and shunt—shall remain the same for all 
frequencies, the ratio of the impedances of the two branches must 
remain constant. 

Thus, let L be the inductance of the instrument and L s that of 

VB 2 4 - a) 2 L 2 

the shunt, then, the ratio — ■■ ■ ■ must be independent 

VB* + co*L* 

of frequency. To fulfil this condition, the time-constants of the 

shunt and instrument must be the same, i.e. must equal 

Jttg JX 

Then, let ^ ^ 

Jig JX 

„r , i V17T ~rfL} 

We have now, = — . — === =. = 

I. VR 2 + co 2 L* 


% 

T," 


r.VT+Hw 


VB 2 4 - co 2 h 2 Rg 2 

" VB 2 + co 2 kW 
B 


(379) 


BV 1 + co 2 k 2 

The general expression for the multiplying power N, on alternating 
current circuits, is most easily obtained by the employment of the 
symbolic notation, owing to the phase difference between i and I s 
when the time-constants of the two branch circuits are not equal. 

Then, if v is the volt-drop across the instrument and shunt (in 
parallel), 

v A r v 

i — —.—_—- and I s ■ 


B + j°>L 


B s + jcoL, 



680 


ELECTRICAL MEASUREMENTS 


The total current I in the main circuit is thus given symbolically 


R ja>L R s + jwL 8 


and the multiplying power - by 


v f ---j_ 

\R jcoL R s 


(^R -j- jcoljj 


_ R A- E s - 1~ -j- L s 

R a 4* jcoL s 


Expressing this in real values, we have 
Ar _ V(R -h~R s r~± a> 2 (L + Xg 
VRz T o>*W 


Now, if 


L-h- h 

R~~R S ~ 

R s r + ± R s )\ 

VR* -f co*Jc 2 R s 2 


R R s 

R , 


= 1+ l 


\XUenerai, Requirements of Ammeter Shunts. It is essential, 
whether on a.c. or d.c., that thA remperature coefficien ts of the 
shunt and instrument shall be low, and as nearly as possible the 
same, in order that the multiplying power shall be independent of 
temperature. This question has already been discussed in the 
previous chapter. 

\Another requirement is that such shunts shall not vary in resis¬ 
tance with time/'and this is ensured by careful annealing during 
manufacture.vAgain, the thermo-electric effect in the shunt must 
be small, and it must be able to carry the necessary current without 
appreciable heating. 

These shunts are usually composed of one or more thin strips of 
manganin sheet, the ends of which are soldered to two heavy copper 
blocks which carry two terminals each—one current terminal and 
one potential terminal—the two current terminals being outermost. 
When such shunts are used with ammeters, the resistance of the 
copper leads from the potential terminals of the shunt to the 
ammeter terminals, forms part of the resistance of the ammeter 
circuit and must therefore be taken into account in calculating the 
required shunt-resistance. A special pair of leads is usually supplied 
with ammeters intended to be used shunted, and these leads should 
always be used for the purpose. 

Voltmeter Multipliers. To increase the range of a voltmeter, a 
non-inductive resistance is connected in series with the instrument. 
Thus, if the voltmeter gives full-scale deflection when a current i 
passes through it, and if its resistance is r , V being the voltage to be 
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measured, and R tlie resistance connected in series with, the volt¬ 
meter, we have 

V 

R r 1 

_ V -ir V 

or R = — 7 — = 4-— r .... (381) 

% % 

The principal requirement of such multiplying resistances, or 
“multipliers,” when used on d.c. circuits, is that their resistance 
shall be constant. Thus they must have a very small temperature 
coefficient, and, on account of the appreciable amount of power 
absorbed by them, ample provision for cooling must be made. 

Operation on A.C. Circuits. When used with alternating 
currents, the total impedance of the voltmeter and its series resis¬ 
tance must remain as nearly constant as possible for different 
frequencies. The series resistance should, therefore, have as small 
an inductance as possible, in order to keep the total inductance of 
the circuit small. For this reason, the resistance coils are often 
wound upon flat mica strips to reduce the area enclosed by the 
turns of wire, and hence to reduce the enclosed flux for a given cur¬ 
rent. Sometimes non-inductively woven gauze resistances are used. 

If r is the voltmeter resistance, Z its inductance, and i the current 
for full-scale deflection, then the volt-drop across the instrument, 
for full deflection, is 

v = iVr 2 -f- co 2 Z 2 

where a> = 2tt X frequency 

Let V be the voltage to be measured and R the resistance of the 
non-inductive series resistance. 

Then, total resistance of the circuit = r + R 
Total inductance of the circuit — l 

Total impedance of the circuit = V(r + R) 2 + o> 2 Z 2 , 
and the voltmeter current is given by 

_ v =i 

V(r + i2) 2 + cu 2 Z 2 

Hence, v = Z - Vr*+a>H 

VJr + B) 2 + a>H 2 

and the multiplying ratio 

y y V(T + g)« + aW _ (3g2) 

v y yV 2 -j-co 2 Z 2 Vr 2 4" ojH 2 

\7(r + R) 2 + coW 2 

Art appreciable error may thus be introduced by neglecting the 
inductance of the instrument. 
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Multipliers for Electrostatic Voltmeters. Such multipliers are 
either in the form of a resistance potential-divider or a capacitor- 
multiplier. 

Resistance potential-dividers are used for voltages of a few 

thousand volts only. For higher 
voltages they become expensive 
to manufacture, and are wasteful 
of power and capacitor multi¬ 
pliers are, therefore, used. 

Resistance Dividers for such 
purposes are high non-inductive 
resistances (often oil-immersed), 
across a comparatively small 
portion of which the electrostatic 
voltmeter is connected (see Fig. 
404). 

If the capacitance of the voltmeter is neglected, the multiplying 
power is 

V = R 

v r 

where V is the voltage to be measured and v the voltage at the 
voltmeter terminals. R and r are the total resistance (connected 
across V) and the resistance across which the voltmeter is con¬ 
nected, respectively. 

Taking the capacitance of the voltmeter into account, let this be 
C, and suppose the voltmeter to be used with alternating current of 
ordinary commercial frequency. Then, 

f 

Impedance of voltmeter and r in parallel = ——- — = % 
using the symbolic method. A ^ co ^ r 

The total impedance connected across the voltage V is thus 

^ = B ~ r + TTj^Cr 

_ R -f jcoCr (R - r ) 

Z *~ 1 + jcoCr 

The multiplying power is thus, 

R + jcoCr{R — r) 

z T _ 1 -f -jcoCr _ R jcoCr(R - r) 

~z ~ _ r _ r 

1 + jcoCr 

= *JT +jlcoC ( R-r )] 



Fig. 404. Resistance Potential 
Divider 
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Numerically, 

If R \ 2 

7 = V(t) +^ 2 (^-r) 2 

% -R /" oj 2 C 2 r 2 (R - r ) 2 

or > 7 = 7V 1 + -S 5 -- 

B 

This will have the value — if coO is small. 

r 


. (383) 


Capacitor. Multipliers . When used with a capacitor multi¬ 
plier, the voltmeter may be simply connected in series with a suit¬ 
able capacitor (as in Fig. 405 (a) ), and the voltage to be measured 



Fig. 405. Capacitor. Mur/rEPT^iEE-s 


applied across the whole circuit. Again, a number of capacitors 
may be connected, in series, across the voltage to be measured, and 
the voltmeter connected across one of them (as in Fig. 405 ( b ) ). 

Referring to the first method of use, let G v be the capacitance 
of the voltmeter and G that of the capacitor in series with it. 

G G 

The total capacitance of the circuit is . and its impedance on 

C 4- G c tS 1 

a.c. is — 7 = The impedance of the voltmeter itself is —pr. 

coC v C e coG v 

The multiplying ratio is 

Q + G v 

V coGJJ G + G v G v /qqa\ 

7 = ~ = ~ = 1+ c * * * (384) 

coG v 

The capacitance G v varies with the deflection (i.e. the position of 
the moving vane) of the voltmeter. Thus the voltmeter must be cali¬ 
brated together with the series capacitor. It should be noted that, 
in order that the multiplying ratio shall be large, the capacitance 
of the series capacitor must be small compared with that of the 
voltmeter. 

Referring to the second method of connection, let C 2 be the 
capacitance of the capacitor across which the voltmeter—of capac¬ 
itance O v —is connected, and let C s be the capacitance in series with 
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C x and C v in parallel. Then, total impedance of the circuit connected 
across the voltage V 

_ C s -{- C x -r- C v 

coC s (C 1 + @v) 

Again, the impedance of C v and C 2 in parallel is . ^ ~ 

Thus the multiplying ratio ^(^1 A- C v ) 

0, + Q + Cv 

V coC S (C X + C v ) C s + C x + C m 

v “ i ~ 

co (<7i + C v ) 

= 1 + Cl - ■ ■ ■ (385) 

In this case, again, C v is variable, so that the voltmeter should 
be calibrated together with its multiplier, although if the capacitance 
C 2 is large compared with that of the voltmeter, the multiplying 
ratio may be approximately constant. 

v Instrument Transformers. A very general method of increasing 
the range of a.c. instruments is to use instrument transformers in 
conjunction with them. Such transformers are either (a) current 
(or series) transformers, or ( b ) voltage (or potential) transformers. 
The former are used for increasing the current range of instruments 
and the latter for increasing the voltage range. 

Advantages of Instrument Transformers as Compared with 
Shunts and Multipliers. The most important of these advantages 
are— 

(i) Single-range instruments can be used to cover a large current, 
or voltage, range, when used with a suitable multi-range current 
or voltage transformer, or with several single-range transformers. 
The usual ranges of ammeters and voltmeters for use with such 
transformers are 5 amp. and 110 volts. 

(ii) The indicating instruments can be located at some distance 
from the circuit, the current or voltage of which is to be measured. 
This is a great advantage, especially when the circuit under test is 
a high-voltage one, as far greater safety can be obtained for the 
observer than when the instruments are connected directly to the 
high-voltage circuit. Also, the instruments need not be insulated 
for high voltages. 

(iii) By the use of a current transformer with a suitably split 
and hinged core, upon which the secondary winding is wound, it 
is possible to measure the current in a heavy-current busbar without 
breaking the current circuit. The split core of the transformer is 
simply fitted round the busbar, which acts as the primary win din g 
of the transformer. 

Fig. 406 shows a current transformer of this type, while Fig. 407 
shows a combined ammeter and current transformer which can be 




(Elliott Bros. (London), Ltd.) 
Fig. 406. Split-core Type 
Current Transformer 



(Ferranti, Ltd.) 
Fig. 407. Combined Ammeter 
and Split-core Current 
Transformer 


Primary 

Winding 


Load Circuit in w hicn\ 
Current is to be 
measured. 


ck i / r 

dm= 


Wattmeter 
Current Coil- 


W 


mimmrJ 

Secondary 
Winding 


'KfAmmeter 


Fig. 408. Connections of a Current 
Transformer 



Fig. 409. Vector Diagram of a 
Current Transformer 
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used in the same way. In this case the ammeter is, of course, cali¬ 
brated together with the transformer. Another interesting type of 
split-core current transformer is made by Price and Belsham, Ltd. 
This is designed to be fixed round a fuse when no other part of the 
circuit is available. 

X/tlurrent Transformers. The primary winding of a current trans¬ 
former is connected in series with the load circuit, the current in 
which is to be measured. There is no appreciable voltage between 

. the two terminals of this winding, and also—and this is very im¬ 
portant—the primary current is obviously not determined by the 
secondary load on the transformer. The ammeter, or wattmeter 
current-coil (in the case of power measurements), is connected 
directly across the secondary winding cf the current transformer, 
as shown diagrammatically in Fig. 408. 

Theory of Current Transformers. Fig. 409 represents the 
general vector diagram for a current transformer. The magnitudes 
of the magnetizing component I m and the iron-loss component I ei of 
the exciting current I Q , are exaggerated for convenience in drawing. 


_ ,. number of secondary turns 

Then n = turns ratio = -=-- -= -:- - - 

number of primary turns 

r s = resistance of the secondary winding 
xt — reactance of the secondary winding 
E 2 — induced secondary voltage 
T v — number of primary turns 
T s — number of secondary turns 
E s = voltage at secondary terminals 
I g = secondary current 
I p = primary current 
8 ss the “phase angle” of the transformer 
<f> — working flux of the transformer 

<5 = angle between secondary current and secondary induced volts 
= phase angle of the total burden (including impedance of the 
secondary winding) 

A = phase angle of secondary load circuit 
a = angle between I Q and the working flux 
'urrent Transformation Ratio. Prom the vector diagram, 

I v * — ( J e + nI s cos ^) 2 + + nI s sin d ) 2 

= ( I Q sin a 4- nl s cos d) 3 + (I 0 cos a + nl s sin d) 2 

I# — [(I 0 sin a -f* nl s cos d) 2 + ( I 0 cos a + nl 8 sin d) 2 ]* 

/. Transformation ratio 

r» _ [(A si 11 a 4- nl s cos <5) 2 -j- (7 0 003 « 4* nl s sin d) 2 ]* 

u ~ j~ “ I 

- L S * s 

[I 0 2 a 4- Znl t cos <5. 1 0 sin a -j- n 2 I s 2 cos 2 d 4* io 2 cos * ® 

T s 

, 2 nl s sin <5. 1 0 cos a 4- w 2 7 s 2 sin 2 d]* 

_( - -- 
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Neglecting terms containing I 0 2 , this becomes 

[n z J s 2 (cos 2 8 4- sin 2 (5) -f- 2njT^Z 0 (cos 8 sin a 4- sin 8 cos a)]* 

Is 

_ [n 2 i/ 4- ZnlJa sin (a 4- <5)]V^ 

Is 

which, to a very close approximation, 

_ nI s + Io sin (a + d) 

Is 

since I 0 is small compared with nl t . 

n + y sin (a + 5) (very nearly) |. . (386) 

Although only approximate, this expression is sufficiently accurate 
for almost all purposes. The above theory refers, of course, to the 
case when the power factor of the secondary load (or burden) is 
lagging. This is the most usual condition in practice. 

The expression can be expanded still further, as 

R = n -}- ~ (sin a cos 6 + cos a sin 3) 
i» 




or 


R — n + 


I e cos 3 + I m sin 3 


(387) 


since/ I 0 sin a = I e and I Q cos oc = I m 

v-^HASE^^&lrE. It can be seen from the vector diagram that the 
secenrtf^ycurrent of a current transformer is displaced in phase by 
almost 180° from the primary current. If this angle were exactly 
180°, no phase error would be introduced when a current transformer 
is used with a wattmeter for power measurements. The existence 
of the magnetizing and iron-loss components of the primary current 
causes the angle to be (usually) less than 180°, so that the transformer 
usually does, in practice, introduce a phase error. 

The angle by which the secondary current vector, when reversed, 
differs in phase from the primary current, is the phase angle of the 
transformer; this angle is reckoned as positive if the reversed 
secondary current leads the primary current. On very low power 
factors the phase angle may be negative. 


From the vector diagram (Fig. 409)— 
t ron _i_ am 
tan & — n j 8 j q cos [90 - (a 4- <5)1 
I 0 cos (a + 3) 
nls 4- I 0 sh 3 - ( a + ^) 

from which 6 ■■ - J °. °° S radians (approx.) 

s4i 0 sm (« + ' 
since 6 is a small angle. 


. ( 388 ) 
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The error in the phase angle made by using this approximation is less than 
5 per cent up to 3° phase angle, and less than 1 per cent up to 9° phase angle. 
Converting this expression to a more convenient form, we have 

« 7 0 (cos a cos <5 - sin a sin 3) 

6 = 01 r , > : - , - , -t — - radians 

nl s -f- I Q sm (a + o) 


cos 3 - I 6 sin 3 
nl , 


since I Q sin (a <5) is small compared with nl 8 . 

; ' » = ^( 7 mC ° S y-- S - in - ] ) degrees . . (389) 

>>>J p2'RRORs I^tboditced by Cdbbent Tbanseobmebs. When used 
for current measurement only, the only essential requirement of a 
current transformer, in order that it shall not introduce an error 
into the measurement, is that the secondary current shall be a definite 
and known fraction of the primary current. It can he seen from 
the above theory that the current ratio R of the transformer differs 
from the turns ratio n by an amount which depends upon the 
magnitude _of the exciting current of the transformer, and upon 
the current, and power factor, of the secondary circuit. The current 
ratio Ts7 therefore, ”hfrt constant under all conditions of load and of 
frequency, and the error so introduced may be of considerable 
importance. 

Again, in power measurements, it is necessary that the phase of 
the secondary current shall be displaced by exactly 180° from that 
of the primary current. It can be seen that, in general, this condition 
is not fulfilled, but that the transformer has a “phase angle” error 
0, which may introduce an appreciable error in power measurements. 

In general, it may be said that the ratio error—expressed by 
Nominal ratio - Actual ratio . . . , 7 

-4ctuaTratio- 18 dependent upon the value 

of the iron loss component I e of the exciting current and phase angle 
error upon the value of the magnetizing component I m . 

Thus, if the angle <5, which is usually fairly small, is assumed 
zero, then, the ratio 


degrees . 


R = ^ + y 

s 


and the phase angle 


The ratio error is considered to be positive when the actual ratio 
of the transformer is less than the nominal ratio—i.e. when the 
secondary current, for a given primary current, is high. 

■\J0esig>t Co jtsidekations . (a) Number of Primary Ampere-turns. 
In order that the number of exciting ampere-turns I 0 T v shall be a 
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small proportion of the total primary ampere-turns (this being 
necessary to keep the ratio and phase-angle errors small), the number 
of primary ampere-turns should be of the order of 500-1,000. In 
the case of current transformers having a single bar as their primary 
winding, the number of primary ampere-turns is, of course, limited 
by the primary current. When “Stallgy. ” is used as the material 
for the transformer core, satisfactory performance for measurement 
purposes cannot be expected with this type of transformer when 
the primary current is less than several hundred amperes, depe nding 
upon the magnitude of the burden (see British Standard 81,1936, 
p. 30), although if a high-permeability, low-loss alloy, such as 
is used for the core, tEeprimary current of a bar-primary 
transformer may be as low as 100 amp. and still give a reasonably 
good performance. 

(6) Gore. To minimize the exciting ampere-turns required, the 
core must have a low reluctance and small iron loss. The flux 
density used in the core should also be small (not greater than 
1,000- lines per square centimetre). “Mumetal” cores are now 
commonly used when it is essential that the transformer errors shall 
be very small. Mumej^a^ajnckel-irqn_alloy. containing copper, has 
the properties of very high permeability, low loss, and small reten- 
tivity—all of which are advantageous for current transformer work 
—but has the disadvantage that its maximum permeability (about 
90,000) occurs with a flux density of only about 3,500 lines per square 
centimetre, as compared with a maximum permeability of about 
4,500 in the case of silicon steel, occurring with a flux density of about 
5,000 lines per square centimetre (Ref. (40) ). It is used in the con¬ 
struction of the movements of indicating instruments, for magnetic 
shields and in other apparatus used in electrical measurements. 
G. A. V. Sowder (Ref. (43) ) has given very full information on 
Mumetal and other high permeability alloys including a series of 
curves giving magnetization and loss characteristics for these 
materials together with the variation of their magnetic properties 
with temperature. 

The figures in Table XXI, for Mumetal, are abstracted from 
Sowter’s paper. 

TABLE XXI 

Magnetic Properties op Mumetal 


Peak flux density 
(gauss) . . . 

25 

50 

100 

250 

500 

1000 

2500 

5000 

Magnetizing force 
at 15° C. (oersteds) 

0-00101 

0-00190 

0-00355 

0-00750 

0-0128 

0-0220 

0-0440 

0*125 

Loss (mW/lb.) at 
15° C. . 

! 0-00062 

0-00280 

0-0122 

0-0870 

0-385 

1-62 

9-20 

37-5 


Incidentally the alloy Permgmdur (49 per cent iron, 49 per cent 
cobalt and 2 per cent vanadium) has a very high saturation point 
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of some 24,000 gauss as compared with 7,000-8,000 gauss for other 
high-permeability alloys. 

Its price is a disadvantage of Mumetal and, in this connection, 
Sowter’s figures of comparative costs are interesting. These are 
given in Table XXII. 

TABLE XXII 


Alloy 

Approximate Relative 

Costs per lb. 

Hot-rolled silicon iron . 

- 

0-4 

Cold-rolled silicon iron . 


1-0 

36/64 alloy . 


3-1 

Radiometal 


3-4 

Special radiometal 


4-2 

Mumetal 

1 

5-3 


Tig. 410* gives curves of magnetizing ampere-turns per centimetre, 
at different flux densities, for silicon sheet steel of ordinary grade 



AMPERE TURNS PER CM LENGTH 

(Everett Edgcumbe db Co., Ltd.) 

Fig. 410. Curves of Magnetizing Ampere-turns 
for Various Flux Densities in the Case of 
Three Different Materials 

(Curve I); for special silicon steel (Curve II); and for a nickel-iron 
alloy. 

When Stalloy punchings are used, their width is usually about 
1 in. to 11 in., and their individual thickness 0-014 in. The punchings 
are often annealed, to remove “punching strains. 95 The total width 
of the punching being small, the strained area may be an appreciable 
part of the total cross-section (Ref. (10)). 

The length of magnetic path in the core should be as small as is 
consistent with good mechanical construction and with insulation 
* See K. Edgcumbe and F. E. Ockenden, I.E.E. Journal , Vol. LXV, p. 553. 




EXTENSION OF INSTRUMENT RANGE 


691 


requirements, in order to reduce the core reluctance. For the same 
reason, joints in the core should be avoided as far as possible, and 
such joints as do exist should be rendered as efficient as possible by 
careful assembly. 

Fig. 411 shows the three forms of core most commonly used. 
(a) is the rectangular form, built up of L-shaped punchings. The 
windings are placed on 
one of the shorter 
limbs, with the primary 
usually wound over the 
secondary, an advan¬ 
tage being that there 
is ample space for in¬ 
sulation, so that this 
form is suitable for 
high-voltage w T ork. 

The “shell” form in 
Fig. 411 ( b ) gives con¬ 
siderable protection to 
the windings, but is 
more difficult to build 
up than the other forms. ( C ) 

The windings are placed Fig. 411. Forms of Cores 

on central limb. 

v'The ring form (c) is very commonly used when the primary current 
is large. The secondary winding is uniformly distributed round the 
ring, and the primary winding is a single bar. This is a very robust 
construction, and has the further advantages of a jointless core 
(giving low reluctance) and of very small leakage reactance. 

(c) Windings . The windings should be close together in order 
to reduce the secondary leakage reactance, as this increases the ratio 
error. No. 14^sWTG. copper wire is frequently used for the secon¬ 
dary winding, copper strip being used for the primary winding, the 
dimensions of which depend, of course, upon the primary current. 

The windings must be designed with a view to their withstanding, 
without damage, the very large forces which are brought into play 
when a short-circuit takes place on the system in which the trans¬ 
former is connected. The bar-primary, ring-core construction is 
generally recognized as the most satisfactory from this point of view. 

(d) Insulation . The windings are separately wound, and are 
insulated by tape and varnish for the lower line voltages. For 
voltages of 7,000 volts and upwards, the transformers are oil- 
immersed or compound-filled. In the former case the windings are 
wound over one another on cylinders of Bakelite or similar material, 
and the transformer is mounted in a sheet steel tank filled with 
transformer oil. In the latter case the transformer is enclosed in a 
tank which is filled up solid with an insulating compound. The 

23—(T.5700) 
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compound introduces a difficulty in that the cooling is poor. Some 
high-voltage transformers have porcelain tubes as the insulation 
for their primary winding and are not oil-immersed. Such a trans¬ 
former is shown in Eig. 412, and other types of current transformers 
are^shown in Eig. 413(a)—(/). 

'^Design Data. The following figures in connection with the design 
of current transformers do not refer to any particular type, but are 



{Chamberlain & Hookham, Ltd.) 

Fig. 412. High Voltage Type Air-cooled Current Transformer 

intended to give a general idea of the usual magnitudes of the 
quantities involved. 

Total primary ampere-turns . . . 1,000 

Exciting ampere-turns .... Not more than 1 per cent of the 

total primary ampere-turns at 
full rated current 

Full rated secondary current . . .5 amp. 

Core flux density ..... Not more than 1,000 lines/sq. cm. 
Length of mean magnetic path in the core About 40 cm. (less than this if the 

line voltage is low) 

Current density in primary winding . 1 to 2 amp. per sq. mm. 

Secondary winding . . . .14 S.W.G-. (d.c.c.) copper wire 

Resistance of secondary winding . . About 0*5 ohm 

Inductance of secondary winding . . Varies according to type from a 

negligible quantity (in bar- 
primary, ring-core type) to 
about 15 millihenries 

(Note that the resistance and inductance of the primary winding are not 
eonsMered, since they do not affect the performance of the transformer.) 

*JTums Compensation is used in most current transformers in order 
to obtain a transformation ratio more nearly equal to the nominal 
one than would be the case if the c4 turns ratio 33 were made equal 
to the nominal ratio of the transformer. It has been shown that 
if the phase angle of the secondary circuit is zero, the actual ratio 
of transformation is given by 

R = n + 




(Record Electrical Co,, Ltd,) 

(6) 

Fig. 413 

(a) Air-cooled Current Transformer without Primary Winding. 

< b ) Shell-type Current Transformer. 



694 


ELECTRICAL MEASUREMENTS 


where n is the 4 ‘'turns ratio/ 5 The effect of reducing the number of 
secondary turns by (say) 1 per cent, will obviously be to reduce the 
transformation ratio by an approximately equal percentage. By 
this means, partial compensation for the effect of I e , in increasing 

the ratio, can be obtained. 
Usually, the best number 
of secondary turns is one or 
two less than that number 
which would make n equal 
to the nominal ratio of the 
transformer. Bor example, 
in a 1,000/5 current trans¬ 
former of the bar-primary 
type the number of 
secondary turns would be 
either 199 or 198 instead of 
200 . 

The phase angle error is 
very little affected by a 
change of one or two in 
the number of secondary 
turns: 

(Everett Bdgcuw.be & Co., Ltd.) .^{Standard Ratios, Rating and 



(Everett Edgcuw.be & Co., Ltd.) .^Standard Ratios, Rating and 

Permissible Errors. British 
(c) Standards Institution, Specific- 

Fig. 413. (contd.) No ’ + 8 ™ (1 , 36) f °* 

' „ Instrument Transformers,’ 

(c) Portable Omni-range Current Transformer. gives a list of twenty-five rated 

primary currents, ranging from 
5 to 6,000 amps., the rated secondary current normally being 5 amps., although 
it may be 1 amp. or even 0*5 amp. under certain conditions. 

The burden of the current transformer is expressed as the output in volt- 
amperes at the rated secondary current. Thus, for a burden of 15 VA, the 
rated secondary current being 5 amps., the secondary terminal voltage will 
be 3 volts and the impedance of the connected load 0*6 ohm. Rated burdens 
for various classes of current transformer are 1£, 2£, 5, 7£, 15, and 30 VA. 
The standard frequency is 50 cycles per second. There are nine classes of 
current transformer mentioned in the specification: Classes A, B, C, and X) 
for use with substandard and commercial instruments of various grades; 
classes AL and BL for precision testing and laboratory work ; and classes AM, 
BM, and CM for industrial metering. 

Various standard rated burdens and permissible errors are stated for these 
classes, the latter varying from 0*15 per cent ratio error and 3 min, phase 
angle (in the AL class) down to 1 per cent and 120 min. (in class C). Ijo 
phase-angle error is specified in class X), for which the permissible ratio error 
is 5 per cent. It should be pointed out that the rating of these transformers 
is upon an accuracy basis, and is not a thermal rating. 

^^Characteristics op Current Transformers. Tig. 414 shows 
the ratio-error and phase-angle characteristics of a 1,000/5 bar- 
primary ring-core type of current transformer, with a burden of 
15 VA, unity power factor, 50 cycles frequency. These errors are 
plotted against various values of secondary current. Two curves 
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Co., Ltd .) 


<«) 

Fig. 413. ( contd .) 


(Ferranti. Ltd.) 


{ d ) Wound Primary Current Transformer for 6,600 and 11,000 Volts. 
(e) Heavy-current Type Current Transformer for 6,600Volts. 


calculated for a transformer designed to comply witli tlie B.S.I. 
specification for a class B transformer. Obviously the 199 turn 
secondary winding gives the better performance. 
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( Metropolitan- Vickers Elec. Co., Ltd.) 


Fig. 413. ( contd .) 

(/) Out-door Multiple-secondary Current 
Transformer for 275 kV. 


The shapes of the error curves are 
characteristic of all current trans¬ 
formers. The 4 'droop” of the ratio 
error curve and rise of the phase 
angle curve for low values of second¬ 
ary current are due to the fact that, 
when this current is reduced—with 
consequent proportional reduction 
of the flux density in the core—the 
iron-loss and magnetizing ampere- 
turns are not reduced proportion¬ 
ately, and so form a greater 
proportion of the total primary 
ampere-turns than they do for 
higher values of l s (and of I#, since 
the reduction of the secondary 
current I s is produced by a reduc¬ 
tion of the primary current I v ). 

The small effect of the alteration 
of the number of secondary turns 
upon the phase angle error can be 
seen from these curves. The order 
of magnitude of the “droop” of the 
ratio error curve depends upon the 

value of ~ compared with the value 
8 

of the turns ratio n, and the rise of 
the phase angle curve upon the value 
of I m compared with nl 8 . 

Effect of Variation of Power Factor 
of the Secondary Burden upon the 
Performance . 

Referring to Fig. 409, reduction 
of the power factor of the load 
circuit increases the angle A—and 
hence <5—and thus brings the vectors 
nl s and I Q more nearly into phase 
with one another. This increases the 
value of Ip for any given value of I s 
and thus the transformation ratio 


~ is increased. 
4 * 


The ratio error is 


made less positive as the power factor is reduced, up to the point 
when I s is in phase with I 0 reversed, when the ratio ~~ will be 
maximum and the ratio error least positive (or most negative). 
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The phase angle error is obviously reduced with reduction of 
power factor, since nl s moves more into phase with I 0 (Tig. 409) as 
d is increased. This reduces the phase angle 6, which becomes zero 
when d = 90 - a, nl s and I 0 then being in phase. Fig. 415 shows the 
ratio and phase angle curves for the 1,000/5 transformer, to which 



Fig. 414. Ratio Error and Phase Angle Curves for 1,000)5 
Bar Primary Ring Core Current Transformer 



the curves of Fig. 414 refer, when the secondary load power factor 
is 0*8 lagging, the burden being 15 VA and the frequency 50 

Fig. 416 shows the effect of variation of secondary load power 
factor upon the ratio error and phase angle of the same transformer 
for 10 per cent and 100 per cent full rated secondary current, the 
burden being 15 VA and frequency 50 ~. 
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The ranges of values (between 10 per cent and 100 per cent full 
rated current) covered by the ratio error and phase angle curves for 
any given power factor can be obtained by taking the intercepts 
between the two ratio error or phase angle curves at the given 
power factor. For example, at 0-6 power factor the ratio error curve 
has a range of from -0*15 per cent at 100 per cent full rated current 
to -1*20 per cent at 10 per cent full current (from intercept CD , 
Fig. 416). The phase angle ranges from 0*27° (at 100 per cent full 

/?.£ 

% 

V5 

VO 

0-5 

O 


0-5 

VO 


I-S 

Fig. 416. Effect of Variation of the Secondary Load 
Power Factor 

rated current) to 0-85° (at 10 per cent full current) as obtained from 
intercept AB. 

Effect of Variation of the Secondary Burden upon the Performance 
of a Current Transformer . Increase of the secondary burden (in 
volt-amperes) obviously necessitates an increase of secondary ter¬ 
minal voltage for a given value of secondary current. This again 
means an increase in the induced secondary voltage and conse¬ 
quently in the core flux and flux density. The exciting current I 0 
(Fig. 409) is thus increased, and this increases the ratio of the 
transformer, causing the ratio error to become less positive for any 
given values of power factor and frequency. The phase angle, also, 
is considerably increased by increase of burden. 

The ratio error and phase angle curves for the 1,000/5 current 
transformer already mentioned, with burdens of 5, 15, and 40 VA, 
are shown together in Fig. 417 for comparison. Fig. 418 shows the 
general effect of variation of secondary burden upon the ratio and 
phase angle errors, the curves referring to the same transformer. 

Effect of Frequency upon Performance. A current transformer is 
seldom called upon to operate at a frequency very different from 
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that for which it was designed (usually 50 —), so that the considera¬ 
tion of the effect of frequency variation is less important than that 
of variation of load and power factor. The variation of the magnet¬ 
izing and iron-loss ampere-turns per centimetre, with variation of 



Fig. 417. Ratio Error and Phase Angle Curves at Dipeerent 

Burdens 



frequency, is comparatively small if the frequency variation does 
not exceed 10 or 20 cycles per second, so that, as an approximation, 
they may be considered independent of frequency. 

For a given volt-amperes load and power factor, the secondary 
induced voltage is constant. Since this is proportional to the 
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product of frequency and flux density, it follows that an increase of 
frequency will result in a proportionate decrease in flux density. 
Thus, in general, the effect of increase of frequency is simi l ar to that 
produced by a decrease in the impedance of the secondary burden. 
It is roughly true that doubling the frequency has the same effect 
upon the performance of the transformer as halving the secondary 
burden for a fixed frequency. 

In addition to the use of a low-loss, high-permeability, nickel-iron 
core for the reduction of current transformer errors, several special 
devices have been suggested by various investigators. H. B. Brooks 
and F. C. Holtz (Ref. (11)), H. W. Price and C. Kent-Duff (Ref. (12)), 
and J. G. Wellings and C. G. Mayo (Ref. (13)) have all described 
methods of minimizing these errors. 

Use of Cubbent Transformers. It can be seen from the pre¬ 
ceding paragraphs that the errors introduced by a current trans¬ 
former vary with the magnitude and power factor of the secondary 
burden and with the frequency. It cannot, therefore, be assumed 
that the errors so introduced are constant, when the transformer is 
used with ammeters, wattmeters, etc., whose impedances and power 
factors differ from the impedance and power factor of the load with 
which the transformer was calibrated. This must be taken into 
consideration when selecting instruments for use with the trans¬ 
former. If, however, the transformer and instrument with which it 
is to be used are calibrated together, these variations in the character¬ 
istics of the former are unimportant. Otherwise, if r is the ratio 
error—expressed as a percentage—the actual ratio of the transformer 
R is given by 

N 

R « -- .... (392) 

ioo +1 

where N — nominal ratio. 

If I s is the measured value of the secondary current, the current 
in the circuits to be measured (i.e. the primary current) is 



Correction for the phase angle error is unnecessary when current 
' i to be measured. 

of the Secondary Circuit of a Current 

__ In a current transformer the number of primary 

ampere-turns is a fixed quantity (assuming a constant primary 
current) and is thus not reduced , when the secondary circuit is opened , 
as it is in the case of a power transformer. If, therefore, a current 
transformer has its secondary circuit opened when current is flowing 
in its primary circuit, a very high flux density is produced in the 
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core owing to the absence of “back” ampere-turns due to current in 
the secondary winding. This high flux density results in a very high 
induced voltage in the secondary winding, with consequent severe 
strain on the insulation and danger to the operator (see Ref. (8)). 

Moreover, the high magnetizing forces acting upon the core may, 
if suddenly removed, leave behind considerable residual magnetism 
in the core, so that the ratio and phase angle errors, obtained after 
such an open circuit, may differ appreciably from those before it 
occurred. Tor these reasons, care must be taken to ensure that, 
even when not in use for measuring purposes, the secondary circuit 
is closed if the primary current is flowing. The secondary winding 
may, of course, be short-circuited quite safely, since when used for 
measurement it is practically short-circuited, the impedance of the 
burden being merely that of the ammeter or wattmeter current coil 
used. 

It should be noted also that a direct current passed through either 
of the current transformer windings will produce magnetization of 
the core which may alter the transformer errors. This is especially 
the case when a direct current is passed through the secondary 
winding—as in the measurement of its resistance, for example— 
since the secondary usually has many more turns than the primary 
winding. An appreciable number of magnetizing ampere-turns may 
thus result from the passage of even a small current through the 
secondary winding. 

s ^emaoketization AFTER AST Opjen Circtjxt. If the secondary 
circuit of a current transformer is accidentally opened while the 
primary current is flowing, the transformer should be demagnetized 
before being used again. There are several simple ways of carrying 
out such demagnetization. The following two methods appear to be 
equally satisfactory in reducing the transformer to its original state 
of magnetization. 

The first method is to pass through the primary winding a current 
at least equal to that which was passing through it when the open 
circuit took place, the secondary circuit being left open. (This 
primary current should be supplied from a motor-alternator set 
which can be shut down as required.) The motor driving the supply 
alternator is then shut down with the alternator field still on. As 
the set slows down, the alternator voltage falls gradually to zero, 
and the iron of the transformer core is passed through a large number 
of cycles of magnetization, of gradually decreasing amplitude, 
finishing at zero magnetization. 

Another method is to connect, across the secondary winding of 
the current transformer, a resistance which is sufficiently high to 
amount almost to an open circuit as regards the secondary “back 
ampere-turns” obtained. The full current is passed through the 
primary winding and the secondary resistance (several hundred 
ohms) is then gradually reduced to zero as uniformly as possible. 
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By this means the magnetization of the transformer core is reduced 
from a very high value to its normal value very gradually. 

Upon testing a current transformer, after demagnetization, by 
either of these methods, the author has found that the alterations 
of ratio error and phase angle, due to an open circuit, have been 
entirely eliminated. 

Voltage (or Potential) Transformers. The errors introduced by 
the use of voltage transformers are, in general, less serious than 
those introduced by current transformers, and the theory of such 



transformers is essentially the same as that of the ordinary power 
transformer. 

The main difference between the voltage transformer and the 
power transformer is that, in the former, the secondary current 
is of the same order as that of the magnetizing current of the 
transformer. 

Theory. Fig. 419 shows the vector diagram of a potential trans¬ 
former. 

<f> = working flux in the transformer core 
I m = magnetizing component of the no-load current 
I e = iron-loss component of the no-load current 
7 0 = no-load current 

E s = voltage induced in the secondary winding 
V s — secondary terminal voltage 
I s ssb secondary current 
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I$ r s ~ vo ^ a S e tirop in secondary winding resistance r s (in phase with 1 1 ) 

= voltage drop in secondary winding reactance x s (90° in advance of 
I s in phase) 

I v — primary current 

— vector sum of I Q and J 3 reversed 

E p — that portion of the primary applied voltage which is available for 
transformation 

= primary terminal (or applied) voltage V p less the voltage drop in 
impedance of - the primary winding 

Ipfp — voltage drop in the resistance of the primary winding 

IjfCp = voltage drop in the reactance of the primary winding 

A = the phase angle of the secondary load circuit (usually a voltmeter) 

Since the resistance of most voltmeters is very much higher than 
their reactance, A will usually be small. 

In the vector diagram the magnitudes of the voltage-drop vectors 
l a r s , IgXg, I p r pi and I P x v have been exaggerated for clearness in 
the drawing. 

The secondary terminal voltage V s is obtained by subtracting 
(vectorially) the voltage drops in the secondary winding from the 
voltage E s induced in the secondary. Again, the voltage available 
for transformation in the primary—i.e. the component of the 
primary applied voltage which is in phase opposition to E s —is 
obtained by subtracting (vectorially) the voltage drops in the 
primary winding from the applied primary voltage V P . 

The rest of the diagram is self-explanatory. 

Ratio Expression. The expression for the voltage ratio of the trans- 

''j 

former is best derived by considering the diagram shown in Fig. 420, in which 
all the vectors concerned are referred to the primary side- Secondary voltages, 
when referred to the primary side, become n times their actual (secondary 
side) value, n being the “turns ratio” of the transformer. 

_ Number of primary turns _ E v 

Number of secondary turns E s 

When secondary currents are referred to the primary side their actual 
value must be divided by n. 

Referring to Fig. 420, 6 is the phase angle of the transformer—i.e. the phase 
angle between V p and V s reversed. A is the phase angle of the secondary 
load circuit and p the phase angle between V 8 reversed and I p . 

Then, projecting V v on to V s (reversed) produced, we have 

V v cos 6 = V s n -f I s r s n cos A -f* I^c s n sin A + I p r p cos 8 + I p x p sin (3 
= V s n + nl s {r s cos A •+- x s sin A ) + I v ( r v co * p + x p sin ft) 

Since 6 is usually very small, both V s (reversed) and V v may be considered 
as at right angles to <f>, so that 

i, COS p = I , + Z * COB A 
I v Bin /? = I m + ^-sin A 

cos 0=1 (very nearly) since 9 is very small (less than 1°) 
V p = V,n + nJ s (r, eos A + x s sin A ) + r p (/. + ^-cos j j 

+ ( 7 m + % siaJ ) 


and 
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Vj, = nv, + I,cos A (nr, + ^) + 7 s sinzl (nx, + 

“H % ef T> -f- I rn x % 


v v =: nV s + ^ coa A(n*r s + r v ) - f- J * {w 2 » s + * v ) 


Ie r v “f“ 7n x x 


The voltage ratio 

^ [.R cos 21 -{- sin A] + I e r j> + X m x v 
y ® , Ti 

V,= n + -^- 

IpXp. 90° 


\^rlprp 
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Fig. 420 

where R v — equivalent resistance of the transformer referred to the primary 
and J p — equivalent reactance of the transformer referred to the primary 

Otherwise, 

F„ = riF, + nl, cos A (r, + £jf) + nl, sin/I (a, + 

+ Vj. + J'm 1 , 

or ^ + " W - 0 - 08 A + X » - g D + . L& . (394) 

where R s and X, are the equivalent resistance and reactance of the 
transformer referred to the secondary . 

The difference between the actual voltage ratio and the turns ratio 
n is thus 

h [R v cos A + X v sin A] + I,r v + I m x v 


nI,[R s cos A -|- X, sin A] + I,r v + I m x v 

V, 
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Phase Angle. From Fig. 420, 

a ^ . lyPv cos ft ~ IvTq sin -f- l^c s n cos A - I s r s n sin A 
V 

v 

= c? (radians) (very nearly, since B is small) 

Otherwise, 

tan 6 — Iy x v cos P ~ Iy r p sin /? -}- /yC 8 w cos d - sin Zl 

F s n + nl s r s cos Zl + / s r» s n sin A + l p r p cos (3 -{- sin ft 
_ ZpiCj, cos /5 — IpTj, sin (3 -f- I^c s n cos A - I 8 r t n sin A 
V,n 

since the terms in the denominator involving I s and I v are small compared 
with V s n , or 

(i.+ — cos A)-rJr + -- sin zA -j- I.x.n cos A — I x r a n sin A 


tan 6 — 


x v (je + “ cos ^ ) — r v (jm + ~~ sin Zl) + 7> a n cos A - i> 

— 

X * C ° s ^ (tT + ®s n ) - sin Zl + r s n) + I e x p - I m r p 


Thus I s cos A , , .. I. sinZl . 

- K> + *««*) - -^-r (»•» + V') + Ie*v - I m r v 

tan B = -==- . (396) 

V s n 

Thus, since tan 6 = 6 (radians) very nearly, since 6 is small. 


@ {radians) — 


^oos A T 7, sin A R T 

n v n i J- c x v X m r v 


or, 0 (j 


nl s cos A X s - nl s sin A 22, + Ic x v “ Im r * 
V,n 

£ (X, cos A - R, sin A) + ^ 


. (397) 


where R P and X v are the equivalent resistance and reactance 
referred to the primary, and R s and X 8 the same referred to the 
secondary. 

Errors Introduced by Voltage Transformers. It can he 
seen from the above that, like current transformers, voltage trans¬ 
formers introduce an error, both of magnitude and of phase, in the 
measured value of the voltage. The *'‘ ratio ” error only is important 
when measurements of voltage are to be made, the “phase angle” 
error being of importance only when power is being measured. 

Obviously, the voltage applied to the primary circuit of the trans¬ 
former cannot be obtained correctly simply by multiplying the 
voltage measured by the voltmeter in the secondary circuit by the 
“turns ratio” n of the transformer. 

y 

The divergence of the actual ratio from n depends upon the 

^ s 

reactance and resistance of the transformer windings as well as 
upon the value of the exciting current of the transformer. 
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The phase angle error depends largely upon the same factors. 

Design Considerations. In order to reduce the errors introduced 
by^thesetransformers, thereluctance of the transformer core should 
be as small as possible, and the flux density in the core should be fairly 
low (under 10,000). The exciting current can then be made small. 

Since the reactance of the transformer windings depends upon 
the magnitudes of the primary and secondary leakage magnetic 
fluxes, these should be kept small by placing the two windings as 
close together as is consistent with insulation requirements. The 
resistance of the windings should also be as small as possible. 

Turns compensation can be applied in the voltage transformer 
even more successfully than in the current transformer owing to 
the large number of primary turns, the difference in ratio caused by 
the addition or removal of one primary turn being thus compara- 

V 

lively small. Since the actual ratio of the transformer is greater 

V g 

than the turns ratio n, this actual ratio can be made more nearly 
equal to the nominal ratio by adjusting the numbers of primary and 
secondary turns so that n is less than the nominal ratio. 

As regards insulation, voltage transformers for voltages of 
7,000 volts and over are oil-immersed. Adequate insulation must 
be provided, in the form of porcelain or other bushings, for the 
primary terminals, since, unlike the case of the current transformer, 
the full line voltage is applied to the primary winding. 

The load on such transformers is usually very small, consisting 
as it does merely of a voltmeter and/or the pressure coil of a watt¬ 
meter, so that there is little heat produced in the transformer. 

Eig. 421 shows the construction of some types of voltage trans¬ 
formers. 

Standard Ratio and Permissible Errors. B.S.I. Specification No. 81 (1936), 
already referred to, specifies a secondary voltage of 110 volts when the rated 
primary voltage is applied to the transformer. 

The standard ratios of transformation are as follows— 


TABLE XXIII 


Primary 

Volts 

Secondary 

Volts 

Primary 

Volts 

Secondary 

Volts 

110 

110 

33,000 

110 

440 


44,000 


550 


55,000 


660 

99 

66,000 

>f 

2,200 

99 

88,000 


3,300 


110,000 


5,500 ! 

>9 

132,000 


6,600 ! 

99 

165,000 


11,000 j 


220,000 


22,000 
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These voltages apolv when the transformer is connected between lines. 
If connected between lino and neutral, the voltages should be divided by -y/3. 



Six classes of potential or voltage transformers are mentioned in the 
specification: A, B, C, D t and AL and BL. The rated burdens range from 
15 to 200 VA for classes A, B, and C (no standard burden for class D); while 
for classes AL and BL 10 VA burden is specified. Limits of error range from 
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0*5 per cent ratio error and 20 min. phase angle to 2 per cent (5 per cent, 
class D), and 30 min. for classes A, B, and C. For class AL, 0*25 per cent 
ratio error and 10 min. phase angle; and for class BL, 0*5 per cent and 
20 min. are permissible. 

Characteristics or Voltage Transformers. Tig. 422 shows 
typical ratio and phase angle curves for a voltage transformer, 
the errors being plotted against values of secondary voltage. It 



( Ferranti , Ltd.) 

Fig. 421b. Open Type, Air-cooeed Voetage Transformer 

can be seen that there is comparatively little change in these errors 
with change of voltage. The secondary terminal voltage on no load 
will, of course, be the same as the secondary induced voltage. As 
the applied primary voltage is reduced, the flux density in the core 
will be correspondingly reduced, involving a reduction (although 
not quite proportional) in I 0 (see Tig. 419). This, again, means a 
reduction in the voltage drops in the primary winding. If the two 
components, I m and / e , of I 0 were reduced in exact proportion as 
<f> and E s are reduced, the effect would be merely that of reducing 
the whole of the primary voltage triangle to scale and the ratio would 
remain constant. Actually, owing to the disproportionality of I m 
and the ratio changes very slightly as the voltage is reduced. 
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The same considerations apply when the tra ns former is on load, 
except that some modification is necessary on account of the exis¬ 
tence of the secondary current vector I $ . 

The reason for the phase angle being small under no-load condi¬ 
tions is that the vector I v x p representing the primary reactance 
volt-drop—which vector is chiefly responsible for the phase dis¬ 
placement—is then perpendicular to the direction of I 0 , and is thus 
more nearly in phase with E P than when a secondary current exists 
(see Eig. 419). 

Effect of Variation of Secondary Burden. Considering the case of 
full-rated voltage applied to the primary winding, then the secondary 
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voltage will be approximately the same for all values of secondary 
volt-amperes burden. Increase of this burden will thus mean a 
proportional increase in the secondary current. Thus, if the burden 
is 15 VA, with full-rated voltage applied to the transformer, the 
secondary current will be y-fjj = 0*136 amp. (assum in g that the 
rated secondary voltage is 110 volts). If the burden is increased to 
50 VA with the same applied voltage, the secondary current will be 
_ o-45 amp. 

Thus, with increased burden I s is increased, and hence the primary 
current I p is increased. I 0 is reduced slightly, but its variation is 
unimportant. Both the primary and secondary voltage-drops are 
increased, and thus, for a given value of V p (Fig. 419), E v , E s) and 
V. are reduced by increase of burden. The effect is therefore to 

V 

increase the actual ratio ■— of the transformer as the burden 
increases. v 8 

With regard to the phase angle, the voltage V v is advanced in 
phase relative to the flux (f> (or, more strictly, is retarded in phase 
relative to V P ) as the secondary burden increases, owing to the 
increased voltage-drops and to the phase advance of I p as I s in¬ 
creases. Again, V 8 is retarded in phase, relative to <f>, on account of 
the increased secondary voltage drops. Hence, the phase angle is 
increased (lagging) as the burden increases. 
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Effect of Power Factor of Secondary Burden. As the power factor 
of the secondary burden is reduced—i.e. angle A (Pig. 419) is in¬ 
creased —Ip becomes more nearly in phase with I 0 . The voltages 
V v and V s move more nearly into phase with E^ and E s respectively, 
and since the voltage drops in the windings, for a given volt-amperes 
load, are very little influenced by the power factor of the load, the 
result is an increase in V 9 relative to E v (or, strictly, a reduction 
of E 9 relative to V p )> and a reduction of V s relative to E s . Hence, 
the ratio of the transformer increases as the power factor of the 
burden decreases. 

Since V s is advanced in phase and V v retarded in phase, thereby 
the phase angle of the transformer is reduced (lagging) or increased 
(leading). 

Effect of Frequency . For a given applied voltage, reduction of 
frequency results in an increase in the core flux, with a corresponding 
increase in the exciting current 7 0 . Since the exciting current does 
not influence the transformer errors very seriously, the effects of 
variation of frequency are not so great as in the case of current 
transformers. The reactance volt-drops in the windings are also 
proportional to frequency. 

Thus, the results of a reduction of frequency are, in the case of 
ratio error, dependent upon the relative values of I Q and the react¬ 
ances of the windings, since increase in I 0 tends to increase the ratio, 
whilst the reduction of the reactance volt-drops tends to reduce it. 

As regards phase angle error, both effects retard V v in phase 
relative to <f>> and the reduction of secondary reactance advances 
F, in phase. Thus the phase angle is reduced (lagging) as the 
frequency is reduced. 

W. Gray and A. Wright (Ref. (42) ), in a very informative paper, 
discuss the use of voltage and current transformers with switchgear 
on h.v. circuits. They conclude that capacitor voltage transformers 
—consisting of a tuned capacitor-reactor divider network together 
with an electromagnetic voltage transformer—are uneconomical 
for systems below 110 kV. These authors deal also wdth the tran¬ 
sient performance of current transformers and with details of 
construction required for high-voltage operation. 

A. H. M. Arnold (Ref. (44) ) stresses the very low errors intro¬ 
duced by current transformers having nickel-iron cores. He states 
that voltage transformers for 14 kV have been built with a ratio 
error of only 0*01 per cent and a phase-angle error of less than 
1 minute. 

Fes _ Transformers, (a) Cubbent Train's 

Since it is often necessary, inthe precisiontesting of 
current transformers, to determine the ratio to within ^ of 1 per 
cent and the phase angle to within of 1 degree, special apparatus 
is necessary for such purposes. 

These testing methods may be divided into two classes: (a) 
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f __ and (6) secondary, or In 

the absolute methods the transfom^^errors are oetermined in 
terms of the constants—resistance, inductance, and capacitance—of 
the testing circuits; whereas, in the secondary methods, the errors 
of the transformer under test are compared with those of a standard 
current transformer. Two absolute methods, and three secondary 
methods are given below. 

References to other methods are given at the end of the chapter. 

~ ~ _ Method. This method has been used, with 

modifications, by Sharp and Crawford, Agnew and Silsbee, and 



Fig. 423. Mutual Inductance Method or Current 
Transformer Testing 


others. It has been developed largely by the American Bureau of 
Standards. The essential connections are given in Pig. 423. 

R x and R 2 are low-resistance, non-inductive shunts, the latter 
having a slide wire in series with it for fine adjustment. R 1 is of 
fixed value. Neglecting, for the moment, the question of phase, the 
vibration galvanometer will indicate zero deflection when the 
voltage-drop I J> R 1 is equal (and opposite) to the voltage-drop I S R 2 ‘ 

Thus, 1^! and R 2 must be chosen so that — is approximately equal 

t'l 

to the nominal ratio of the current transformer. Actually, as stated 
above, R ± is suitably chosen to carry the full primary current, and 
R 2 is adjusted as required to render the two voltage-drops equal. 
In addition, it is necessary, in order to obtain zero galvanometer 
deflection, to adjust the mutual inductance M, on account of the 
phase displacement between the currents I P and I 8 . 

Theory. Referring to the vector diagram of Pig. 424, /„ and I 9 
are vectors representing the primary and secondary currents of the 
transformer respectively. I^Rj and I S R 2 are the voltage-drops 
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across R 1 and R 2 , and are in phase with these currents. The resultant 
voltage e (vector sum of ijR^ and I A) would exist in the galvano¬ 
meter circuit if the value of the mutual inductance M were zero. 
The vector I s coM represents the voltage induced in the secondary of 
M (which is air-cored) by the current I s . Obviously this vector lags 
in phase 90° behind I g . When M and R 2 are such that the vectors 
e and l s co3I are equal, and opposite in phase, no current flows 
through the galvanometer. 

Then, from the vector diagram, the phase angle 6 of the trans¬ 
former is given by 


tan 6 — 


I s coM 


co 31 


(398) 



Also, 


or Transformer Ratio 


IA 


I 


| — cos 6 


R 2 


R x cos 6 


■■ jr (very nearly) 


(399) 


since 6 is usually very small. 

Obviously a measurement of the supply frequency is needed for 
the determination of the phase angle. It should be noted, also, 
that the impedance of the secondary load circuit includes the resis¬ 
tance R 2> and the impedance of the primary of M, as well as the 
impedance marked “load.” This must be taken into account in stating 
the burden to which the transformer errors measured apply. R t 
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and R 2 are assumed, in the above theory, to be entirely non-inductive. 

The Leeds & Northrup Co. manufacture a set of apparatus for 
this method of testing. The mutual inductance is of the Brooks 
and Weaver type, and a range of low-resistance, non-inductive 
shunts is supplied for use, as required, in the primary circuit. The 
current-range covered is from 30 to 1,000 amp. 

The makers claim for this apparatus that it will give ratio values 
which are accurate to within y 1 ^ of 1 per cent, and phase angle values 
to within 5 min. 

Biffi Method . This method, described initially by E. Biffi (Kef. (22)), 
is a very convenient one, since the apparatus required is of a simple 


a.c. Supply 
Jl 


Current 
Transformer 
under Test 



Fig. 425. Bren Method of Testing Cuekent Transformers 


character. W. I. Place (Ref. (23)) has investigated the method, and 
has given a full account of its operation and of the requirements of 
the apparatus for general current-transformer testing. 

Fig. 425 shows the connections of the apparatus for this method. 
r x and r 2 are non-inductive resistances, both being of the order of 
100 to 400 ohms, and the latter being variable. C is a variable 
capacitor of about 1 microfarad, shunting r x . R L and R 2 are non- 
inductive shunts, in the primary and secondary circuits of the 
current transformer respectively, of such magnitudes that the voltage- 
drops across them are approximately equal and are about 0*5 or 
0*75 volt. V.G. is a vibration galvanometer. The arrangement 
forms what is essentially a bridge network. 

The method of procedure in testing a current transformer, after 
having tuned the vibration galvanometer, is to adjust r 2 and C until 
no deflection of the galvanometer is observed. The values of the 
transformer ratio and phase angle, under the conditions of load 
and frequency existing during the test, are found by substituting, in 
the expressions given below, the values of r 2 and C for balance. The 
supply frequency also should be measured for use in the expression 
for phase angle. 
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( 400 ) 


(401) 


Ratio Expression 

1±- + r i) 

I, R X (R Z + r 2 ) Vl + coVC 2 ' 

co = 2n X frequency. 

Phase Angle 

tan 6 — ooCr 1 .... 

= 6 radians (very nearly) 
where 6 is the phase angle of the transformer. 

Theory. Let x and x be the two mesh currents in the two circuits of the 
network under balanced conditions (galvanometer current then equals x — x 
= 0). 

Then, in mesh I, 

+ *)- 0 .... (402) 

where A — 1 -J- co^r^C 2 . 

Note, For r x and C in parallel we have, 

total impedance = — — ~j^Qr 

Rationalizing, we have, 

._j _ r x (l -jcoGrJ r x jcoCr- 2 

impedance - - J ~ ~Z~ 

In mesh II, 

B 2 (x - I s ) -f- xr 2 = 0 . . . . . (403) 

I 9 and I s are the primary and secondary currents of the transformer under 
test. 

From the above equations we have 
r x jcoCr x ' 

A 


Vj? , gV -| 

£» = 5a 1 + A A 

I s B x L B 2 + -J 


B 2 + r 2 

or, converting to scalar quantities from the symbolic, we have 

Iy JRJL(S 1 A + tjP + cu *C*rSl 
X 8 BtiBz + r z )A 

_ RlB^l + co 2 C 2 r 1 2 ) 2 + 212^(1 + co 2 G 2 r 2 ) + co 2 G 2 r^ + r*] 

+ r % ) (1 + co 2 C 2 r x 2 ) 

_ R£( 1 + 4- co 2 G 2 r 2 ) + 2B x r x + V}]* 

Ri(R* + r 2 ) (1 + co 2 G 2 r x 2 ) 

or ^ '- 1 —(very nearly) (404) 

Is R X (R 2 + r 2 ) Vl + 0> 2 CV 

since co 2 C 2 r x 2 is very small compared with unity. 

The phase angle expression is most easily derived from the vector diagram 
of Fig. 426, which refers to balance conditions. In this diagram, the magni¬ 
tudes of x and of the phase angle Q of the transformer have been exaggerated 
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for clearness. Since, for balance (J a — x)R t must be equal, both in magnitude 
and phase, to xr 2 , it follows that the current x in mesh II is in phase with I s . 
At balance also we have that i T r x = (I p - x)R 1 , the subtraction of x from l p 
being now vectorial, since I p and x are not quite in phase (actually they are 
displaced from one another in phase by 
the phase angle 6 ). i T is the component 
of the current x which passes through 
the resistance r lr , i c being the component 
of x passing through the capacitor C. 

Since x is usually quite negligible com¬ 
pared with j, its vectorial subtraction 
from I p has been omitted in the vector 
diagram, the value I p being used instead 
of the vector difference (J - x). 

We have, then. 


(1$ ) f?2 


Ip Rj 


tan <9 = tS 


Now, 

and 


lyR l 

n 

= I v R x coG 

coG 



Fig. 426 


tan 6 — — coCr 1 


(405) 


Example, In order to obtain an idea of the quantities involved, 
suppose a current transformer whose nominal ratio is 300/5 is under 
test, with a supply frequency of 50 cycles per second. Let r 2 be 
400 ohms, and R 2 be 0-15 ohm. 

Then, at full rated current, from equation (403), 

0*15(# - 5) + 400# = 0 
or x — 0-002 amp. 

Obviously this is quite negligible compared with 300 amp. (= /„), 
so that no appreciable error is introduced by taking the .current 
through I?! as equal to l v as above. The value of R x to give a voltage 
drop equal to that across R 2 (namely, 0*75 volts) at full rated current 
would be 0*0025 ohm. 

Again, assuming a phase angle of 1° in the current transformer, 
and supposing the value of G for balance to be exactly J microfarad, 
we have 

0*5 

tan 1° = 2 tt X 50 X tt: X h 
10 ® 

from which r 3 = 111 ohms 

Silsbee Method . Unlike the two methods described above, this is 
a secondary, or comparison, method. The ratio error and phase 
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angle of a current transformer under test are obtained by com¬ 
parison with the constants of a standard transformer of the same 
nominal ratio as the one to be tested. Such comparisons may be 
carried out very accurately, and without a large amount of expensive 
and complicated apparatus. The method is exceedingly useful, 
especially for such purposes as workshop testing of the constants 
of current transformers during manufacture. 



5 

Fig. 4-27. Selsbee Method of Testing 

Tig. 427 gives a diagram of connections as given originally by 
F. B. Shsbee (Ref. (24)). 

The transformer under test, and a standard transformer of the 
same nominal ratio, are connected as shown, with their primary 
windings in series and their secondaries also in series. The polarities 
of the secondary windings should be such that the ammeter A 
(10 amp.) indicates only a very small current when the full primary 
current is supplied to the two transformers. An impedance marked 
“Load” is inserted to bring the impedance of the secondary 
circuit of the test transformer up to the burden with which the 
performance of the transformer is required. An ammeter, the 
primary winding of the mutual inductance M> and a slide-wire 
resistance, are connected in the secondary circuit of the standard 
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transformer. A dynamometer wattmeter is used as the detectorj 
its pressure coil being supplied from one or other of two a.c. sup¬ 
plies—which are in quadrature—through the double-throw switch 
S. The current coil of the wattmeter is connected in parallel with 
a variable non-inductive resistance r l3 the secondary winding of the 
mutual inductance M, and a portion of the slide-wire resistance r 2 . 

In carrying out a test r l9 r 2 , and M are adjusted until the watt¬ 
meter gives no deflection for either of the two positions of the 
switch S. 

Then, when the sliding contact O is to the right of B, 


jig — 1 i r2 

+ *1 


co 2 M* co 2 ML x 


2r a 2 


1 + 


r 2 co 2 M (M \ 

7 1 --^(- 2 +L ') 


(406) 


where R x = ratio of the transformer under test 
R s = ratio of the standard transformer 
co = 2 tt X frequency 

M — the setting of the mutual inductance for zero watt¬ 
meter deflection 


Also, 

where 

If the 
B , then 


= total resistance O to H, through M 
r 2 = resistance of slide-wire B to G 
Lj = inductance of the secondary coil of M 
coM coL Y r 2 


tan (a x - a s ) 


(407) 


a x — phase angle of transformer under test 

a 3 = phase angle of standard transformer 

setting of G for zero wattmeter deflection is to the left of 


R x r 2 t r 2 2 co z M 2 co 2 ML^ 

■xr'-n+tt-sr—?- 


(408) 


and tan (a x — a s ) = 


coM 


coL x r 2 

r* 


coMr 2 


(409) 


Silsbee gives the resistance r x as about 30 ohms, the total slide- 
wire resistance about 0-2 ohm, and the mutual inductance M about 
600 mi crohenries. These need only be calibrated with the accuracy 
to which it is required to measure the difference between R x and R s 
(about 1 per cent). 


Theory. Let the vector difference between the secondary current I x of 
the transformer under test and the secondary current I 8 of the standard be 
AI. This current flows through the branch contai nin g r x and M when zero 
wattmeter deflection is obtained. 
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Substituting for A J, wo have, 

I sir -.1 + jo>L 1 -f jcoM) = I x {n + r 2 4 - ico^i) 

If q s and a a are the phase angles of the two transformers, 

-K, = 7 - (cos a s + i sin a s ) 
s 

and R x = (cos cq. + i sin a^) 

± x 

where I v is the common primary current. 

Then = J s( cos a x ±J_ si3Q.a x ) 

&s J x ( cos a s + 3 sin a s ) 
or Z» = B A cos Qg 4- j sin a s ) 

1 x ^ s (cos Cj -f- 3 sin a x ) 

Multiplying numerator and denominator of the right-hand side by (cos a a 
-jisino^.) we have. 

Is = B x { cos q g + j sin a s ) (cos -j sin a x ) 

I x i2 s (cos 2 a* + sin 2 a x ) 

= (cos a s cos a. x + sin a s sin a x + q sin a s cos a x -j cos a s sin a*) 
±c s 

JR 

= [cos ( a s - a x ) -f- 3 sin (a s - a,.)] 


h = r i + r 2 ± s 
Zj. r x + $<01*1 + jcoM 


! + &+&£> 

7*1 r t 

1 4 . M &1 . MM 
ri ^ r x 


1 + a + jc , r 2 coM coL 

= -—■— , — where a = —, b — -, and c = - - 

l+# + 0 ) r x r x r t 

or = 1 -f- a — be — b 2 . . . + j (— b — ac — ab . . .) 

3-x 

The succeeding terms are negligibly small 
[cos (a s - a x ) + j sin (a s - a x )] 

= I ~r a — bc — b 2 + j{— b — ac— ab) 

Equating real and imaginary quantities, we have, 

cos ( a s - a x ) — 1 -f~ a — be - b 2 
rc 8 

and ^ sin (a s - a x ) = -b - ac - ab 

From which we have 

^ = V(1 + « - be - 6 2 ) 2 + (- 6 - ac - a&) 2 


= 14 a-~-bc 

By division, also, 

, , * - b - ac - ab 

tan (a.- a.) = r +g _ 6e _ fc2 = 6 + ac . . . 
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Since the second-order terms are usually small, it is sufficiently 
accurate for most testing purposes (to y 1 - per cent) to write 

it 5 = 1 ± <* = 1 ± —.(410) 

K s 7 \ 

, , co 21 

and a x - a s = b = - ...... (41J) 

r i 

Arnold Method . The Silsbee method is not sufficiently sensitive 
for tests upon the more accurate modem current transformers such 
as those of the AL type. A. H. M. Arnold has described (Ref. (38) ) 
an appropriate method for this purpose, developed and used at the 
National Physical Laboratory, which is essentially a modification 
of the Silsbee method. The circuit is shown in Fig. 428, which 
also gives the vector diagram for the network under balance con¬ 
ditions. Details of the circuit are as follows. 

S and X are the standard and test transformers respectively, these 
being of the same nominal ratio. In the N.P.L. apparatus, three 
standard transformers are available, these covering the range of 
ratios from 5/5 to 12,000/5. Full details of the construction and 
calibration of the standard transformers are given in Arnold’s paper. 

jT is a 5/5 current transformer having negligibly small ratio and 
phase-angle errors, and is for the purpose of insulating the measuring 
circuit from the main secondary circuit. 

M is a variable astatic mutual inductance with a range of ± 2*4 
microhenries. 

R consists of three resistances, of 0*01, 0*10, and 1 ohm respect¬ 
ively, connected in series and being fitted with short-circuiting 
plugs so that any two may be short-circuited, depending upon the 
sensitivity and range desired. 

r is a variable resistance of ± 500 microhms. This consists of a 
constantan tube having a return conductor passing down the centre 
of the tube. One potential connection is made at the centre of the 
tube and the other is a sliding contact. 

* An im pedance giving a range of burdens for the test transformer 
and an a mm eter, having a Mumetal movement enabling the 
secondary current to be set to 0*1 per cent of full-scale value, are 
included. 

Testing Procedure . Inductive interference in the measuring cir- 
, is first e Emm ated by disconnecting the potential leads from R 
and joining them together. Then, with r and M set at zero, and 
full primary current flowing, the apparatus and leads in the meas¬ 
uring circuit are arranged so that no deflection (indicating no 
inductive interference) is obtained on the vibration galvanometer. 

A check upon the polarities is then made, replacing R tempo¬ 
rarily by a resistance of 0*0004 ohm, to which the potential leads 
are connected as in Fig. 428. 
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Balance is finally obtained, using R as shown, by adjustment of 
M and r. 

At balance, 

K x -K s ±= r/R 

and d x - 6 S =? coMjR 



Fig. 428 


K x and K s are the ratios 


actual ratio 


for the test and standard 


nominal ratio 

transformers respectively, and 6 X and 6 S are their phase angles. 

Theory 

T t = J,(coa 6 , + j sin 0 8 ) = (cos 0, -f j sin 0,) . J p 

where JR, = the actual ratio of the standard. 
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The approximation is justifiable, since d a is very small. 

Similarly, = - J- [l + jd x ]l p 

where JR* = actual ratio of test transformer. 

Thus > i* = [ 1 + j(9. - e.)ii, 

Now, at balance, 

R{I„ - I x ) - rl s -f jcoMI a = 0 (since I', = - I s ) 

Substituting for I x in terms of I a gives the equation 

+ J “ J0jM = 0 

Equating real and imaginary terms 

or 1 - RJR X — rjR 

Hence 1 - K^NJK^ = rJR 

where N — the nominal ratio. 

Thus, to a close approximation, since K, and K x are nearly unity, 

K x -K, = rjR 

Again, (d x - Q a ) = coMJR 

R x 

or B x — 6 t = coMJR 

Messrs. H. Tinsley & Co. manufacture a precision current trans¬ 
former testing equipment based on the above principles. This 
equipment is designed for a range of ratios of 5/5 to 10,000/5, the 
accuracy obtainable being 2 in 100,000 in ratio measurements and 
0-05 min, phase angle. In routine tests the accuracies are 1 in 
20,000 and 0*2 min. respectively. 

Petch-Elliott Testing Set. Messrs. Elliott Bros, have introduced 
the Petch-Elliott current transformer testing set for the testing 
of precision current transformers at a given frequency. As in the 
Arnold method, the transformer under test is compared with a 
standard transformer of the same nominal ratio. 

The “difference’ 5 or “spill” current (called I S ~I X in the descrip¬ 
tion of the Arnold method above) is passed through a separate 
winding on a toroidal transformer which carries three other wind¬ 
ings. One of these supplies the vibration galvanometer, and the 
other two are supplied, through slide-wire potential dividers, from 
the standard transformer, through an auto-transformer. 

This set has the advantages that it is capable of testing trans¬ 
formers designed for either 5 amp., 1 amp., or 0*5 amp. secondary 
currents. It is unaffected by stray magnetic fields, is portable, and 
has a range of + 0*5 per cent to - 0*5 per cent ratio and + 20 min. 
to — 20 min. phase angle on its normal range. 

( b) Voltage Transformer Testing . Tests for the determina¬ 
tion of the ratio and phase angle errors of voltage transformers 
may be divided into two classes, just as current transformer tests 
were divided; namely, absolute tests, and comparison tests. 
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Absolute Methods. In these methods, the voltage of the trans¬ 
former secondary winding is compared with a suitable fraction of 
the voltage applied to the primary winding, this fraction being 
obtained by the use of a non-inductive and non-capacitative resis¬ 
tance potential divider with a variable tapping. The magnitude 
and phase of the difference between these two voltages are measured 
and the transformer errors are obtained therefrom. If the primary 
voltage of the transformer under test is very high it is very difficult 
to eliminate the effect of distributed capacitance in the potential 
divider. A complicated system of screening becomes necessary, and 


Potential 

Transformer 

Burden 


Supply 

Alternator 

V" 



Potential Transformer 
Secondary Winding 

i 

—esj 


i v p 


•^i^jPoten tia I Transformer 
\ Primary Winding 



Fig. 429. Absolute Method of Testing Potential Transformers 


the divider is likely to be a very expensive item in the testing 
apparatus. B. G. Churcher has described a capacitor potential 
divider for voltages up to 132 kV (Ref. (25)), and his original paper 
should be referred to for the description of an absolute method 
of voltage transformer testing, using such a divider. The question 
of distributed capacitance in resistance potential dividers for such 
tests is discussed in a paper by C. Dannatt (Ref. (26 )), which also 
gives details of a testing apparatus designed for routine tests upon 
voltage transformers. 

There are several absolute methods of testing in which the trans¬ 
former errors are determined in terms of the impedances of the 
various parts of the testing circuit. These methods are all essentially 
the same in principle, the transformer secondary voltage being, in 
all such methods, balanced by a fraction of the primary applied 
voltage, a vibration galvanometer being used as a detector to indi¬ 
cate exact balance, and various adjustable impedances being used 
to vary the magnitude and phase of the fraction of the primary 
voltage until such a balance is obtained. 

One such method is described below, references to similar methods 
being given in Refs. (3), (25), (26), at the end of the chapter. 

Fig. 429 gives the connections of this method of testing. The 
burden with which the transformer is to be tested is connected 



EXTENSION OF INSTRUMENT RANGE 


723 


across the secondary winding, and the normal primary voltage, at 
normal frequency, is applied to the primary winding. One end of 
the secondary is connected to one end of the primary winding. 
A non-inductive and non-capaeitative potential divider is connected 
across the primary winding in series -with an inductance L. A cap¬ 
acitor G shunts a small part r of the resistance of the potential 
divider, which has two adjustable contacts b and c as shown. V.G. 
is a vibration galvanometer. 

In carrying out the test the positions of these contacts b and c 
are adjusted until the vibration galvanometer gives no deflection. 

Then the transformer ratio is given by 


R± Hb E 2 
R» 


(approximately) 


(412) 


where Y v = primary terminal voltage 

V s = secondary terminal voltage 
and R x and R 2 are the resistances shown in Fig. 429. 

The phase angle 6 of the transformer is given by 

“ «_*•>[»<£-&*>(£-j^)] . (413) 

r being the resistance a to b, as shown. 


Theory. Let I = current passing from the supply through the potential 
divider as shown. 

When the vibration galvanometer indicates zero deflection, the current 
through the section co is the same as that through section dc. Then the 
secondary terminal voltage 

V 8 = volt drop co = IZ co 
where Z co is the impedance of the section co. 

Again, the primary terminal voltage 


p, = IZ *° 

where Z d0 is the impedance of the section d to o. 
Using the symbolic notation, we have 
Z co ~ “ r ) + JcoL + Z ba 

where Z ba is the impedance of r and C in parallel. 
In evaluating Z ba we have 


11 
Z*- ” r 


\ 4 - JcoC 
-3 r 


0)0 


_ r _ r(l —jcoCr) 

ba ~' 1 + jcoGr 1 + w 2 C 2 r 2 

. _ r jcoCr % 

Z co = ( R z ~ r ) + JoL + 1 + “ 1 + (MChr* 

r . r T <7r* ~| 

= R z -r + x + rfch* + 1-j- co*C*r*J 


24— (T.5700) 
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Now, 


Z co + Z d 


Z co + 


— R x + i?2 ~ r 4“ 


. V 2 ? _ do 

* * V ~ IZ rn 


1 + a>*C*r* 
M x 4" i?2 — T -f- 


- JCO 


[' 


<7r* "I 

1 + oW J 


1 + co*C*r* 


4* jco 


[ £ -r 


Cr* 


4~ ct) 2 C7 2 r a J 


i? 2 - r -h • 


1 + co*C*r* 
Since co z C*r* is small compared with unity, 

: r (approx.) 


+ jco [ J. - r ] 


and also co 
Thus, 


1 + co 2 OV 2 
O 2 1 
L l+^CVaj 


is small compared with R x and R % . 
J> R% + -^s 


i2. 


(very nearly) 


Phase Angle. Tlie vector diagram corresponding to balanced 
conditions is shown in Fig. 430, in which I c and l r are the two 
components of I flowing through the capacitor C and resistance 
r respectively. 6 is the phase angle of the transformer. The vectors 
representing the voltage drops across the parts of the circuit oa , 
ab,cb , and cd are marked thus— v oa — in addition to their markings 
in terms of current and impedance. 

ISFow, in the triangle whose sides are V v , F s , and v ct , 

Vcd = 

sin d sin a 

IR i _ V s 

sin 6 sin a 

IR X 8 in a 

v7~ 


Hence, 


sin 6 = 


The angle a is the phase angle of the whole circuit d to o; i.e. the angle 

between F and I . 



r Cr* -] 

°\_ 1 -j- co*C*r* j 


sin d 


IR X 

V s 


, r r Cr* -1 

L 1 + co*C*r* J 


or, substituting —for I, we have 
Zifa 


Cr 2 


sin 6 • 


R x 


JR, 


1 +• co*C*r*_ 


J do 


Cr* 


1 + co*C*r* _ 



^"~<^Phase Shifting 
Transformer 

Fig* 431. Comparison Method of Testing Potential 
Transformer 


R 11 

- - may be written -=r- - —-—, and also co z C*r* may be neglected 

in comparison with unity. 

Thus, sin 0 = m[L-Cr*] [i. 

Cornyarison Methods . The connections for one such method are 
given in JbHg. 431 (Kef. (4)). Two wattmeters W x and W 2 are used in 
conjunction with a phase-shifting transformer. The current coils 
of the wattmeters are connected in series and are supplied with a 
current whose phase is variable from the rotor winding of the phase- 
shifting transformer. The pressure coil of wattmeter W x is supplied 
from the secondary windings of the two voltage transformers 
one transformer being under test and the other a standard trans¬ 
former of the same nominal ratio. The secondary windings are 
connected in opposition so that the voltage applied to the pressure 
coil of PFj is the vector difference of the secondary voltages of the 
two transformers. The burden with which the test transformer is 
to be tested is connected across its secondary winding. The primary 
windings of the transformers are connected in parallel, and hence 








726 


ELECTRICAL MEASUREMENTS 


have the same primary voltage V P . Wattmeter W 2 is for the purpose 
of checking the phase of the current I, in the current coils of the 
wattmeters, relative to the secondary voltage F s of the standard 
transformer. The pressure coil of this wattmeter is, for this reason, 
connected across the secondary winding of this transformer. 

As used in this test, wattmeter IT 7 ! is essentially a voltmeter, and 
its deflection, per volt applied to the pressure coil, corresponding 
to some given current in the current coil, must he known. Let K 
be the volts per division for a current I in the current coil; this 
current being in phase with the applied voltage. 

The operation of the method of testing consists in observing the 
reading of wattmeter W 1 when the current I in the current coil 



Fig. 432 


is in phase with the secondary voltage of the standard transformer. 
The phase of this current is altered, by adjusting the phase-shifting 
transformer, until wattmeter W 2 gives a maximum reading, when 
the current I in its current coil is in phase with the voltage V s 
applied to its pressure coil. 

The phase-shifter is then adjusted until wattmeter W 2 gives 
zero reading, when the current I must he 90° out of phase with 
the voltage V s . The reading D 0 of wattmeter W x is then again 
observed. 

Then if R s and R& are the ratios of the standard and test trans¬ 
formers respectively. 


'* “ V t -KD 1 ' 


(414) 


Q x = 6 a ~h tan -1 


Vs 


and 


. (415) 
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where B x and d s are the phase angles of the test and standard 
transformer respectively. 


Theory- Referring to the vector diagram of Fig. 432 {a), vectors OV v , OV s , 
and OV x represent the common primary voltage of the two transformers and 
their secondary voltages respectively, while angles 0 S and Q x are their phase 
angles. Ov is the vector difference of V s and V x , and is the phase angle 
between v and V s . 

Then, when the current 1 is in phase with V s , we have, by projecting V s 
on to V x , as in Fig. 432 ( b), 

V s cos (&x ~ &s) = V x + v cos W + (0 X - 0 S )] 


Now, the ratio R s of the standard transformer is given by while the 

F v s 

ratio of the transformer under test is R x = -r—. 

*x 

Thus, oos (6 X -d s )=^ + v cos [£ + (6 X - 9 S )] 

Again, when 1 is in phase with F s , wattmeter W x reads Z) x , and the power 
in this wattmeter is then vl cos A 

vl cos = kD x 
where k is a constant. 

Or v cos /? = KD 1 

where K is the constant of the wattmeter in volts per division corresponding 
to a current I . 

Substituting for v in the previous equation, we have 

w s 003 ' 9 -> - ft + 003 

Now, 6 X - d s is a very small angle, and its cosine may be taken as unity. 
Hence, 

F„ F* . _ , 


~ 4- KJD 1 (very nearly) 


1 KD 1 _ J_ 

r *. y 9 ~ ** 

Substituting i? s F s for V^ we have. 


1 1 KD X V S -KD X 


Thus, R x J 

Again, from Fig. 432 (6), if 6 X - $ s is neglected in comparison with fi, 

,fl o ^_ v sin P _ 


tan - d s ) = 


v s cos (d x - e,) 


(very nearly) 


Now, when the current I is in quadrature with V s (as represented by vector 
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OX '), the power measured by wattmeter W x is vl cos (90 — fi). If the deflection 
is now D ot then 

KD a — v eos (90 — (3) 

= v sin /? 

tan (8 x -8,) = 

i.e. 0 x -e s = tan"*£p 

S KT) 

or 0* « 0 f + tair* ^ 

y s 

Other comparison methods are described in the works mentioned 
in Refs. (2), (3), (27). 
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CHAPTER XX 

THE MEASUREMENT OF POWER 

In direct-current circuits power may be measured either by a watt¬ 
meter or by an ammeter and voltmeter, the product of whose 
readings gives the power in the circuit. In alternating current 
circuits the power at any instant is given by 

p = ei . . . . . . (416) 

where p = instantaneous power 
e = instantaneous voltage 
i = instantaneous current 

Thus, if both the current and voltage waves are sinusiodal, the 
current lagging in phase by an angle </>, then 

e — E max sin cot 

and i = I max sin (cot - cf>) 

The instantaneous power p is therefore given by 
p = ei 

= E, nax I max sin cot sin (cot - cf>) 
or, writing 6 for cot, 

P = H maxi max sill 6 sill (6 - <f>) 

The mean power P 

•^max^-max sin 6 sin (6 - <ji) dd . (417) 

_ ^ maO max f ' COS (f> — COS (2d — (f>) 

27r J o 2 d0 

= QszPni* f e cos <f> - — ~ & 

4tt [ y 2 

_ -^max^max j 

=-g- * 

P = EI cos cj> .(418) 

where E and I are r.m.s. values of voltage and current. 

The fact that the power factor (cos <f>) is involved in the expression 
for the power means that a wattmeter must he used instead of merely 
an a mm eter and voltmeter, since the latter method takes no account 
of power factor. 
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Wattmeter Measurements in Single-phase A.C. Circuits. Fig. 433 
shows a wattmeter connected in such a circuit. The “current coil” 
of the instrument carries the load current, while the “pressure coil” 
carries a current proportional to, and in phase with, the voltage. 
The deflection of the wattmeter depends upon the currents in these 
two coils and upon the power factor. Inductance in the pressure coil 
circuit should he avoided as far as possible, since it causes the pres¬ 
sure-coil current to lag behind the applied voltage. A high non- 
inductive resistance is connected in series with the pressure coil in 
order that the reactance of the coil itself shall be small in comparison 


Supply 



Current 

Coif 


Pressure < ~ • 

Pnn \ Senes 

u°/j % Resistance Load 


Fig. 433. Wattmeter Connection's 


with the resistance of the whole pressure-coil circuit and also, of 
course, to ensure that the current taken by the pressure coil shall 
be small. 

Wattmeter Errors, (a) Pressure-coil Inductance 
If r p = resistance of pressure coil 
l p = inductance of pressure coil 
R — resistance in series with pressure coil 
V = voltage applied to the pressure-coil circuit 
then, the current through the pressure coil 
= _ V _ v 

V'(r» + W + co V ~ *' 

The phase of this current relative to the voltage is lagging by a 
small angle such that 

tan ^ = ^ • 

By increasing the non-inductive resistance R, this angle is reduced, 
although the current i p is reduced by such increase. The effect of 
variation of frequency is to increase ft (since it increases co), and to 
reduce the current i v , slightly, by its effect in increasing the im¬ 
pedance of the pressure-coil circuit. 
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Thus, if a is the phase angle (lagging) of the load circuit, the 
wattmeter deflection is proportional to 
lip cos (a - ft) 

V 

i.e. proportional to I cos (a — ft) 

where Zp is the impedance of the pressure-coil circuit, 

xr + R 

Now, r — 



Fig- 434. Wattmeter Correction Factors 


Thus the deflection is proportional to 

1 ( r > + T) cos P 008 (a “ /?) 

If the inductance of the pressure-coil circuit were zero, the 

IV 

deflection would be proportional to ——— cos a, and the watt¬ 
meter would read correctly at all frequencies and power factors. 
The ratio of the true reading of the instrument to the actual reading 
is, therefore, 

IV 

cos a 


fry ± R) 


cos a 


IV „ - cos fi cos (a - 

—-— cos p cos (a - p) 


fry + R) 



THE MEASUREMENT OF POWER 


733 


True reading —- cm - X Actual reading 

cos ft cos (a - ft) & 

Correction Factor. The “correction factor” by which the actual 
reading must be multiplied, in order to obtain the true reading, is 

cos ft cos (q -ft) ’ wa ^tmeter will read high on lagging power 

factors of the load, since the effect of the inductance of the pressure 
coil circuit is to bring the current in it more nearly into phase with 
the load current than would be the case if this inductance were zero. 
If the power factor of the load is very low, a serious error may be 
introduced by pressure-coil inductance unless special precautions 
are taken to reduce its effect. 

Fig. 434 gives curves showing the variation in the value of the 
correction factor as the power factor of the load varies, the phase 
angle ft of the pressure-coil circuit being 1° in one case and 0° Id 
in the other. 

The error, in terms of the actual instrument deflection, is 
Actual reading — True reading 

. _ -i 

X Actual reading 


(419) 


__ cos a 

L cos ft cos (a ■ 

[ cos a 1 
cos (a - |5)J 


-/ 9 )_ 

X Actual reading 


if cos ft is assumed equal to unity. 


Error = 


[>- 




cos a -f- sin a sin ft 
sin a sin ft 


X Actual reading 


Error = 


cos a + sin a sin ft 
sin ft 


J 


X Actual reading 


cot a + sin ft 


X Actual reading 


(420) 


( b ) Pbessttbe-coel Capacitance. The pressure-coil circuit may 
have capacitance as well as inductance, this being largely due to 
inter-turn capacitance in the high series resistance. The effect 
produced is similar to that of inductance in this circuit, except that 
the pressure-coil current tends to lead the applied voltage instead of 
to lag behind it. This causes the wattmeter to read low, on lagging 
power factors of the load, by increasing the angle between the load 
and pressure-coil currents. 

The effect of frequency will be, of course, to vary the phase angle 
between V and i Vi the angle increasing with increase of frequency. 

If the capacitance reactance of the pressure-coil circuit is equal to 
its inductive reactance, there will be no error due to these effects 
since the two individual errors will neutralize one another. 
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(c) Eddy Currents. Eddy currents induced in the solid metal 
parts of the instrument, by the alternating magnetic field of the 
current coil, alter the magnitude and phase of this field, and so 
produce an error. The phase of the induced eddy e.m.Fs will be 
90° behind the inducing flux—i.e. rather more than 90° behind the 
main current in the current coil. The eddy current is practically 
in phase with its e.m.f., and this current sets up a magnetic field 
whichj combined with that of the current coil, produces a resultant 
magnetic field which is less than that of the current coil alone and 
which also lags behind the current coil field by a small angle. 

This eddy current error is not easily calculable, and may be 
serious if care is not taken to ensure that any solid metal parts 
(which should be avoided as far as possible) are well removed from 
the current coil. If the wattmeter current coil is designed for heavy 




Fig. 435 . Alternative Wattmeter Connections 

currents, it should consist of stranded conductors in order to mini¬ 
mize the eddy currents flowing in the conductors of the current coil 
itself. 

Methods of Connection in the Circuit. There are two obvious 
methods of connecting a wattmeter in circuit, as shown in Fig. 435, 
in which C.C. and P.C. indicate current coil and pressure coil 
respectively. Neither measures the power in the load directly, 
without correction, even neglecting the errors discussed above. 

In the method of diagram (a), in which the pressure coil is con¬ 
nected on the “supply ” side of the current coil, the voltage applied 
to the pressure coil is higher than that of the load on account of the 
voltage drop in the current coil. In diagram (6) the current coil 
carries the small current taken by the pressure coil, in addition to 
the load current. 

In the first case, the instrument measures the watts, I 2 R C , lost in 
the current coil, and in the second case the watts lost in the pressure 
coil, as well as the power in the load. 

If the load current is small, the volt drop in the current coil is 
small, so that the first method of connection introduces a very 
small error. On the other hand, if the load current is large, the watts 
lost in the pressure coil will be small compared with the watts in 
the load, arid the second method of connection is better. 
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Compensation for Power Loss in Pressure Coil. In some watt¬ 
meters a compensating coil is used to eliminate error due to the 
current coil carrying the pressure-coil current in addition to the 
load current, when the connections are as in Fig. 435 (b). This com¬ 
pensating coil is as nearly as possible identical and coincident with 
the current coil, so that if it were connected in series with the latter. 



Fig. 436. Connections op Compensating Con- 


and a current passed through the two coils—connected so that their 
magnetic effects are in opposition—the resultant magnetic field 
would be zero. Actually the compensating coil is connected in 
series with the pressure coil, but in such a way that its magnetic 
effect opposes that of the current coil and neutralizes the pressure- 
coil component of the current in the current coil. Thus, if no-load 


Primary 



Fig. 437. Use op Instrument Transformers with a 
Wattmeter 


current flows in the instrument, the deflection should he zero, since 
the resultant current-coil field should he zero. The connections of this 
method of compensation are shown in Fig. 436. 

The Use of Instrument Transformers with Wattmeters. Current 
and -voltage transformers may be used with wattmeters just as 
they are used with ammeters and voltmeters. By using a number of 
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current transformers, of different ratios, for the supply of the watt¬ 
meter current coil, and a number of voltage transformers for its 
pressure coil, the same wattmeter may he used to cover a very large 
range of power measurements. The connections of a wattmeter 
when so used are shown in Fig. 437, in which an ammeter and. a 
voltmeter are connected in circuit, supplied from the same trans¬ 
formers as the wattmeter. 

When such transformers are used corrections must be applied 
to allow for their ratio and phase angle errors. Fig. 438 gives the 
vector diagrams for the currents and voltages of the load, and in 



Fig. 438 


the wattmeter coils. Diagram (a) refers to a load with a lagging 
power factor, and diagram ( b) to a load with a leading power factor. 
It is assumed that both current and potential transformers are used. 
In the diagrams— 

E = voltage of the load 
I = load current 

a = phase angle between load current and voltage 
y = phase angle between the currents in the current and pressure 
coils of the wattmeter 
I a = current in wattmeter current coil 

= secondary current of current transformer 
E s = voltage applied to wattmeter pressure coil 
ip = current in wattmeter pressure coil 

ft = angle by which lags E s on account of inductance of 
pressure coil 

d = phase angle of voltage transformer 
d == phase angle of current transformer 
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The vectors shown dotted are E and 1 reversed. 

Obviously, "when the load has a lagging phase angle a, we have 

a = y + Q + d + ft 
or, more strictly, 

cl = y 6 i<5+^ 

since the phase angle of the voltage transformer may be either 
lagging or leading. 

In the case of a leading power factor of the load 

a = y db d - 0 - ft 

Correction Factor. The correction factors—neglecting, for the 
present, the ratios of the transformers—become 

_ cos a _ 

cos fi cos (a - 0 ± d — ft) 

in the case of lagging power factor of the load, and 

cos a 

cos {$ cos (a ± <5 + 6 +• fi) 
in the case of leading power factor of the load. 

Writing K for the correction factor, we have for the general 
expression for the power to be measured. 

Power = K X Wattmeter X Actual ratio x Actual ratio . (421) 

reading of current of voltage 

transformer transformer 

The transformer ratios to be used in the expression are the 
“actual” ratios as distinct from the nominal ratios. As was seen 
in the foregoing chapter, these ratios are not constant, but depend 
upon the load conditions, so that calibration curves of the trans¬ 
formers are necessary if accurate power measurements are to be 
made. It should be noted, also, that in the above the power losses 
in the instruments are not considered. 

Measurement of Power without using a Wattmeter. It is possible 
to measure the power in a circuit without a wattmeter by using 
either three ammeters or three voltmeters, in conjunction with 
non-inductive resistances. These methods are not, however, of 
much practical importance. 

Three-voltmeter Method . The connections are as shown in 
Fig. 439, in which F 3 , V 2 , and F 3 are the three voltmeters and R a 
non-inductive resistance which is connected in series with the load. 
From the vector diagram of Fig. 439 ( b ) we have 
F x 2 = F 2 2 + F s 2 +- 2V z V 3 cos <f> 

Neglecting the currents taken by voltmeters V 2 and F s , the 
current in R is the same as the load current I. Thus, F 2 = IR. 

Substituting, F 3 2 = V 2 2 + F 8 2 + 2IR V t cos <f> 
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Nov, IV 3 cos <f> is the power in the load, so that 

T72_ F 2_y2 


Power in load = IV 3 cos <j> — — 
The power factor also is given bv 

, Y^-Vl 2 - F 3 2 

cos ^ = 


2R 


(422) 

(423) 


The assumptions are made that the current in the resistance R 
is the same as the load current, and that this resistance is entirely 
non-inductive. 



POWER 



Pig. 440. Theee-immetee Method of Measuring Single-phase 

Power 


THitEE-AMivrETJiui Mtdthoil This method is somewhat similar to 
the above. The necessary connections are shown in Pig. 440. 
The current measured by ammeter A x is the vector sum of the load 
current and that taken by the non-inductive resistance R (this 
latter being in phase with the voltage E). Prom the vector diagram, 

fj 2 — "f" ^ 3 2 ~r 2 / 3/3 cos <j> 



4 2 = !• +-I 3 2 + 2 |. 7 3 cos 4> 


But 
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Hence, the power EI Z cos <f> is given "by 

*T7 ; (/ 1 2 -/ 2 2 - 7 3 2 )^ 

EI 3 cos <j> = -hi - L - Z -J— 


. (424) 


Also, cos <j> = ^ - 1 / ^ .... (425) 

Measurement of Three-phase Power. Three-wattmetpb Me 
The connections for this method are shown In Fig 7441, m which the 
load is star-connected. W x , W 29 and W z are the three wattmeters, 
connected as shown. The arrows denote the directions of current 



Fig. 441. Three-wattmeter Method oe Measuring Three-phase 

Power 

and voltage which are conventionally considered positive. If the 
letters representing currents and voltages denote instantaneous 
values, then 

Instantaneous power in the load 

= 6j.ht ~t~ fyh + e 3 ? 3 

Let v be the potential difference between the star point of the 
load and the star point 0 of the wattmeter pressure coils. Then we 
have 

e x + v — e L 
+ v = 
e* + v = e 3 

total instantaneous power, by substitution, is 
(e/ + v) i x + (%' -f v) 4 + (%' +■ v) 4 

= e ih 4~ “h e 3h 4~ v (4 + 4 ■+* ^ 3 ) 

= e^i x -f- + e zH 

since h + 4 + h = 0 in any three-phase system, whether balanced 
or not. 

Now, e x i x -f- e^i 2 + e z 'i z is the total instantaneous power measured 
by the three wattmeters, and thus the sum of the readings of the 
wattmeters will give the mean value of the total power. 
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Method. This is the commonest method of 
lg three-phase power. It is particularly useful when the 
load is unbalanced. The connections for the measurement of power 
in the case of a star-connected three-phase load are shown in Tig. 
442. The current coils of the wattmeters are connected in lines (1) 



Fig. 442. Two -wattmeter Method of Measuring Three-phase 

Power 

and (3), and their two pressure coils between lines (1) and (2) and 
(3) and (2) respectively. 

Fig. 443 gives the vector diagram for the load circuit, assuming a 
balanced load—i.e. the load currents and power factors are the same 



for all three phases. E 10y E^, and E z0 are the vectors representing 
the phase voltages, and are supposed to be equal, while J l5 I 2 , and 
are vectors representing the line currents. The voltages applied 
to the pressure coil circuits of the wattmeters are E 1Z and E 22 , which 
are the vector sums of the phase voltages as shown. 
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Then, total instantaneous power in the load 
= *ih + V 2 + f sh 

where ej , e 3 are the instantaneous phase voltages and i 19 i 2 , and i 3 

are the instantaneous line currents. 

Since + i 2 4 - i z = 0 

Total instantaneous power 

= e 4“ H ~~ ^ 3 ) 4- e 3^3 
= h(<h ~ «a) + 4(«s ~ 62 ) 

Now, ^(ei — 62 ) is the instantaneous power deflecting wattmeter 
W lf and ^ 3(63 - is that deflecting wattmeter W 3 . These wattmeters 
measure IiE 12 cos a and I Z E& cos /? respectively, where a and /S are 
the phase angles between I 2 and E 12 and between / 3 and E^. The 
sum of the wattmeter readings thus gives the mean value of the 
total power in the load. 

Now a = 30 4 - <j> 

and /3 = 30 - <f> 

Also, Eu = E* = VsE 

where E is the phase voltage. 

Sum of wattmeter readings, 

W = VS IE cos (30 4- <f>) 4 - VS IE cos (30 - <£) 

If 2 1 == / 2 — 7 3 = / 

Tf = VIZ0 [cos (30 4- 0) + cos (30 - <f>)] 

= VI ZE7 [2 cos 30 cos 
= 3 IE cos 9 ^ 

which is, of course, the total power in the load. 

It should be noted that if one of the voltages (such as E n ) is more 
than 90° out of phase with the current associated with this voltage 
in the wattmeter, the pressure-coil connections must be reversed in 
order that the instrument may give a forward reading. Under these 
circumstances the wattmeter reading must be reckoned as negative, 
and the algebraic sum of the readings of the two instruments gives 
the mean value of the total power. 

Another important point is that, if the power factor of the load 
is 0*5—so that I 1 lags 60° behind E 10 (cos 60° being 0-5)—then the 
phase angle between E 12 and l x is 99° and wattmeter W 2 should read 
zero. 
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Power Factor . If W x and W 2 are the two wattmeter readings 
W 1 + W 2 gives the total power (as seen above). 

W x - W 2 = V31E [cos (30 + tf>) - cos (30 - ^)] 

= V3 IE [- 2 sin 30 sin <j>] 

= - VS IE sin <f> 

- W 2 - VS IE sin (f> __ tan <j> 

W x -f- JV 2 ~ 3 IE cos f~ “ V5 


tan ^ : 


Vz(w 2 -w x ) 


(426) 


TFj + W 2 ' 

Prom which <j> and the power factor cos cf> of the load may be 
found. 

Qyn-WATTWRTKR Method. This method can be used only when 
the”ioad is balanced. The connections for a star-connected system 



Balanced Three-phase Load- Diagram, One-watt¬ 

meter Method 


are shown in Pig. 444. The current coil of the wattmeter is con¬ 
nected in one of the lines, and one end of the pressure coil is con¬ 
nected to the same line, the other end being connected alternately 
to first one and then the other of the remaining two lines by means of 
the switch S. 

The vector diagram for the method of measurement is given in 
Pig. 445, in which E 01> E^ and E m represent the three-phase voltages, 
and I u h, and J 3 the three-line currents. In a balanced system these 
three voltages are each equal to E, and the three currents are each 
equal to I. The phase angles are also all equal to <f>. The vector 
E 12 is the vector difference between E 01 and E^, and is the voltage 
applied to the pressure coil when the switch S is on contact “a.” 
Similarly, E 12 is the vector difference of E 01 and and is applied 
to the wattmeter pressure coil when switch S is on contact “ b.” 

Then E n = E 13 — VS E 
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Wattmeter reading when switch S is on contact “a” 

= V3 El cos (30 4- <j>) 

(30 -j- </>) being the phase angle between E 12 and J 2 . When /S is on 
contact “6” the wattmeter reading is 

V3 eos (30 - cf>) 

Thus, the sum of these readings is 3 El cos cf>, as shown in the 
analysis of the two wattmeter method, and this is the total power 
in the circuit. 



Load 

(Balanced) 



In the same way the angle is given by 


+all jl _ 

* p — w 1 4- W 2 

and the power factor is cos cj> or cos ^tarr 


w 2 + w, J 


Method for & Balanced Three-phase Circuit using Transformers 
with One Wattmeter . Barlow (Ref. (11)) has described a method of 
measuring the power in a balanced three-phase circuit, with the 
load delta-connected, which does not involve the provision of an 
artificial neutral point and in which the wattmeter gives the total 
power directly without any multiplying factor. 

There are two alternative methods of connection, one using a 
potential transformer of 1:1 ratio, and the other using two current 
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transformers each of ratio 1:1. These connections are shown in 
Fig. 446, (a) and (b). 

The vector diagram of Fig. 447 refers to the connections (a). 
10 j ^ 2 o> and Eqq are the phase voltages of the supply, and I ls I 2 , 


Em 



and 1 3 the line currents. The three voltages and three currents are 
equal in a balanced system, as are also the three phase angles </>. 
The current coil of the wattmeter carries the current / 2 , while the 

voltage applied to the pressure coil 
is the vector difference of line vol¬ 
tages E 21 and E& (reversed). These 
two voltages are equal, and the 
phase angle between either of them 
and their vector difference E f is 
30°, and is therefore in phase with 
E^. The phase angle between E' 
and / 2 is thus <£. 

The wattmeter measures E'I 2 
cos cf). FTow, if E 10 = j& 2 o — ^20 = $ 
then E^ — E& — V3 E, and thus 

- i _ 2Q The power measured by the 
Ij (perersed) wattmeter is SEI cos </> (since I ± 

Pro. 448 = / 2 = l z — /), which is the mean 

value of the total power in the 
balanced circuit. The ratio error and phase angle of the potential 
transformer are, of course, neglected in the above reasoning. 

Fig. 448 gives the vector diagram for the connections of Fig. 
446 (ib ). Since the load is balanced, 

/,=/,=/, = / 

and E ltt = E so = £ 30 = & 

and the phase angles cj> are all equal. 


S' 
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The vector E\ which is the vector difference of the voltages 
id j^ 20 , is the voltage applied to the pressure coil and equals 
. The currents in the secondary circuits of current transformers 
1 and 2 are I ± reversed and I 2 reversed. The connections to the 
current coil of the wattmeter are such that the current in it is the 
vector sum of I x and / 2 reversed, and is represented by the vector 
I'. The value of this current is VT/, and the phase angle between 
V and E' is Then, 

Power measured by wattmeter = E'P cos (j> 

= VSE's/Hl cos <j> 

= 3j ffll cos (f> 

= total power in load 

Again, the current transformer ratio and phase angle errors are 
neglected. 

Wattmeters. Three types of wattmeter will be considered— 

(a) Dynamometer. 

(b) Induction. 

(c) Electrostatic. 

Of these, the first two are most commonly used. 

{a) Dynamometer Tvpe. These instruments are similar in design 
and principle to the dynamometer ammeter already described 
(Chapter XVIII). The fixed coils carry the current in the circuit 
while the moving coil acts as the wattmeter pressure coil and carries 
a current proportional to the voltage of the circuit across which 
it is connected. A high non-inductive resistance is connected in 
series with the pressure coil. 

Dynamometer wattmeters may be divided into two classes— 

(i) Suspended coil, torsion instruments. 

(ii) Pivoted coil, direct indicating instruments. 

(i) Torsion Wattmeters. These instruments are used largely as 
standard wattmeters . 

The moving, or pressure coil is suspended from a torsion head by 
a metallic suspension which serves as a lead to the coil. This coil 
is situated entirely inside the current, or fixed, coils and the winding 
is such that the system is astatic. Errors due to external magnetic 
fields are thus avoided. The torsion head carries a scale and, when 
in use, the moving coil is brought back to the zero position by turning 
this head, the n um ber of divisions turned through, when multiplied 
by a constant for the instrument, giving the power. ^ 

Eddy current errors are eliminated as far as possible by winding 
the current coils of stranded wire and by using no metal parts within 
the region of the magnetic field of the instrument. 

In the Drysdale single-phase astatic wattmeter, manufactured by 
Messrs. H. Tinsley, the moving coil, which is stitched to a flat strip 



746 ELECTRICAL MEASUREMENTS 

of mica is divided into two equal portions wound so that the current 
(proportional to the applied voltage) circulates in a clockwise 
direction in one-half and in an anti-clockwise direction in the other. 
This coil is suspended by a silk fibre together with a spiral spring 
which gives the required torsion. 

The fixed coil also is in two halves, which are wound so as to have 
opposite directions of current circulation in them. The cable used 
for the fixed coil consists of ten strands, insulated from one another. 
Thus, in effect there are ten current coils which run together and 
are thus as nearly as possible coincident in space. These ten coils, 
or cores, are brought out to a commutator so that a number of 
current ranges of the instrument may be obtained by grouping them 
all in parallel, all in series, or in a series-parallel combination. 

The current is led into the moving coil by two fine phosphor- 
bronze ligaments, the spring, which is of German silver wire and is 
annealed, merely serving as a torsion control. The spring has a 
number of turns, and by carefully adjusting its length the constant 
of the instrument can he made an exact figure. The moving system 
carries a knife-edge pointer moving over a short scale at the front 
of the instrument, so that the zero position of the moving coil can 
be easily determined. 

Damping is provided by the mica vane which carries the pressure 
coil. Drysdale states that, in order to reduce error due to the 
pressure-coil inductance to a negligible amount, the resistance of 
the pressure-coil circuit should be at least 3,000 ohms per millihenry 
of inductance. 

Heavy-current Standard Wattmeters . The Drysdale wattmeter 
described above can be constructed to cover a current range up to 
500 amp. Above this value of current, difficulties are encountered 
owing to the eddy currents in the heavy-section conductors required, 
and to non-uniform distribution of current over the cross-sections 
of these conductors. 

Both A. E. Moore (Ref. (12)) and P. G. Agnew (Ref. (13)) have 
developed heavy-current standard wattmeters of the dynamometer 
type which are capable of dealing with currents up to about 5,000 
amp. 

The Agnew instrument has a double concentric tube as the u cur¬ 
rent coil,” the tubes being joined at one end. The moving system 
consists of two astatic coils suspended, within the outer cylindrical 
tube, one above and one below the inner tube. 

In the Moore instrument there is a tubular central conductor 
which can be water-cooled. This is surrounded by a cylindrical 
tube, or box, in two halves, bolted together (see Fig. 449), the two 
tubes being connected together at one end. The moving system, 
which is suspended within the outer tube as in the Agnew instru¬ 
ment, consists of two D-shaped coils with their straight sides 
horizontal, one above and one below the central tube. 
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In both instruments the magnetic field of the primary, or ‘ 4 cur¬ 
rent/ 5 conductor—in which field the moving system is situated— 
is independent of the distribution of current over the cross-sections 
of the tubular conductors. 

(ii) Direct-indicating Dynamometer Wattmeters. Like the standard, 
or torsion, wattmeters above described, these instruments have a 
moving pressure coil which is almost entirely embraced by the fixed 
current coils. The moving coil is carried on a pivoted spindle and 



Outer Copper 
Conductor 


Dampjng 
Vane ~ 


c is / Cent rat 

Conductor 

Pig. 449. A. E. Moore’s Heavy-current Standard Wattmeter 


the movement is spring-controlled. The moving system carries a 
pointer and a damping vane, the latter moving in a sector-shaped 
box. The current coils are usually stranded or laminated, especially 
when heavy currents are to be carried. Currents up to about 
200 amp. can be dealt with in direct-indicating wattmeters of suit¬ 
able design. For currents above this, a low range wattmeter is 
usually employed, in conjunction with current transformers. Simi¬ 
larly, voltages up to about 600 volts are applied to the wattmeter 
pressure coil directly, but for higher voltages the pressure-coil circuit 
is designed for 110 volts, and a voltage transformer used to step 
down the voltage. Metal parts should be removed from the magnetic 
field of the instrument as far as possible, although care must he 
taken to ensure that this elimination of metal does not result in 
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any relative movement of the working coils due to warping of the 
materials substituted for the metal. 

Figs. 450, 451, 452 show the construction of some dynamometer 
wattmeters. In Fig. 450 the details of the suspended movement of 



{Elliott Brothers {London), Ltd.) 

Fig. 450. Movement of Befuecting Dynamometer Wattmeter 



a reflecting dynamometer wattmeter (Elliott Brothers (London), 
Ltd.) are shown. This instrument is intended for the measurement 
of power when the power consumption of the instrument itself must 
be small, e.g. when measuring the power taken by a low-power 
fluorescent lamp. In this particular measurement it is an advantage 
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that the wattmeter has no iron in its magnetic circuit since the lamp 
voltage has a high harmonic content with an appreciable a.c. 
component. The wattmeter current coil takes 0-25 VA and the 
voltage winding is about 750 Q per volt on 50 c/s. 

Fig. 451 shows the internal arrangements of the Everett Edg- 
cumbe wattmeter, with a moving system suspended, by a robust 



(Crompton Parkins on. Ltd.) 

Fig. 452. Single Element Indicating Wattmbteb 


ligament, from a torsion head which carries a pointer moving over 
an evenly divided scale. The instrument is designed for measure¬ 
ments at very low power factors, e.g. iron loss and dielectric loss 
measurements. The power loss in the current element is very small, 
e.g. 5 microwatts when carrying a current corresponding to full scale 
deflection at unity power factor, the instrument being scaled to 
2 watts at 12,000 volts. 

In the deflectional type of dynamometer instrument the relative 
positions of current and pressure coils change with the defection, 
whereas in the torsion type the relative positions are the same for all 
loads, since the moving coil is returned to the zero position in all 
cases. 






750 


ELECTRICAL MEASUREMENTS 


Relation between the Torque and Mutual Inductance between Fixed and 
Moving Coils. Let the current in the current coil be given by 

*c = I omax s ^i (ot -4 > ) 

and let the voltage applied to the pressure coil be given by 

« = JEJ„ sin cot 

x> jp max 

Suppose that the resistance of the pressure coil circuit is R and its inductance 
negligible. Assume that there is no iron in the working magnetic circuit, and 
that eddy current effects in metal parts are absent. 

Let Sp = dumber of turns on pressure coil 

= ,, ,, current coil 



(Crompton ParJctnson, Ltd.) 

Fig. 453. Movement of Single Element Wattmetee 


Then pressure-coil current is 

i 1) = ^ = ^^2?sincoi 

and is in phase with the applied voltage. 

Then, referring to Fig. 455, which represents the wattmeter diagrammatic- 
ally, the flux threading the pressure coil when placed with its plane parallel 
to those of the current coils is 

Kax = M-SA - k i S c i c 

where A is the cross-sectional area of the pressure coil in the direction per¬ 
pendicular to the magnetic axis of the current coils, uniform flux density 
being assumed. 

The maximum value of the mutual inductance between current and pressure 
coils is given by 

Now the potential of a coil carrying a current and of S v turns, when the 
flux threading it is cf> is 

4 
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If the pressure coil is turned through an angle 6 from that shown in the 
figure, the flux threading it will be fimaz cos ® an <l i^ s potential -will thus be 

V = ijfiptmax cos d 
— tp • S* • * 2 S c i e cos 6 

= M max Vc cos 6 .(427) 



(Sangamo Weston, Ltd.) 

Fig. 454. Internaj, Construction of Dynamometer Wattmeter 


If the torque is T when the pressure coil is in this position, the work done 
when the coil moves through a small angle dQ is Tdd. If the corresponding 
change in potential is d V , we have 


T-. 


Tdd = dV 
dV 
d6 

A 

dd’ ' 




cos 6 


The torque will be in dyne-centimetres if i c , and 


• (428) 

. are in e.m. units. 


Substituting for i v and i c we have for the instantaneous torque, 

rp _ mar 

R 




752 ELECTRICAL MEASUREMENTS 

and for the mean torque, 

F* = i P —g gir TO< ^ Sm - 6 sia cut sin (cot - 0) dt 

S 0 

where t' is the periodic time of the alternating currents. 

. m _ max max M max sin 6 f ^ * i\ j* 

.. jt - j sm cot sm ( cot — <f>) at 

J 0 

_ p max ^c max M max sin 6 cos <$> — cos ( 2a>t — tf>) ^^ 

Rt' f 2 dt 

*-'o 

max ^c max M max s ^ rl ^ i 

= --cos <b 



Tyg = 


R 


. cos <f> 


where E p and I c are r.m.s. "values. 

If the current taken by the pressure coil is negligibly small , 

l c = l — the load current 
T x = Ej>1 oos ^ 

or T m = ^ MagP -g . P . . 


K - £ 

where P = the power in the circuit, 


(429) 


( 430 ) 
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Since the mutual inductance between the current and pressure 
coils for any angular deflection 0 from the parallel position is given by 

M = M max cos 6 

the mean torque may be written 

T _P dM 
* ~ B ’ d6 


or, more generally. 


P dM 


• (481) 


where K is a constant depending upon the units employed. 

In the case of the torsion type of wattmeter, 0 = 90° when the 
moving coil has been brought back to its zero position. The restoring 
torque also is proportional to the angle of twist of the torsion head. 
If a represents this angle of twist, we have, since the restoring 
torque must be equal to the deflecting torque, 

Jf ma ,sm90°. p = fc , g 

R 


P = -J?— k'a .(432) 

= K'a 


The errors due to inductance in the pressure-coil circuit and to 
other causes have already been considered in the previous pages. 

A. H. M. Arnold (Ref. (16) ) has discussed the performance of 
dynamometer wattmeters at audio frequencies (see also p. 710) 
and, in particular, nickel-iron cored instruments with a feed-back 
amplifier and current transformer. 

Cambridge Reflecting Wattmeter . A laboratory-type dynamometer 
wattmeter suitable for the calibration of substandard instruments 
is made by the Cambridge Instrument Co. It has a high electro¬ 
magnetic efficiency and is unaffected by stray magnetic fields. The 
nominal range of 500 watts is extended by the use of a range box 
giving four current ranges of 0-5, 1, 2-5, and 5 amp. and seven 
voltage ranges between 50 and 500 volts. 

The scale is 2*5 metres long and consists of three parallel scales 
which are brought into use in turn by employing three separate 
lamps and optical systems. The makers state the accuracy of 
calibration as 0*05 per cent over the upper three-fourths of the scale. 

J. de Gruchy (Ref. (19) ) has pointed out the advantages of the 
phase-sensitive rectifier bridge as a wattmeter employing a dynamo¬ 
meter instrument, as a power-factor meter and as a rectifier-operated 
frequency meter. 
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(b) In duc tion _ W attmeters . Induction wattmeters, the prin¬ 
ciple of which is the same as tEat of induction ammeters and volt¬ 
meters, can only be used on alternating current circuits: dynamo¬ 
meter wattmeters can be used on either a.c. or d.c. circuits. 

Induction instruments are, however, only useful when the fre¬ 
quency and supply voltage are approximately constant. 

Construction. These instruments have two laminated electro¬ 
magnets; one is excited by the load current (or a definite fraction 
of it), and the other by a current proportional to the voltage of the 
circuit in which the power is to be measured. A thin aluminium 


Pressure 



disc is mounted so that it is cut by the flux from both of these 
magnets, and the deflecting torque is produced by the interactions 
between these fluxes and the eddy currents which they induce in 
the disc. One or more copper rings are fitted on one limb of the 
“shunt” magnet—i.e. the magnet excited by the pressure coil and 
its current—in order to cause the resultant flux in the magnet to 
lag in phase by exactly 90° behind the applied voltage. 

Fig. 456 shows two common forms of magnets with their windings, 
the magnets being placed, in each case, one above and one below 
the moving disc of the instrument. The positions and shapes of 
the magnets are, in each case, such that the flux from both “shunt ” 
and “series” magnets cuts the moving disc. 

In the form of instrument shown in Fig. 456 (a), the two pressure 
coils, connected in series, are wound so that they both send flux 
through the centre limb. The series magnet in the instrument 
carries two small current coils in series, these being wound so that 
they both magnetize the core, upon which they are wound, in the 
same direction. The positions of the copper shading bands are 
adjustable in order that the correct phase displacement between the 
shunt and series magnet fluxes may be obtained. 
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In the instrument shown in Fig. 456 (6) there is only one pressure 
coil and one current coil. A copper shading band, whose position 
is adjustable, surrounds the two projecting pole pieces of the shunt 
magnet for the purpose of correcting the 
phase of the dux of this magnet. 

Both types are spring-controlled and 
have the advantage of a long and uniform 
scale (up to 300°). 

Currents up to about 100 amp. can be 
dealt with directly in such instruments. 

For currents above this current trans¬ 
formers are used in conjunction with the 
wattmeter. Unlike the dynamometer 
wattmeter, the pressure-coil circuit of 
the induction instrument is made as in¬ 
ductive as possible, in order that the flux 
of the shunt magnet may lag by nearly 
90° behind the applied voltage. 

Theory. Fig. 457 gives a simplified 
vector diagram for the wattmeter. The 
flux <f> ah of the shunt magnet is assumed to 
lag by exactly 90° behind the applied voltage. As previously stated, 
this is actually brought about by adjustment of the shading bands, 
since the angle of lag would be somewhat less than 90° unless such 
bands were used. The theory of the action of these shading bands 
in altering the phase of the resultant flux has already been dealt with 
in considering induction ammeters. It is assumed also that the flux 
cj> se of the series magnet is proportional to and in phase with the 
line current, and that hysteresis and saturation effects in the iron 
are negligible. Owing to the large air gap in the core these assump¬ 
tions are justifiable. 

Let vector E represent the applied voltage, and vector I, lagging <£ behind 
E, the load current. <f> se is in phase with I. 

e sh — eddy e.m.f. induced in the disc by fi sfl 

i sh = eddy current due to and in phase with e sh (the inductance of the 
eddy current path in the disc being neglected) 

e se = e.m.f. induced by the flux <f> se 

i $e == eddy current due to and in phase with e s6 

The instantaneous torque acting upon the disc is, from the theory of the 
induction ammeter (see page 666), proportional to ( <f> sh i se ~ fise^sTi) wiiere tliese 
values of current and flux are instantaneous. 

Let applied voltage he 

e = E max sin a)t, 

then the current is 

i I max sin (cot-<p) 

The flux <j, M = kl max sil («“* ~ <P) 

25—(T.57O0) 



< £sk. 


Esh 

Pig. 457. Vector- Dia¬ 
gram; FOR 

Wattmeter 
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E, 


and S sTl — —k' f edt — k' . 

/ • 1 d 4>sh\ J 

\ k dt J 

where Jc and Jc' axe constants. 

The eddy e.m.f. induced by the flux 4> se is 

e 

“ dt 


cos cot 

CO 


cc I max CO cos ( cot - 4>) 


and 

Also, 

and 


, oc 


. co cos (cot - <£) 


d <f> s j, E„ 

__LSA oc 
dt 


oc E m 


. co sin cot 
co 

sin cot 


The mean torque upon the disc 

®sh * J se cos 4> ~ ^sJsh cos (180 — <f>) . . (433) 

where <3> s7t , I sgy & se , and I sh are r.m.s- values and <f> and (180 — <f>) the phase 
angles between the interacting currents and duxes. 

By substitution we have f 

E 

T m oc — . Ico cos tj) + IE cos <f> 
where I and E are r.m.s. values of current and voltage. 


T m oz El cos cf> . . . . . . (434) 

oc the power in the circuit. 

Comparison with Dynamometer Wattmeters. It appears from the 
above that the torque is independent of frequency. Actually, how¬ 
ever, the torque is not quite independent of frequency, the above 
theory being simplified by assumptions, regarding the inductances 
of the various parts of the instruments, which are not justifiable 
under all conditions. It will, however, be sufficient to indicate the 
working principles of the instrument. 

Since the deflecting torque is directly proportional to the power 
in the circuit, and the instrument is spring-controlled, the scale is 
uniform. 

Compared with dynamometer wattmeters, these instruments have 
the advantages of a greater working torque and length of scale; 
but they suffer from the inherent disadvantages of less accuracy, 
greater weight of moving system, greater power consumption, and 
also that they can only be applied to power measurements on a.e. 
circuits. 

Induction wattmeters are capable of first-grade accuracy only at 
a stated frequency and temperature. The requirements of watt¬ 
meters of the various grades of accuracy and the permissible limits 
of error are stated in British Standard Specification No. 89, “Indi¬ 
cating Ammeters, Voltmeters, Wattmeters, etc.” (1937). 

Big. 458 (6) shows the arrangement of the circuits in the Tip man 
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type of induction wattmeter (Nalder Bros, and Thompson, Ltd.) 
which has a low VA consumption of its windings. 

The potential winding VV is wound on the main magnet core 
which also carries coils FF for power-factor compensation, the 
resistance R being adjustable for calibration purposes to bring the 
operating fluxes, F v and F c , 90° out of phase with one another. 
Within the moving element, or rotor, D —an aluminium drum— 
is a fixed core, of cruciform shape, completing the magnetic circuit. 
The current coil ML is wound on one limb of this cruciform core. 
The potential flux passes horizontally through the rotor while the 



Hon-Inductive 
Resistance 

Fig. 459 . Connections of Electrostatic Wattmeter 


flux due to the current coil acts on the rotor in a vertical direction. 

(c) Electrostatic Wattmeter, This form of wattmeter cannot 
be regarded as a commerciaTinstrument like the dynamometer and 
induction forms already discussed. It is, however, a very useful 
instrument for the measurement of small amounts of power, 
especially when the voltage is high and the power factor low. The 
use of this instrument for the measurement of dielectric power loss 
was considered in Chapter IV. It is also useful for the calibration, 
in the laboratory, of commercial forms of wattmeter and watt-hour 
meter. 

The electrostatic wattmeter consists of a quadrant electrometer 
used in conjunction with a non-inductive resistance, the essential 
connections to the load circuit being as shown in Fig. 459. 

Let the load current be i (instantaneously), and let v, v 1} and v 2 
be the instantaneous potentials of the needle and of the two pairs 
of quadrants, as shown in the figure. 

It was shown when dealing with the theory of the quadrant 
electrometer (page 655) that the instantaneous torque 

T cc (v-v 2 ) 2 - (v-v 2 ) 2 .... (435) 

ISTow (v - v t ) is the instantaneous value e of the supply voltage. 
Also v — = (v — Vj) — (v 2 — 2 ? x ) = e - iJR> since the potential difference 

v 2 ~ — iR. 
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Hence the instantaneous torque 
T oc e 2 — (e — iR ) 2 

oc e 2 - e 2 -f- Sei# - i z R 2 
oc 2eii2 - i 2 i2 2 


or 


T cc 2R j^ei —.(436) 

T cc the instantaneous power supplied minus half 
the watts lost in the non-inductive resis¬ 
tance R 


If e — instantaneous value of the voltage on the load side of the 
instrument, 

T c c 222 .... (437) 

cc the instantaneous power in the load plus half 
the watts lost in the non-inductive resis¬ 
tance 


Other Methods of Use. The simple connections given in Fig. 459 
have, as seen above, the disadvantage that the power measured will 
be different from the true power by an amount equal to half the loss 
in the resistance R. 

Fig. 460 gives three methods of use whereby this disadvantage 
may be overcome. 

Method 1. Diagram (a) shows connections which are essentially 
the same as those in Fig. 459, except that a two-way switch S is 
used so that the needle of the electrometer may be connected either 
to one side of the load or the other, as required. 

Now, in the method discussed in the previous paragraph, the 
instantaneous torque 

T cc 2eiR + i z R 2 

if e is the instantaneous value of the voltage applied to the load. 

If the controlling torque of the instrument is proportional to the 
deflection 6, we have for the steady deflection of the instrument 


Kd, 


-if 

Jo 


(2eiR -J- i 2 R z )dt 


(438) 


where the expression on the right-hand side is that for the mean 
value of the torque and K is a constant, f is the periodic time of 
the voltage and current waves. 
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where P is the mean power in the load, 
is on contact a, the deflection will be 
/ 


Thus, when the switch 8 




i*R?dU 




Pig- 460 . Alternative Connections of Electrostatic 
Wattmeter 


Now, if the switch is thrown on to contact 6, v = v 2 , and we have, 
for the instantaneous torque, 

T oc (v — Vj) 2 

OC (Uj -^) 2 

oc i 2 R 2 

Thus, if 0 D ' is the deflection under these conditions, 

«»' = Sr f iiJR * dt 

Jo 
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2 R 
K * 


P + V 


01 P = K{6 \ r — .(«9) 

So that the true power in the load can be obtained from the two 
readings corresponding to the two positions of switch 8. This 
method was introduced by Potier. 

Method 2. In the second method, a potential divider, consisting 
of a high non-inductive resistance, is used, and the electrometer 
needle is connected to its middle point. 

The instantaneous voltage across the potential divider is 

e + {v 2 -v x ) 

and therefore that across half of it is 

e + (v 2 - vj) 

2 


Thus the instantaneous torque 
T 02 (V - Vj) 2 - (v - v 2 ) 2 




°c i lie + (v 2 - %) 4- e - (v 2 

{e + (v 2 -v x ) - e + {v 2 -v x )}'\ 

[26] [2(1*,-t*)] 
oc e(v 2 - Vj) 
oc ei-R 
oc ei 


Thus with these connections the instrument measures the true 
power in the load. 

If the use of the middle point of the potential divider as the point 
of connection of the needle is not feasible (possibly owing to the high 
voltage which would thereby be applied to the instrument), the 
method of connection shown in diagram (c) and suggested by Prof. 
Miles Walker, may be used. 

Method 3. In this method a non-inductive resistance r is connected 
in series with the load, and the needle of the electrometer is con¬ 
nected to a suitable point on the potential divider. 

t + Voltage A to G __ 

^ et Voltage B to C ~ W 
Then, instantaneous torque 

T oc (v ~ Vj) 2 - (v — v 2 ) 2 



762 


Now (v — vj 


ELECTMICAL MEASUREMENTS 
e -j- vr Ar iR 


% e + ir -+• 

and (v — v 2 ) = v — v 1 - (v 2 — v ± ) =(v — Vjj— %K — -— 


T o c ( f + ir n + — J - ( 6 + ir ~ + —- iK 


oc 2ii? 


/e -J- zr -f- ?‘ 2 ?\ _ 


v 






T cc 


2iRe 2i 2 rR 2i 2 R 2 — ni 2 R 2 


. (440) 


. (441) 


R 


Now, if the value of r is made equal to (n — 2), we have, by 
substitution. 


T x 2i2* . 2fS **<» ‘ 2 ) , «?(2 - n) 


oc ■ 


n 

2iRe 

n 


2n 


(442) 


cc fe 

oc true power iu the load 

It should be noted that in the above discussions the current taken 
by the electrometer (as a capacitor) is neglected. The potential 
divider also, although spoken of as a non-inductive resistance, may 
be the high voltage winding of the supply transformer from which 
tappings are brought out. 

Use for Calibration of Commercial Wattmeters or Watt-hour Meters. 
Tig. 461 shows the connections for the calibration of a commercial 
instrument by means of the electrostatic wattmeter. The load is, 
in this case, fictitious. The voltage for the pressure coil of the 
wattmeter under test is supplied from one alternator (A 2 )—possibly 
through a step-up transformer (not shown in the figure)—while the 
current coil of the instrument is supplied from another alternator 
(AC- If the required current is large, a step-down transformer may 
be used. The two alternators, which are driven by a motor M, are 
mechanically coupled, and arrangements are made for rotating the 
stator of one of them so that any required phase displacement 
between current and voltage may be obtained. In this way the 
power factor of the load is altered. 

The needle of the electrostatic instrument is supplied from a 
tapping point on a potential divider across which the voltage from 
alternator A 2 is connected. The two pairs of quadrants are con¬ 
nected to the two ends of a non-inductive resistance R, through 
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which the load current hows. The mid-point of this resistance is 
connected to one end of the potential divider, as shown. 


Voltage A to G _ 

6 Voltage B to C 71 

Then, if e is the instantaneous value of the load voltage, the 

& 

instantaneous value of the voltage B to G is -, and hence 


v- v 2 = -~i 


A 



Fig. 461. Use of Electrostatic Wattmeter fob 
Wattmeter Testing 


where i is the instantaneous value of the load current 
and v - v ± — — + \ iR 


Thus, the instantaneous torque 
T oc (v — iq) 2 — (v — v 2 ) 2 

’ ’ «(!+?)'--(S-t)‘ 

( e iR e iR\ /e 

‘ w IT ) 


oc 


iR 

T~ 


e ! 

+ 2 J 


(?)“ 


IB) 


oc ei 

oc true instantaneous power in the load. 


( 443 ) 
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Tlie mean value of the torque 
2 R r v 

T ^ az w exdt 
*■'0 
2JS 

— (mean power in the load) 

t' being the periodic time of the current and voltage waves. 

If djy is the steady deflection of the electrostatic instrument, 
which is spring-controlled, we have that 

kdj, — T m where Jc is a constant 
nk' Qjy 

or mean power = ■ 



where ¥ is the constant of the electrostatic instrument, and must 
be determined experimentally by the use of standard resistors and 
an electrostatic voltmeter. 

F. R. Axworthy and J. K. Choudhury (Ref. (17) ) have discussed 
the use of the electrostatic wattmeter, particularly for iron-loss 
measurements with mixed frequency inductions, and to measure the 
power absorbed by fluorescent lamps. They describe the construc¬ 
tion of a portable electrostatic wattmeter of the quadrant type with 
a self-contained lamp and scale. 

Polypha.se Wattmeters. In order that the power in a polyphase 
circuit may he measured without the use of more than one watt¬ 
meter, polyphase wattmeters have been developed. These consist 
of two separate wattmeter movements mounted together in one 
case with the two moving coils (assuming the instrument to be of 
the dynamometer type) mounted on the same spindle, so that the 
total deflecting torque acting on the moving system shall be the 
sum of the torques produced hy the two component wattmeter 
working systems. The readings of the instrument thus give the 
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total power in the circuit directly, the addition being carried out 
by the instrument itself. 

Thus, for example, in measuring three-phase power, the connec¬ 
tions to the polyphase wattmeter are the same as those for the 



(Crompton Parkinson > Ltd.) 
Fig. 463. Double Element Wattmeter 


measurement of power by the two-wattmeter method, using two 
single-phase instruments. The only difference is that the two single¬ 
phase instruments are combined in the polyphase wattmeter and 
operate a single moving system whose deflection gives the total 
power directly. 

An important point in connection with such double element 
wattmeters is that there shall be no mutual interference between the 
two elements. Thus, the fixed coils of one of the elements must not 
produce a torque by interacting with the field of the moving coil 
of the other element. In order to eliminate any such action and 
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ensure that the total torque shall be merely the sum of the torques 
produced within the two component elements themselves, a lamin¬ 
ated iron shield is placed between the two elements to provide 
magnetic screening* 

Compensation for mutual interference can be made by a method 
due to Weston, the connections for which are shown in Fig. 462. 
Ins tead of connecting the two pressure coils—each of resistance R 
(including their series resistances)—directly to the line which does 
not contain a current coil, they are each connected to one end of a 
resistance R' whose other end is connected to the line, as shown. 
By suitably adjusting R' the currents in the pressure-coil circuits 
can be altered to compensate for any mutual interference between 
the wattmeter elements (Ref. (2)). 

Fig. 463 illustrates the internal construction of a commercial type 
of double-element wattmeter. A nickel-iron plate shields the two 
elements from one another. To reduce the weight of the moving 
system, aluminium is used for many of the parts. The total weight 
of the double-element movement is 5*25 grammes and the 
torque/weight ratio 0-09 (average for 100° deflection). 

Fig. 464 shows the construction of the Drysdale standard poly¬ 
phase wattmeter, manufactured by Messrs. H. Tinsley & Co. 

These wattmeters have current ranges of 0-5, 1*0, 2*5, 5-0 amperes 
(the range can be extended to 2,400 A by the use of Class AL 
current transformers). Voltages up to 1,000 V can be used by 
employing voltage resistance boxes. 

Summation Methods. It is often necessary to measure the total 
power in a number of separate circuits, and it is convenient to have 
this total indicated upon a single instrument. This is a simple 
matter if the circuits are interconnected so that one portion of the 
system carries the whole load. If, however, there is no part of the 
system carrying the aggregate load, more complicated methods of 
measurement must he employed. 

A four-element wattmeter, which consists essentially of two 
polyphase wattmeters like those described in the preceding para¬ 
graph with all four moving systems (two in each polyphase watt¬ 
meter) mounted on a common spindle, can be used for the measure¬ 
ment of the total power in two three-phase systems, hut for more 
than two systems current transformers are used in conjunction with 
a double-element “summation” wattmeter. 

The principle of such summation measurements is illustrated in 
Fig. 465, in which the total power supplied to three circuits A, B, 
and C is measured by a two-element summation wattmeter, in 
conjunction with six current transformers, all of whose ratios are 
the same. Actually voltage transformers may also he necessary 
if the line voltage is too great to be applied directly to the pressure 
coils of the wattmeter, but these have been omitted for simplicity. 

It will be observed that the principle of measurement is essentially 
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that of the two-wattmeter method of measurement of three-phase 
power. 

Current transformers a , b, and c, together supply current coil F v 
while transformers a', b ', and c' supply current coil F 2 . Neglecting 
the small phase angles of the current transformers, the currents in 
their secondary circuits are each ISO 3 out of phase with their 
primary currents, and hence the vector sum of the former will be 
equal to the vector sum of the primary currents divided by the 
ratio of the transformer (the same in all cases), the ratio errors of 
the transformers also being neglected. It can be seen, therefore, 



that the current supplied to current coil F x is proportional to the 
vector sum of the currents supplied to the three circuits A , B, and 
C by line (3), and the current supplied to current coil F 2 is propor¬ 
tional to the vector sum of the currents supplied by line (1). 

The pressure coils P ± and P 2 are connected between lines (3) and 
(2) and between (I) and (2) respectively. 

The reading of the summation wattmeter is thus equal to the total 
power supplied to the three circuits A, B, and C, divided by the 
ratio of the current transformers, the current transformer errors 
being neglected. 

The subject of summation metering is discussed further in 
Ch. XXI (p. 808). 

Measurement of Reactive Volt-amps. If E and I are the r.m.s. 
values of the voltage and current in a single-phase circuit and cf> is 
the phase angle between them, then the actual power in the circuit 
is, of course, El cos j>. 



THE MEASUREMENT OF POWER 


769 


The power is equal to the voltage multiplied by the component 
of the current which is in phase with it (i.e. I cos <j>). The component 
of the current, which is 90° out of phase with the voltage, is 1 sin <f>, 
and the product El sin cj> is the ‘ ‘wattless 5 5 or “reactive” component 
of the volt-amperes. The measurement of this reactive component 
is, however, useful, since the phase angle <f> of the circuit can he 

, . _ _ ,, ,. Reactive component , . , , El sin <j> 

obtamed from the ratio-=- £ -, which equals -=r=- 7 , 

True power El cos <p 

or tan <f>. 

It should first be observed that sin cj> = cos (90 — <j>), and therefore 
a wattmeter may be used for the measurement if the current coil 




Fig. 466. Measurement of Reactive Power 

carries the load current I and the voltage applied to the pressure 
coil is such that its phase displacement from the actual voltage of 
the circuit is 90°. Under these circumstances the wattmeter will 
read IE cos (90 - <f>) or IE sin cf>. 

It may be more convenient in single-phase measurements to 
compensate the wattmeter so that the field of its pressure coil lags 
90° in phase behind the phase of this field when the wattmeter is to 
he used for power measurement. 

In the case of a balanced three-phase load, when the power is 
being measured by one wattmeter, it is a simple matter to use this 
wattmeter for the measurement of the reactive volt-amps by con¬ 
necting its current and pressure coils, as shown in Fig. 466. The 
current coil is connected in one line and the pressure coil is connected 
across the other two lines. 

Referring to the vector diagram of Fig. 466 ( b) } the vector OI 2 
represents the current through the wattmeter current coil. The 
voltage applied to the pressure coil is the vector difference of 0E 1 
and OE 3i i.e. the vector OE. Now the angle between OE 2 and OE z 
reversed is 60°, and since the three-phase voltages E l9 E 2 , and E z 
are equal, the angle between OE 3 reversed and vector OE is 30°. 
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Hence, the angle between OE 2 and OE is 90°, and between 01 2 and 
OE the angle is (90 ■+ <j>). This means that the wattmeter reads 

OE x OI 2 X cos (90 -b (f> ) 

= \/2>El cos (90 + 

— - V5 El sin <f> 

where E is the phase voltage and I the line current of the system. 
The total reactive volt-amperes of the circuit is 

3 El sin <j> = — a/3 W r 

and hence, if IF is the measured value of the total real power, the 
phase angle cj> of the load is 

, jV3W r \ 

tan \nr-) 
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CHAPTER XXI 

THE MEASUREMENT OF ENERGY 

s ' / £t may be stated generally that the measurement of energy is 
essentially the same process as the measurement of power, except 
that the instrument used must not merely indicate the power, or 
rate of supply of energy, but must take into account also the length 
of time for which this rate of supply is continued. Actually, energy, 
or “supply” meters do not indicate power directly. For a given 
amount of energy supplied to a circuit, their registrations should 
always be the same, no matter what the instantaneous values of 
thepower during the time in which the energy is supplied. 

Jfypes of Energy, or Supply. Meters . There are three general 
types oflmergy^ 

(a) Electrolytic meters. 

(b) Motor meters. 

(c) Clock meters. 

The first type is essentially a d.c. instrument although it can be 
made to function in an a.c. circuit for the measurement of kilovolt¬ 
ampere hours by using a rectifier unit and a current transformer 
(see Fig. 467); the other two types may be used on either d.c. or 
a.c., according to their construction. The induction form of motor 
meter can, of course, only be used on a.c. circuits, since its principle 
is the same as that of the induction wattmeter. As already mentioned 
in Chapter XVII, supply meters used on d.c. circuits may be either 
ampere-hour, or watt-hour, meters. In the former case, the registra¬ 
tions of the meter are converted to watt-hours by multiplying by the 
voltage (assumed constant) of the circuit in which it is used. Usually 
such meters are calibrated to read direct in kilowatt-hours at the 
declared voltage, thus rendering the readings incorrect when used 
on any other voltage. 

In the same way the question of power factor obviously prevents 
the use of such ampere-hour meters on a.c. 

The advantages of simplicity and cheapness in the case of ampere- 
hour meters is larg ely discounted by the fa ct that variations of 
circuit voltage are not taken into account by them. For example, 
suppose that the voltage of a supply, whose nominal voltage is 220, 
has an average value of only 215 volts for a period of 1 hour, during 
which a current of 100 amp. is being taken by a consumer. Then, 
if an ampere-hour meter, calibrated for 220 volts, is used to measure 
the energy supplied to the consumer, the measured quantity of 
energy will be 220 X 100 watt-hours, or 22 kilowatts; and it is for 
this amount that the consumer will be charged. 
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Actually, however, the energy supplied is only 215 X 100 watt- 
hours or 21J kilowatt-hours, so that the consumer loses the cost of 
| kWh. in one hour under these conditions. 

A watt-hour meter would have taken into account the fall in the 
supply voltage and would therefore have meant a saving in cost to 
the consumer. The converse of the above occurs, of course, if the 
supply voltage is higher than the nominal when the supply company 
loses by the use of an ampere-hour meter. 

Electrolytic Meters. These are inherently ampere-hour meters, 
3 are proportional to the weight of metal deposited, 


RECTIFIER UNIT. 



(Reason Manufacturing Co., Ltd.') 
Fig. 467. Reason Rectifier Unit for Use with Electrolytic 
Meters 


or of gas liberated, from an electrolytic solution. This means that 
the readings are merely proportional to the number of coulombs, or 
of ampere-hours, passed through the meter. 

In addition to cheapness and simplicity, already mentioned, these 
meters have the advantages that they are accurate even at very 
small loads; they are unaffected by stray magnetic fields, since they 
do not depend in any way upon the magnetic effect of the current; 
and, since there are no moving parts, friction errors are absent. 
Their general disadvantages are that the potential drop across their 
terminals is from 1 to 2 volts; the- considerable amount of glass 
used in their construction renders them somewhat fragile; the 
necessity for frequent inspection to ensure that they do not stand 
in need of refilling or resetting; and the destruction of the old record 
of energy supplied when the meter is reset. 
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For an electrolytic meter to be shunted successfully, the back 
e.m.f. of polarization must be small. 

This can b© seen from the following— 

Let the back e.m.f. of the meter = e, and let the resistance of the meter 
circuit = r. Resistance of the shunt = R s . Then, referring to Fig. 468, 

I — the load current 
l m = the meter current 
I s — the current through the shunt 

I s S s = I m r + e 
But I = T + T 


I lm i 


r-VWVW-J |— 


-VWVvW.- 

*3 

Fig. 468 


(l~l m )R s = l m r+ e 

IB s = I m^ r + -S.) + « 

T 1R ° _ 

m (r + B.) (r + R,) 


I r+R s 


'I(r + R a ) . (444) 

Thus it can be seen that, if e is constant, the meter current is not a con¬ 
stant proportion of the load current, but is reduced as 1 is reduced. 


The Weight, oe Reason, Metee. The construction of this 
meter is shown in Fig. 469. It has been very generally used on d.c. 
supply systems, and has been perhaps the most successful of all 
electrolytic meters. 

The anode A consists of an annular ring of mercury, contained in 
a shallow trough at the top of the tube. The loss of mercury hy the 
anode, owing to its transference to the cathode during the electrolytic 
action, is compensated for by a reservoir of mercury F projecting 
from the side of the part of the tube at which the anode ring is 
situated. This reservoir maintains the level of the mercury in the 
anode constant. The cathode C consists of a ring of sand-blasted 
iridium, and the electrolyte, which fills the whole of the tube 
of the meter with the exception of the space occupied by 
mercury, is a saturated solution of mercury and potassium iodides. 
The tube is hermetically sealed and external conditions have there¬ 
fore no effect upon the action of the meter. Standing up from 
the inner circumference of the annular anode trough is a grid 
or fence of glass rods to prevent mercury from the anode spilling 
over into the measuring tube T, owing to mechanical vibration. 
This fence does not, however, interfere with the full circulation of 
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the electrolyte. The measuring tube has a funnel-shaped mouth, 
and is situated immediately below the cathode ring in order _ to 
catch the drops of mercury which fall from the latter after being 




(Reason Manufacturing Go., Ltd.) 

Fig. 469. Reason Elec-tboeytio Metee 

deposited from the electrolyte by the electrolytic action of the current. 
Alongside this measuring tube is a scale calibrated in kW-hours, and 
corresponding, of course, to the voltage of the circuit in which the 
meter is to be used. The measuring tube is bent back on itself twice, 
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so that, upon the mercury in it reaching a certain level, it siphons 
over into a larger measuring tube below. This siphoning occurs after 
the passage of 100 units through the meter, and the lower (and larger) 
measuring tube is thus graduated in hundreds of units. The electro¬ 
lytic action is as follows. The current is led into and out of the 
meter by platinum wire leads, one dipping into the mercury anode 
and the other being welded to the iridium cathode. The passage of 
the current results in a chemical action which removes mercury from 
the anode and deposits an equal quantity of mercury upon ’The 
cathode, the electrolyte itself being left unchanged. The weight of 
mercury so deposited is obviously directly proportional to the 
quantity of electricity passed through the meter; and this results in a 
strictly uniform scale (assuming uniformity of the sectional area 
of the measuring tube) The meter is reset by inverting it and 
allowing the mercury to run back into the upper receptacle. 

This type of meter is almost always shunted in order to increase 
its capacity. Its polarization back e.m.f. is only about 0-0001 volt, 
and thus does not introduce any appreciable error at low loads due 
to departure from the correct division of current between meter 
and shunt. Since the meter has a negative temperature coefficient, 
a resistance, E, having a fairly large positive temperature coefficient 
is connected in series with the meter before the connections are made 
to the shunt which is usually of manganin and has therefore a very 
small temperature coefficient. The series resistance takes the form 
of a coil of wire, part of which is tinned iron and the remainder 
constant an, and its resistance is adjusted so as to maintain the total 
resistance of itself and the meter together, as nearly constant as 
possible under all temperature conditions. 

Motor Meters. These meters may he for use on direct current or 
alternating current circuits; and in the former case they may be 
either ampere-hour or watt-hour meters. In this class of meter 
the moving system is allowed to revolve continuously instead of 
being allowed merely to rotate through a fraction of one revolution 
as in an indicating instrument. The speed of revolution is propor¬ 
tional to the current in the circuit in the case of an ampere-hour 
meter; and to the power in the circuit in the case of a watt-hour 
meter. It follows, therefore, that the number of revolutions made 
by the revolving portion in any given time is proportional, in the 
ampere-hour meter, to the quantity of electricity supplied in that 
time; .and in the case of the watt-hour meter to the energy supplied. 
The number of revolutions made by the meter is recorded by a 
counting mechanism consisting of a train of wheels, to which the 
spindle of the rotating system is geared. 

The control of speed is brought about by a permanent magnet 
(brake magnet), so placed that it induces currents in some part of 
the rotating system, these currents producing a retarding torque 
proportional to their magnitude, which latter is proportional to 
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the speed of the rotating system. This system attains a steady 
speed when the retarding torque exactly balances the driving torque 
produced by the current or power in the circuit. 

Errors iy. M otor Met ers. . The two principal errors common to 
all motor meters are friction errors and braking errors. The friction 
error is considerably more important than the corresponding error 
in most indicating instruments, since it is continuously operative and 
affects the speed of the rotor for any given value of current or power. 
The braking action in these meters corresponds to the damping in 
an indicating instrument. The braking torque in an integrating 
meter directly affects the speed, for a given driving torque, and 
hence affects the number of revolutions made in a given time. 

Friction forces which exist when the rotor is just starting to 
revolve (static friction) may prevent it from starting at all if the 
load is small, and will cause its registration to be low at small loads. 
This part of the friction torque may be assumed to remain constant 
when the moving part of the meter is rotating, and may be 
compensated for by arranging for a small constant driving torque to 
be applied to the moving system independent of the load. When 
the meter is running normally, a friction torque is exerted which 
is proportional to the speed, but this is not of great importance, 
since it merely adds to the braking action. 

In some meters, however, such as those of the mercury motor 
type, a friction torque proportional to the square of the speed 
exists, and has to be compensated for. Since the friction torque is 
proportional to the load on the bearings the weight of the rotating 
system should be as small as possible. 

As regards errors due to variation in the braking action, it can 
be seen that the steady speed of the meter is such that the 
braking torque—proportional to the speed—is equal to the driving 
torque. The braking torque is also proportional to the strength of 
the brake magnet. Employing symbols, we have, 

T b cc <j>i 

where T B = braking torque 

^ = flux of brake magnet 

i — current induced by the rotation of the moving system 
in the field of the brake magnet 
Let e — induced voltage 

r = resistance of the path of the current i in the rotating 
disc 

The induced voltage e cc <j>n 
where n is the speed of the revolving part of the meter. 

°c ~.(445) 

This braking torque equals the constant driving torque T B when 
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a steady speed of revolution is attained. Thus, if N is the steady 
speed of the meter, 

B r 


and 

where T B ' is the 


. , T » = 

braking torque at speed JV. 


or N oc ^. r D ... (446) 

Hence the steady speed attained by the meter for a constant 
driving torque is directly proportional to the resistance of the 
path of the induced (or eddy) current, and inversely proportional 
to the square of the flux of the brake magnets. 

It will be realized from this how very important it is that the 
strength of the brake magnet shall remain constant throughout the 
time that the meter is in service. Careful design and treatment 
during manufacture are necessary to ensure this constancy. In 
general, the braking torque will be reduced by increase of tempera¬ 
ture, since this will increase the resistance r. It is somewhat difficult 
to compensate completely for this reduction, but in some meters the 
driving torque is also reduced by increase of temperature, and this 
brings about automatic partial compensation. 

In one ampere-hour meter (see Ref. (23) ) two very small, circular, 
cobalt-steel magnets are used, mounted in opposite polarity. A 
magnetic shunt is provided, the permeability of which varies with 
temperature so that an increase of speed of the meter-disc of only 
1 per cent is caused by a change of temperature of 30° R. 

Motor Meters for D.C. Circuits. There are two classes of such 


(a) Mercury motor meters. 

(b) Commutator motor meters. 

The most important difference between the two types is in the 
method of leading current into the armature, or rotating part, of 
the meter. In type (a), the armature usually consists of a thin 
metal disc rotating in a bath of mercury, this mercury being used 
to lead the current into and out of the disc instead of the com¬ 
mutator as used in type ( b ). 

Mer cury Motor Meters, (i) Ampere-hour Type . A form of 
■y a n meter' whichlias been commonly Sll' fot d.c. circuits 
is the Ferranti meter shown in Fig. 470, the principle of operation 
being illustrated by the simplified diagram of Fig. 471. 

There are two link-shaped permanent magnets—one for driving 
purposes and the other for braking. These magnets have mild 
steel pole-pieces fitting into circular brass plates between which 
is a fibre ring of the same external diameter as the plates, which 
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are faced with Presspahn on their inner sides. The plates and 
fibre ring together form a shallow circular box, or chamber, which 
contains a thin amalgamated copper disc, the latter being the 
armature of the meter. The remainder of the space inside this 
chamber is filled with mercury, which exerts a considerable upthrust 
on the disc and reduces the pressure on the bearings. The disc is 
mounted at the base of a spindle, pivoted and working in jewelled 
cup bearings; the upper part of the spindle has a worm cut on it 
to engage in the gear wheels of the recording train. 



The current is led into the disc, through the mercury, at its 
eircumferenee on the right-hand side, and flows radially to the centre 
where it passes out through the spindle via the mercury to the j ewel 
bearing, to which external contact is made. 

A torque is produced owing to the presence of this current in the 
field of the right-hand magnet, and the disc rotates as shown in 
Pig. 471. In its rotation the disc cuts through the field of the 
left-hand magnet and an eddy current is induced in it which results 
in a braking torque as shown, this torque controlling the speed of 
rotation of the disc. 

As previously shown, the speed 

N oc — T 

where T ^ is the driving torque. 
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Now, obviously, T* oc the current 

°c I 

Hence, if r and cf> are constant, 

N cel 

i.e. the speed of the disc is proportional to the current. Thus, the 
number of revolutions in a given time will be proportional to the 
quantity of electricity passed in that time, i.e. proportional to 


/ m 


In order to compensate for the mercury friction when the disc 
is rotating, two iron bars are placed across the two permanent 


Brake _ 
Magnet 


Spindle 


Driving 
\/Magnet 
Connection 
through 
f tencuny 


Direction of 
Induced 
Current 



Current in 


Direction of 
Dotation Disc 


Direction of 
Braking Action 

Fig. 471. Illustrating the Principle op the Ferranti 
D.C. Ampere-hour Meter 


magnets, one above and one below the mercury chamber. The lower 
bar carries a small compensating coil of a few turns through which 
the load current passes. This coil sets up a local magnetic field, 
which strengthens the right-hand (or driving) magnet field and 
weakens the left-hand magnet field. Fluid friction is thereby com¬ 
pensated for. 

No compensation is necessary for bearing friction, since, owing 
to the upthrust of the mercury on the disc, the bearing pressure is 
very small. 

The Chamberlain and Hookham ampere-hour mercury meter, 
has the same principle as that of the Ferranti meter, except that 
only one permanent magnet is used; this produces both the driving 
and braking torque. 

Compensation for fluid friction is provided by an iron bar, wonnd 
with a coil in series with the load, the bar being in parallel with the 
air gap of the permanent magnet. The effect is to reduce the flux 
of the latter on heavy loads and, since the braking torque is pro¬ 
portional to the square of the flux, while the driving torque is directly 
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proportional to the flux, the result is an increase in the driving torque 
relative to the braking torque. 

(ii) Watt-hour Mercury Meters. The construction of the Chamber- 
lain and Hookham type of mercury watt-hour meter is shown in 
Fig. 472. In this meter there is an electromagnet K which carries 
two magnetizing coils connected—in series with a resistance— 



Pia. 472. CHASTBERILAXSr AND HOOKSAM MlRCOTY 
Watt-houh Meter 


across the supply mains, so that the current through them is pro¬ 
portional to the voltage. This magnet is situated under the 
mercury chamber containing the aluminium disc-armature A. 
Above this disc is an iron ring Q which completes the magnetic 
circuit of the electromagnet and causes its magnetic field to be 
perpendicular to the disc. This disc has radial slots cut in it in 
order to ensure radial flow of the current in it, this current being 
led into and out of the disc through mercury contacts at diametrie- 
ally opposite points. These slots prevent the same disc being used 
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for braking purposes, so that another alumimum disc 0 is used— 
mounted on the same spindle—in conjunction with a permanent 
magnet for this purpose. 

Within the small limits of variation of voltage to be expected on 
an ordinary supply system, the flux of the electromagnet may be 
assumed to be strictly proportional to the current through the 
magnetizing coils, i.e. to the voltage. Hence, since the torque driving 
the armature is proportional to the product of the current through 
it and the flux of the electromagnet, this torque is directly propor¬ 
tional to the watts in the circuit. The braking torque is obviously 


Commutator* 


, Compensating 



Supply 

Braking Disc 
a no! Magnets 


Load 
Resistance 


Fig. 473. Elihxt-Thomson Commutator 
Watt-hour Mutes 


proportional merely to the speed of the armature, and so the steady 
speed of rotation is proportional to the watts, and the number of 

revolutions to the watt-hours supplied—i.e. to f Eldt. 

Compensation for fluid friction at high speeds of revolution is 
provided by taking one or two turns of the current lead round the 
poles of the electromagnet, so that its field is strengthened thereby 
when the load is heavy. 

In calibrating meters of the above type, there are several adjust¬ 
ments which can be made. Adjustable magnetic shunts are often 
fitted in the case of ampere-hour meters, so that the field strengths 
of the permanent magnets may be varied. The calibration of watt- 
hour meters may be varied by adjustment of the position of the 
brake magnet to give a greater or less braking torque and also by 
variation of the position of the electromagnet. 

Large alterations of the calibration can be made by varying the 
gear ratios in the recording train, a large number of spare gear 
wheels being usually stocked in meter-testing laboratories for this 
purppser: 

\ Mp) Commutator Meters. Fig. 473 illustrates the principle of a 
commutator watt-hour meter, namely, the Elihu-Thomson meter 
though this type of meter is now mainly of historical interest. 
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There are two fixed current coils, each consisting of a few turns of 
heavy copper strip. These produce a magnetic field whose strength 
is proportional to the load current; in this field rotates the arma¬ 
ture, which carries a number of coils connected to the segments of 
a small commutator. The armature coils are wound upon a non¬ 
magnetic former, and are connected, through brushes pressing on 
the commutator, and in series with a suitable resistance, across the 
supply. The commutator is of silver and the brushes are silver- 
tipped, the object being to reduce friction. 

A compensating coil is also connected in series with the armature, 
and is so placed that it strengthens the magnetic field of the current 
coils when the pressure-coil, or armature, current flows through it. 
The object of this coil is to compensate for friction, and its position 
is adjusted so that the armature just fails to revolve when no load 
current is flowing, the shunt coils being energized. 

The armature carries a current proportional to the voltage of the 
circuit, and the torque, which is proportional to the product of this 
current and the flux produced by the current coils, is thus propor¬ 
tional to the watts in the load. 

The braking torque is provided by an aluminium disc and two 
permanent magnets, as shown. As in the mercury meters, the 
braking torque is proportional to the speed of the disc. Hence, the 
..steady speed attained by the revolving system of the meter is 
^ proportional to the watts in the load. 

Commutator meters are far less commonly used than the mercury 
type. The advantages of the latter are greater simplicity in con¬ 
struction; smaller voltage drop across the meter; the capacity 
for carrying a considerably greater current without shunting; and 
also small starting friction, owing to the very small pressure on the 
bearings as a result of the upthrust of the mercury on the rotating 
sy stem. 

~~The Grassot Fluxmeter as a Quantity Meter. The author has 
described (Ref. 25) the use of the Grassot fluxmeter for the measure¬ 
ment of a small fraction of an ampere-hour 
passing through a circuit in (say) a few 
seconds. In such a case neither an ampere- 
hour meter nor a ballistic galvanometer can 
be used successfully. The fluxmeter is used 
in conjunction with a suitable shunt in the 
current circuit as shown in Rig. 474. 
When the key is closed on contact b the 
fluxmeter is short-circuited and the move¬ 
ment is brought quickly to rest owing to 
the electromagnetic damping action. 

At the beginning of the time interval T 
during which the quantity of electricity to be measured is passed 
through R s ,, the key K is moved from b to a and is returned to b 



Fig. 474 
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at the end of the interval. The quantity of electricity is determined 
by multiplying the fluxmeter deflection which ensues between the 
two movements of the key K by a constant whose value depends 
upon that of R s and upon the constants of the fl uxm eter itself. 


Theory. _ Let I = current in the main circuit ; i = current in the flux¬ 
meter circuit at any time during the measuring period; Lt s — inductance of 
the shunt R s ; JR and JL — resistance and inductance of the fluxmeter circuit. 
e 3 and are as defined on page 366. 

Then, e, = R s (I - i) + L s 

e f = where K is the fluxmeter constant and ~ the angular 

J Cut Cut 

velocity of its coil. 
di 

'■t + L ii + Ri 


Now, e 


R s (I-i 


d(I - i) 
dt 


d6 

dt 


di 

L/ ~ _ 

dt 


Since i is very small Ri is negligible and I — i — I (very nearly). 


s dt dt * ~dt 
Integrating with respect to t we have 

dr 

us dt 






X % and I x are final and initial values of the current in the main circuit, i t and 
t x (both zero) are corresponding values for the fluxmeter circuit, while 0 2 and 
0 X are the final and initial values of the fluxmeter deflection. If L $ is small we 
may write 

JR S f T Idt = K(0 2 - 6 X ) 

J 0 


X T 

idt } 


which is the quantity to he measured, is given by 

W, “ 0l) 


tv 

It can be shown (Ref. 25) that K — where h is the number of 


flux linkages per unit deflection of the fluxmeter. 

\^Sj6 tor Metiers tor A.Q. Circuits. For a.c. circuits the com- 
mutator”type oFmeter could be used, but not the mercury type. 
The errors to which the commutator meter would be subject, if so 
used, would he the same as those of the dynamometer wattmeter, 
since their principles of operation are essentially the same. 

Induction type meters are, however, almost universally used for 
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a.c. energy measurements, since they possess the definite advan- 

y Xorq ue 

tages, as compared with the commutator type, of a higher 

ratio, and the absence of a commutator with its accompanying 
— friction. The induction 

type is therefore more 
accurate than the com¬ 
mutator type on light 
loads. The principle of 
these meters is almost 
exactly the same as that 
of the induction watt- 
' meter. The construction 
,: also is very similar, except 
l that the spring control 
and pointer of the watt¬ 
meter are replaced, in the 
energy meter, by a brake 
magnet which induces 
eddy currents in the disc 
(MetTcpoiitan-vicken Eiec.-Co., Ltd.) (which now revolves, in- 

Fig. 47 0. Met^opolitah-Vickers Type £ J , 

NA Sihgee-fhase Watt-hour Meter stead of rotating through 

only a fraction of a re¬ 
volution as in the wattmeter), and by a recording train of wheels 
driven by a worm on the spindle of the meter. 

S ingle -phase Iji&uctioTi Type W<M-hQU>L. MzHT * The construction 
ofa typical meter of this type is shown in Fig. 475, the brake-magnet 
and recording wheel-train being omitted for clearness. It can he 
seen that there is little difference in construction between this 


instrument and the induction wattmeter illustrated in Fig. 456 
(previous chapter). The chief alterations are the provision of only 
one pressure coil, upon the centre limb of the “shunt” magnet, 
and only one copper shading band upon this limb. In addition, 
there are two copper bands placed obliquely on the other two limbs 
of this magnet, their purpose being to compensate for friction in the 
meter. 


Fig. 476 shows the construction of the moving element of a single¬ 
phase watt-hour meter manufactured by Aron Electricity Meter,Ltd. 

It should be observed that, since the disc is revolving continuously 
when on load, e.m.Fs will be induced in it dynamically , as it cuts 
through the flux of the two electromagnets, in addition to the 
stat ically induced e.m.Fs due to the alternating flux in these magnets. 
The full-load speed of rotation in most meters is, however, only about 
40 r.p.m., and as this is small compared with the speed of alternation 
of the static flux (corresponding—say—to a frequency of 50 cycles 
per second), the torque corresponding to the eddy currents dynamic¬ 
ally induced in the disc will be'very small compared with the 
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operating torque corresponding to the statically induced eddy 
currents. 

Neglecting, for the present, friction in the meter, and assuming 
that the flax of the “shunt” magnet lags by exactly 90° in phase 
behind the applied voltage, we have, following the theory of the in¬ 
duction wattmeter, 

Operating (or driving) 
torque 

where E and I are the r.m.s., 
values of voltage and current in ! 
the circuit respectively, and <f> 
is the phase angle between' 
them. This torque is thus pro¬ 
portional to the power in the 
circuit. 

Now, the retarding torque of 
the eddy-current brake has been 
shown to be proportional to the 
speed of revolution of the disc, 
i.e. 

T s ocN 

where N = speed of revolution. 

Hence, since for a steady 
speed the driving torque T D is 
equal to T B , we have 
N cc El cos (j> 
or 

Power oc speed, of revolution 

Thus the total number of revo¬ 


lutions, which 


equals J 


Ndt , is- 


proportional to j*El cos ^ . dt , 



{Aron Electricity Meter, Ltd.') 
Fig. 476 . Moving Element of 
■ Single-phase Meter 


i.e. proportional to the energy 
supplied. 

The voltage and frequency of the supply circuits upon which these 
meters are principally used are sufficiently constant for errors due 
to variations of these quantities to be negligible. 

Meter Phase Error. As pointed out when considering the 
induction wattmeter, the object of the copper shading band on the 
shunt magnet is to produce a phase displacement of exactly 90° 
(assuming the flux of the series magnet to be in phase with the load 
current) between the flux of this magnet and the applied voltage. 

An error due to incorrect adjustment of the position of this 
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shading band (resulting in an incorrect phase displacement between 
the voltage and shunt magnet flux) will he evident when the meter 
is tested on a load whose power factor is less than unity. An error 
on the “fast” side under these conditions can be eliminated by 
bringing the shading band farther down the limb of the shunt magnet 
(i.e. nearer to the disc). 

An error in the speed of the meter when tested on non-inductive 
load may be eliminated by adjustment of the position of the brake 
magnet, a movement of the poles of this magnet towards the centre 
of the disc reducing the braking torque, and vice versa . 

The full load current, the supply voltage, and correct number of 
revolutions of the disc per kilowatt-hour, are marked on the name¬ 
plate of the meter. 

^/Example. For a 20 amp. 230 volt meter, the number of revolutions per 
KWh., is 480. If, upon test at the full load (4,600 watts), the disc makes 40 
revolutions in 66 sec., calculate the error. 

In I hr. at full load, the meter should make 4*6 x 480 revolutions. 

This corresponds to a speed of — — = 36*8 r.p.m. 

40 

Thus the correct time for 40 revolutions : - x 60= 65-2 sec. 

00*0 

0*8 

Time taken is 0-8 sec. too long, and the meter is X 100 1*2 per 

cent slow. 5 652 

Feiction C ompensation. The two shading bands embrace the 
flux contained in the two outer limbs of the shunt magnet, and thus 
eddy currents are induced in them which cause a phase displacement 
between the enclosed flux and the main gap-flux. As a result, a 
small driving torque is exerted on the disc, this torque being ad¬ 
justed, by variation of the positions of these bands, to compensate 
for friction torque in the instrument. 

To check the correctness of this friction compensation, the meter 
is tested on a light load, under which conditions it should run at the 
correct speed if the compensation is correct. Care must be taken to 
ensure that the compensating torque is not so great as to cause the 
meter to run when no load current is flowing, i.e. when only the 
shunt magnet flux exists. 

Creee *. In some meters a slow, but continuous, rotation is ob¬ 
tained when the potential coils are excited but with no-load current 
flowing. This may be due to incorrect friction compensation, to 
vibration, to stray magnetic fields, or to the fact that the voltage 
of the supply circuit is in excess of the normal. 

To prevent such “creeping, 55 two holes, or slots, are cut in the 
disc on opposite sides of the spindle. The disc tends to remain 
stationary when one of the holes comes under one of the poles of 
the shunt magnet. 

In some cases, a small piece of iron wire is attached to the edge 
of the disc. The force of attraction of the brake magnet upon this 



TEE MEASUREMENT OF ENERGY 787 

iron wire is sufficient to prevent continuous rotation of the disc 
under no-load conditions. 

. Temperature Variat ion . The errors introduced by varia¬ 

tions of temperature of an induction meter are usually small, since 
the various effects produced tend to neutralize one another. 

Thus, increase of temperature increases the resistance of the 
eddy-current paths in the disc, and this reduces both the driving 
and braking torques. Again, the resistance of the pressure coil is 
increased with increase of temperature, so that it takes less current, 
resulting in a reduced flux in the shunt magnet. This reduces the 
driving torque, but the flux from the brake magnet is also reduced 
by increase of temperature, and so these effects tend to neutr aliz e 
one another. 

On non-inductive loads the temperature error is certainly neg¬ 
ligible ; on inductive loads, however, especially in the case of large 
whole-current meters, the error may be of considerable importance. 

Before leaving the subject of single-phase watt-hour meters, 
mention should be made of an interesting article by A. Sahmann 
(Bef. (41)) describing their use (when special instruments for the pur¬ 
poses (see Chapter XXII) are not available) for power, power factor, 
polarity and phase-sequence tests. 

Polyphase Watt-h our Meters of the Induction Ty'p e . As in the case 

power measurement^with”a two-element wattmeter, the energy 
supplied to a three-phase circuit may be measured by a double- 
element meter of the induction type, each element being similar in 
construction to the single-phase meter. 

There are two discs mounted on the same spindle, and two separate 
brake magnets; the spindle drives a single counting train. In 
addition to the phase adjustment and friction compensating device 
in each element, one of the elements has an adjustable magnetic 
shunt across its shunt magnet, in order that the driving torque for 
the same watts may be made the same in the two instruments. In 
carrying out this adjustment, the two current coils of the meter are 
connected in series, and the two pressure coils in parallel, the polari¬ 
ties being such that the two driving torques are in opposition. 
Adjustment of the magnetic shunt is continued until the meter 
ceases to rotate with full-rated watts supplied to both elements. 

The adjustments for phase displacement, friction compensation, 
and for the correct position of the brake magnets are made upon 
the two elements separately, a single-phase circuit being used. 
The adjustment of the brake magnet positions must be carried out 
on the two elements alternately, since both magnets are operative 
in producing the bra kin g torque. Both shunt elements should be 
energized meanwhile, to allow for interaction. 

If the phase compensation is not carried out exactly in each 
element it may happen that, taken together, the two errors neutralize 
one another when the load is balanced, giving a net error of zero. 


26—(T.5700) 
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Since, however, this condition does not hold for all loads, whether 
balanced or not, it is essential to observe certain conventional rules 
with regard to the connections of the meter so that it may, when 
in service, be connected in the same way as when under test. 

In the British Standard Specification No. 37, for electricity 
meters, a standard system of marking the terminals is laid down, 



(Sangamo Weston , Ltd.) 

Fig. 477. The Construction- of a. “ Singamo ” Type H.E. 
Polyphase Meteb 


in order that the correct connections may he made. The three 
lines of the three-phase system are designated the “white,” “blue,” 
and “red” lines respectively, the white phase leading the blue 
by 120°, and the blue leading the red by the same angle. The 
specification states that in the upper element the current coil shall 
be connected in the blue phase and the current coil of the lower 
element in the red phase. The current in the upper current coil 
therefore leads that in the current coil of the lower element by 120°. 

The connections to these polyphase meters are the same as those 
employed in the two-wattmeter method of measuring three-phase 
power. !Fig. 477 shows the construction of a polyphase meter. 
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_ _ The most important meter of this type is the Axon 

clock meter. It has the advantages of being unaffected by ex¬ 
ternal magnetic fields and of being comparatively free from frequency 
and wave-form errors, especially if its pressure-coil circuit is made 
as far as possible non-inductive. It is especially useful when the 
power factor of the circuit in which the energy is to be measured is 
high. The meter will register accurately on very low loads, but its cost 
and somewhat complicated construction have prevented its use as a 
house service meter. It can be used on either a.c. or d.c. circuits. 

Although many of these clock meters are still in service on d.c. 
circuits, their cost of manufacture would now be so high that they 



Fig. 478. Conkectioks of Ajroit Clock Type Meter 


are no longer being produced. Their novel principle of operation, 
and their good record of service deserve, however, to be recognized 
by a brief description. 

JPitrirciPLE or Operation. The connection diagram of Mg. 478 
il 1 insbrerclple^of the meter. There are two similar flat 
circular coils P 2 and P 2 carried at the bottom ends of two pendulums 
which are continuously driven by clockwork, the latter being wound 
electrically. These coils are connected in series with one another, 
and with a high resistance, having a very small temperature co¬ 
efficient across the line. They thus carry a current proportional to 
the line voltage. Obviously this circuit must be non-inductive, and 
must not vary in resistance appreciably with varying temperature, 
if this proportionality is to remain constant under all conditions of 
frequency and temperature. 

Beneath each of these pendulum coils is a fixed current coil 
(C 1 and <7 2 ), these being connected in series with the line and being 
wound so that their magnetic fields are in opposite directions—i.e. 
one upwards and one downwards. 

When no line current is flowing, the two pendulums, which are 
of exactly the same length, swing at the same rate; but if a current 
flows through G 1 and C 2 one of these coils exerts a force upon its 
adjacent pendulum which reduces the speed of the latter and the 
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other coil causes the speed of its adjacent pendulum to increase. 
This can he seen from the following. 

The time of swing of a pendulum, whether simple or compound, 
may be written 

T = A . . . . ( 447 ) 

Vg 

where h is a constant depending upon the dimensions of the pendu¬ 
lum and g is the acceleration due to gravity. 

Thus, the number of swings per second, N, for each of the pen¬ 
dulums when swinging freely is given by 

N = KVg where X = ~ 

The effects of the magnetic fields of coils C t and C 2 are to produce 
forces -{- F and — F acting, one up and one down, upon the pendu¬ 
lums adjacent to the coils C ± C 2 . Let -f- a and — a be the correspond¬ 
ing accelerations. Then the rates of swing of the two pendulums 
will be 

= zv'gji + - g 

and N 3 = K'V'g — a = ZVy^/l 

It can be shown that 

.( 448 ) 

g Vg 

Now the acceleration “a” is dependent upon the ampere-turns on 
the coils P 2 P 2 and and upon the dimensions and relative 

positions of the coils, so that we may write 

a = y . Aj, . A c 

where h' is a constant and A v and A c are the ampere-turns on the 
pressure coils and upon the current coils respectively. 

jzy _ _ _ 

Thus, N 1 -N z = ^rA p A e = K'A„A e 

vg 

= K"i 9 i 9 .... ( 449 ) 

where K r and K" are constants, the latter including the product of 
the number of turns on a pressure coil and of a current coil, i v and 
i c are the currents in the pressure and current coils respectively. 
The product i p i c is proportional to the instantaneous power in the 
circuit, if these currents are instantaneous, the assumption being 
made that i P is directly proportional to the voltage of the circuit. 
The difference between the rates of swing of the two pendulums is 
therefore proportional to the power in the circuit. By means of a 
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differential gear tins difference in rate is integrated so that the energy 
supplied to the circuit is recorded by a train of wheels and dials in 
the usual way. It should be noted that in the above discussion the 
natural periods of swing of the two pendulums are assumed to be 
exactly equal. Actually such exact equality is difficult to obtain, 
and arrangements are made to eliminate error due to lack of such 
equality, as described later. 

Constructional Details. The two pendulums drive two trains 
of wheels each ending in a bevel wheel. These two bevel wheels run 
loose on a spindle and their bevelled sides face one another. Be¬ 
tween, and engaging with these two wheels, is a small planet wheel 



(Aron Electricity Meter , Ltd. 
Fig. 479. Differential Gear of 
Aron Clock Meter 


which is carried on an axle rigidly attached to and perpendicular to, 
the spindle upon which the bevel wheels are loosely mounted (see 
Fig. 479). This spindle drives the recording train of wheels, so 
that if the axle bearing the planet wheel is caused to rotate the 
spindle rotates and the recording train is driven. 

If the two pendulums swing at the same speed, the two bevel 
wheels rotate in opposite directions at the same speed; the planet 
wheel rotates on its axle, but the axle itself remains stationary. • 
If, however, the pendulums swing at different rates, the bevel 
wheels rotate at different rates and the axle of the planet wheel is 
driven round, producing a rotation of the spindle and a movement 
of the recording train of wheels. The speed of rotation of this 
spindle—and hence the speed of the recording wheels—is propor¬ 
tional to the difference in^peed of the bevel wheels, i.e. to the differ¬ 
ence in the rates of swing of the pendulums and, therefore, to the 
power m the circuit. 

Because of the difficulty of obtaining exactly equal natural periods 
of swing of the two pendulums the direction of current in the 
pendulum coils is automatically reversed every 10 min., there being 
two alternative trains of driving wheels so that the drive from the 
differential gear can he thrown over at the same time (otherwise 
the meter would read backwards when the current direction was 
reversed). 
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By this means error due to inequalities in the two natural periods 
is avoided. 

The mainspring which drives the pendulums is wound electrically 
twice a minute by an automatic arrangement. This is accom¬ 
plished by an electromagnet which attracts a small armature 
attached to the end of the spring. This electromagnet only comes 
into operation, for an instant, when the spring is run down, when a 
contact is made which energizes the magnet. The use of such an 
arrangement avoids a continuous waste of power. 

Remote Indication. The complexity of present-day electricity 
supply systems, as well as the extensive use of electrical methods for 
the measurement of non-electrical quantities such, for example, as 
the pressure and rate of flow of gas, water or steam, the water level 
in reservoirs, etc., have encouraged the development of systems for 
the transmission of information, concerning various measured 
values, to a distance. Some examples of these follow. 

The Electronic Eepeater {Evershed and Vignoles). The principle 
of this apparatus is shown in Big. 480 (which shows a wattmeter 
transmitter). 

The pointer of the instrument, the indication of which is to be 
transmitted by pilot lines carrying direct current, carries a coil 
working inside a pot magnet and also a disc contact which is con¬ 
nected to the grid of a triode valve. The coil is in the cathode circuit 
of the valve with the circuit completed through distant indicators 
or recorders. The disc lies between two fixed contacts carrying positive 
and negative biasing voltages respectively. The voltages alter the 
anode current until the torque exerted by the coil balances that due 
to the instrument originating the movement. The capacitor con¬ 
nected across the grid circuit of the valve provides storage of the 
required biasing voltage. 

Variations in line resistance or in mains voltage are automatically 
compensated so that the current transmitted remains proportional 
to the quantity being measured. The instrument operates off a.c. 
mains. 

Elliott Transmission System (Elliott Brothers (London), Ltd.). In 
this sytem, also operated from a.c. mains, the transmitter has an 
excitation field system, a moving element, and an output field system. 
The arrangement is shown in Big. 481. The exciting field system has 
a laminated iron core and a magnetizing coil and it has a narrow, 
specially-shaped, air gap. A static voltage regulator maintains a 
constant voltage across the coil. The moving element is a metal 
loop which is caused to rotate by the originating instrument move¬ 
ment. When the loop enters the air gap of the mains-excited magnet 
an e.m.f. is induced in it and this is proportional to the amount of 
gap flux embraced by the loop. The loop is so shaped that the 
induced current in it is closely proportional to its angular movement. 

The output field system is a closed, laminated-iron core with a 
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single coil on it. The rotated loop is inductively coupled with this 
coil so that the latter has, induced in it by the loop current, an 
e.m.f. proportional to this current and so proportional to the 
angular movement of the loop and of the moving system of the 



Supply 

(Evershed <& Vignoles, Ltd.) 

Fig. 480. Mechanical Transmitter operating Indicator, and 
Recorder 

originating ins tr um ent. The loop and output system of the trans¬ 
mitter act as a current transformer and thus the output current is, 
within limits, independent of the impedance of the output circuit. . 

Combined Instrument Transformer Metering Units (Chamberlain 
and Hoohham , Ltd.). These units have been developed, for pole or 
platform mounting, to provide accurate remote metering at medium 
and high voltages particularly for overhead branch lines in rural 
areas. 
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The units consist of a three-phase voltage transformer mounted, 
with the necessary current transformers (5VA, Class CM), all oil 
immersed, in a welded sheet steel tank. The arrangement is shown 
in Fig. 482. 

Meter Testing-. The testing of meters for commercial work has 
been standardized by the provisions of the Electricity Supply 



(Meters) Act, 1936. The Electricity Commissioners issued a series 
of papers* which contain details of the methods of testing which 
should be employed and the approved apparatus which should be 
installed in meter-testing stations for the purpose of carrying out 

* E.g. Electricity Supply (Meters) Act, 1936: Approved Apparatus for 
Testing Stations, etc.; Explanatory Memorandum concerning the Testing 
of Electricity Meters; The Apparatus Approved for Use in Meter-testing 
Stations,. etc.; Further Explanatory Notes concerning the Testing and 
Certification of Electricity Meters, etc.; Supplementary Notes in Amplifica- 
tion of the Explanatory Memorandum, etc. (Published by H.M. Stationery 
Office.) J 
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such, tests. These papers should be studied by the reader who is 
interested in the subject of meter testing. Only a few of the more 
important provisions can be given here. 


Prrmary 

Terminals 


Current i 
Transformer 


Twin Stem 
Concentric 
Bushing 

A l. A.m. 


Twin Stem 
Concentric 
Bushing 

C.M. C.L. 


Sing !e Stem 
Bushing 
? B 


M 


High Tension Fuses 


l Current 

Transformer 


Current Limiting 
Resistors 

Primary Windings 

Secondary Windings 

Low Tension Puses 
(if required.) 

Secondary Terminals 



\ _ n Three Phase 

VoLtage 
Transformer 


<& 


L.T. Neutral 
Connection 
(if required) 


(Chamberlain & HooJcham , Ltd.) 

Pig. 482. Coototions of 3-phase, 3-wtre combined Metering 

Unit 


Dealing with the approved apparatus first, this is listed as 
follows— 

Standard Apparatus 
D.C. potentiometer. 

Substandard Apparatus 

(а) Indicating wattmeter. 

(б) Rotating meter. 

(cj Ammeter. 

(d) Voltmeter. 

(e) Electrolytic ampere-hour meter. 
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Time Standard 

Skip’s chronometer or pendulum-type clock. 

Time Substandard 

Stop-watch or other suitable timing device. 

It is laid down that the potentiometer shall he tested at intervals 
at the Xational Physical Laboratory, and that the other apparatus 
shall be tested against a standard d.c. potentiometer or against 
substandard indicating instruments at stated intervals. 

Specifications are given for the approved apparatus, and these 
include constructional requirements and allowable accuracy limits. 

Methods of Test. For motor meters, three methods of test are 
given— 

Method A 

Long-period dial tests, using substandard rotating meters. 

Method B 

(a) Tests (other than long-period dial tests) using substandard 

rotating meters. 

(b) One long-period dial test. 

Method C 

(a) Tests by substandard indicating instruments and stop¬ 
watch. 

(b) One long-period dial test. 

It is laid down that “Method 0 alone is to be used for testing 
direct-current motor meters.” 

All meters are to he tested (a) at the lowest percentage of their 
marked current specified in the limits of error for meters of their 
class under the Electricity (Supply) Acts; (6) at one intermediate 
load; and (c) at the highest percentage of marked current specified 
in the limits of error. 

In the case of a.c. meters, they are also to be tested at marked 
current and marked voltage at 0*5 power factor lagging. 

Watt-hour meters must also be tested for “creep” by applying 
10 per cent overvoltage to the pressure coil, the main circuit (cur- 
rent-coil circuit) being open. The meter must not run under these 
conditions. 

It will be observed that the testing engineer has the liberty of 
choice between the above three methods of test (in a.c. meters), 
but all three methods involve at least one dial test. 

All supply meters of the motor type have a meter- 
d on them. This constant is expressed in ampere-^ 
segonds per revolution or in revpintions^p er kilow att-hour. The 
full load current and line voltage for which the meter isT intended 
are also stated. From these data the number of revolutions per 
minute which the meter should make when tested with a certain 
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fraction of its full load can be calculated. The number of revolu¬ 
tions per minute which, it actually does make when tested at this 
load is then observed and the error (if any) deduced therefrom. 

Thus, if K. is the constant of the meter, the number of revolutions 
per minute which it should make when tested at some fraction “a” 
of its full load is given by 

K . aW 
60 

where W is its full load in kilowatts. 

An example illustrating such a test is given on page 786- 

As an alternative to the above method of testing, a standard 
watt-hour meter is often used instead of timing a definite number 
of revolutions of the meter under test with a stop watch. In such 
cases the current coil of the standard instrument is connected 
in series with that of the meter under test, and their pressure 
coils are connected in parallel. This ensures that the power operating 
the two meters is exactly the same. The standard meter records 
single revolutions and is readable to a small fraction of a revolution. 
An arrangement is also fitted so that the register of the standard 
can be started and stopped instantaneously. 

Specifications for such rotating standards are given in the Elec¬ 
tricity Commission’s paper on “Approved Apparatus.” 

The procedure, after adjusting the load to the required value, is 
to allow the meter under test to make a certain number of revolu¬ 
tions, and to observe the number of revolutions made by the 
standard in the same time. 

If the constants of both meters are the same, the error in the 
meter under test can then be obtained directly. 

If the constants are unequal. 

Let K x — No. of revolutions per kilowatt-hour for the meter 
under test (nominal value) 

K s — No. of revolutions per kilowatt-hour for the standard 

N x — No. of revolutions made in a certain time during the 
test by the meter under test 

N s = No. of revolutions made by the standard in the same 
time 

Then, the energy indicated by the test meter in the time of the 
test 

= t? (kWh.) 

Jti-x 

and that indicated hy the standard 

_N, 

K. 


(kWh.) 
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These should obviously be equal if the meter under test is correct. 
If not, the error is given by 


X 100 per cent 


or x I®® per cent 

In order to ensure that the meters have attained a steady tem¬ 
perature by the time the test is made, it is necessary that they shall 
be connected in circuit, with the load on, for some 15 to 30 min. 
before making the test. 

The advantages of this method of test, as compared with 
the method using a stop-watch, are that errors introduced by 
the latter are avoided and also that variations in the load dur¬ 
ing the time of test affect both meters equally and are therefore 
unimportant. 

Dial Tests. In addition to the short-time tests described above, it 
is usual (and is required by the Electricity Commissioners in com¬ 
mercial testing) to carry out a “dial” test extending over an hour or 
more with the load maintained constant at its full value, in order to 
check the gearing and ensure that the readings given by the recording 
train are correct. 

This test gives an opportunity of discovering errors due to self¬ 
heating, and it is usual, at the end of such a test, to repeat the short- 
time test at full load to investigate the effect of this heating upon 
the rate of revolution of the disc. 

Other Tests . The British Standard Specification states that a 
meter should start at one-hundredth full load and also that it should 
not run when a pressure of 10 per cent over the normal is applied, 
the load current being zero. Tests must be made, extending for at 
least ten minutes, to ensure that a meter complies with these require¬ 
ments in addition to those regarding errors for which the foregoing 
tests are carried out. 

‘ Phantom ” or “ Fictitious 55 Loads. When the capacity of a meter 

derTSOsT^ErarTesFwTtETEe^rdinary loading arrangements 
would involve a considerable waste of power. To avoid this 46 phan¬ 
tom,” or c< fictitious,” loading an arrangement is employed which 
consists in supplying the pressure circuit from a circuit of the required 
(normal) voltage, and the current circuit from a separate low-voltage 
supply. This means that the total power supplied for. the test is 
that due to the small pressure-coil current at normal voltage, plus 
that due to the load current at a low voltage; and the total power 
supplied is therefore only a comparatively small amount. 
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If a high-capacity meter is to be tested whilst in service, the 
pressure coil is supplied from the line in the normal way, but the 
current coil is removed from the consumer’s load circuit and re¬ 
placed by a short-circuiting connection. The current coil is then 
supplied from a battery or low voltage source for purposes of 
testing. 

The Glynne Electronic Stabilizer. H. Tinsley and Co. make this 
instrument for use in meter stations where a fairly high voltage d.c. 
supply, of good stability, is needed; it replaces high voltage accum¬ 
ulators. The voltage supplied can be any value between 25 and 



600 V at up to 120 mA with a short-term stability of 1 in 50,000 
and a long-term one of 1 in 10,000. 

A schematic diagram is shown in Fig. 483 in which V 1 is a low 
impedance valve. A second valve V 2 (a tetrode) provides the control 
grid of V 1 with a potential such as to maintain the voltage across 
the load constant. The unstabilized input is derived from a full- 
wave mercury vapour rectifier circuit with choke input filter fed 
from a h.v. transformer with a tapped secondary. The instrument 
operates from 200 to 250 V a.c., 50 c/s supply. 

3 . In testing a.c. meters, it is not only necessary 
y me voirag and load current, but, in addition, the relative 
phases of the two quantities must be altered; in other words the 
power factor of the load must be variable also. Variation of power 
factor may be brought about by making up the load circuit with 
variable resistances, inductances, and capacities, and adjusting 
these as required. This method is, however, inconvenient in most 
cases, since it involves the waste of the power in t he loa d]and 
necessitates several fairly expensive pieces of appaila/ffusTthese 
objections being particularly apparent if the capacity of the meters 
is high. 
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For this reason the load employed for testing purposes is usually 
a fictitious one, as in the case of d.c. meter testing. Provision must, 
of course, be made for varying the phase of the current in the 
current circuit relative to that of the voltage circuit in addition to 
the variation of the magnitude of the current. 

This phase of the current is usually altered in one of two ways: 
either by using, as supplies, two similar alternators coupled together, 
and driven by a motor, with the stator of one of them capable of 
rotation through any desired angle relative to the position of the 
stator of the other, or by using a pha se-shiftin g_transformer. In the 
former case one alternator supplies the pressure-coil circuits of the 
meters under test, and the other supplies the current-coil circuits, 
a step-down transformer being used to obtain the (possibly) heavy 
currents required for the current coils. By moving round the stator 
of the alternator supplying the current, using a worm-wheel and a 
graduated circular scale, the phase can be altered relative to that 
of the voltage. The angle through which the alternator stator is 
moved gives a measure of the phase angle between current and 
voltage. The frequency of both current and voltage is, of course, 
identical, since the two alternators are direct coupled. 

When a phase-shifting transformer is used, instead of a motor- 
alternator set, the stator must be supplied with two- or three-phase 
current in order to produce a rotating field, or, if the supply is 
single-phase, a phase-splitting device must be used. The phase of 
the current induced in the rotor of the phase-shifter can then be 
altered as required by rotating the latter through the appropriate 
angle. 

The magnitude and power-factor of the load having been adjusted 
according to the requirements of the test, the errors of the meters 
under test can be obtained either by timing a certain number of 
revolutions—the load being measured by an indicating wattmeter— 
or by comparing their rates of revolution with that of a standard 
watt-hour meter connected so as to measure the same load. 

If the power-factor adjustment of a meter has been made, at 
some high value of the power factor, so that the error of the meter 
is zero, no error, due to power-factor variation, will be observed at 
the lower power factor. If, however, the adjustment has been made 
so that the error is (say) 0-5 per cent at 0*8 power factor, it will be 
found that the error due to this cause at 0*1 power factor is more 
than 6 per cent. This will be explained by a reference to the cor¬ 
rection curves given in Fig. 434 in the preceding chapter. 

Si k gle-fha.se Meters. Fig. 484 shows the connections for the 
^oFX^mpe^phase meter X, using two coupled alternators 
A 2 and A 2 for the supply to the pressure and current-coil circuits 
respectively. The stator of A 1 is capable of rotation for phase 
variation. A 2 is connected first of all to a step-down transformer 
T whose secondary then supplies the current coils of the two meters 
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X. and S, the latter being either a sub-standard indicating 'watt¬ 
meter, or a standard watt-hour meter, according to the method of 
test employed. The variable resistance R is for adjustment of the 
current in the current-coil circuit. V and A are a voltmeter and 
a mm eter for the measurement of the load voltage and current. A 
phase-shifting transformer may, of course, be used instead of the 
two alternators. The “equalizing lead” shown is necessary when a 
fictitious load is used, in order to ensure that the potential difference 



between the current and pressure coils of the meters is zero, as it is 
when they are in service. 

When several single-phase meters are being tested as above, it 
is necessary, first, to disconnect the links connecting one end of 
their current coil to one end of the shunt coil. 

Polyphase Meters. Fig. 485 gives a diagram of connections for 
testing three-phase three-wire meters. In this case there is a three- 
phase supply. This is used for two purposes: (a) to supply the 
stator of a phase-shifting transformer, ( b) to supply three step-down 
transformers, two of whose secondaries supply the current coils of 
the meter. A regulating choke coil is connected in the primary 
circuits of these three transformers. The rotor of the phase-shifting 
transformer supplies two auto-transformers having variable secon¬ 
dary tappings. These supply the pressure-coils of the meters, the 
latter consisting of a double standard wattmeter and one or more 
meters to be tested. These are connected as shown. A l9 A 2 , and 
A 3 are ammeters and V 1 and V 2 voltmeters, for adjustment of the 
load. 
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Meters used for _ al Purposes* In addition to the forms of 
suppr^meters described above, there are several special forms of 
meter, the use of which has been made necessary by the various 
existing methods of charging for electrical energy. Thus, there are 
“prepayment” meters, which are fitted with a coin box and a 
prepayment mechanism, and are arranged so that only a limited 
amount of energy can be obtained after the insertion of a coin. 
Such meters are used for the metering of supplies to premises of 
which the tenants change frequently—when the settlement of 


Auto- 

transformers 



accounts may become a matter of some difficulty—or when a con¬ 
sumer prefers this method of payment to the more usual quarterly 
account system. 

The adoption, by supply companies, of tariffs which penalize a 
consumer who makes periodic heavy demands of power on the 
system, or whose load has a low power factor, has led to the use 
of “maximum demand indicators,” and of meters for the measure¬ 
ment of kilovolt-amperes, A supply company is bound to install, in 
its power station, plant of a considerably greater capacity than that 
required for the supply of the normal load on the station, on account 
of the sudden heavy demands which may be made by some consumers 
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at certain periods. This means that there are considerable interest 
charges on the capital invested in such tc reserve” plant, and it is 
only just that consumers, whose heavy demands of power have to 
be met by it, should be charged an extra amount in addition to 
the charge made on a lower rate of so much per unit, the latter 
being equivalent to the generation cost, plus a small profit. Maxi¬ 
mum demand indicators are for the purpose of assessing this extra 
charge. 

Again, consumers whose load has a low power factor require a 
much larger current, for a given amount of real power required, 
than would be necessary if their power factor were high. These 
increased current requirements necessitate the use, in the power 
station, of generators of a correspondingly high current-capacity, 
and also cause the copper losses in machines and distribution lines 
to be high. Thus, low power factor results in increased running 
costs to the supply authority, and again, it is reasonable that a 
consumer should be charged extra to compensate for the increase 
in costs for which his low power factor is responsible. 

Wattless-power meters and kilovolt-ampere meters are both used 
in connection with tariffs which take the consumer’s power factor 
into account. In the first case a measure of the consumer’s departure 
from unity power factor is obtained directly. In the case of kilovolt¬ 
ampere meters, a record is obtained of the product of volts and 
amperes in the circuit and the charge, in the maximum-demand 
system of charging, is often based upon this product rather than 
upon the actual maximum power demand. In such cases a con¬ 
sumer’s hill is increased if his power factor is low, since the volt- 
amperes taken by his load will he higher for a given amount of 
power than if his jiowei factor had been high. 

Prepayment Meters. Essentially, these are not a special type 
of meter from the point of view of principle of operation, but consist 
of meters of one of the types described above, in which is incor¬ 
porated a device which causes the load and meter circuit to remain 
open until a coin is inserted in the mechanism, thus closing a switch 
in the meter, which automatically opens the circuit again after a 
certain definite amount of energy has been supplied subsequent to 
this insertion. 

Many different types of mechanism are employed by the various 
manufacturers in order to produce the operation required. These 
do not, however, merit individual description here. The principal 
requirements of such meters are— 

(a) The switch regulating the opening and closing of the supply 
circuit must make good contact and must operate correctly after 
an amount of energy corresponding to that prepaid for has been 
supplied. 

(b) The meter must he proof against interference by any but 
authorized persons. 
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(c) Tlie coins inserted must not Jam. 

(d) The meter must be capable of easy adjustment in the case of 
alteration of the price per unit. 

(e) The manipulation by the consumer must be of a simple 
nature. 

(/) Allowance must be made in the operating mechanism for the 
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Fig. 486. Diagram of Connections of Single-pease 
Prepayment Meter 


fact that all the coins inserted will not be of the same weight and 
thickness. 

(g) The number of coins which have been inserted should be 
indicated. 

Fig. 486 shows the internal connections of one type of prepayment 
meter. 

demand Indicators. The chief requirement of these 
indicators is tbS¥TEeyTEnh record the maximum power, or rate of 
using energy, taken by a consumer during any particular quarter, 
the charge for the quarter then being based upon this maximum 
demand, as well as upon the total number of unit s consumed. In 
order that momentary heavy demands shall not be taken into 
account, and the consumer penalized, it is also necessary that the 
indicator shall only record the average power over successive pre¬ 
determined periods, such as half-hours. Such indicators may 
either take the form of a separate instrument, or may be in the form 
of an attachment to a motor- or clock-type meter of the ordinary 
kind. 

Wright Maximum-demand Indicator. This was one of the earliest 
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demand indicators to be introduced. It indicates the maximum 
current taken by a consumer, the voltage (and power factor, if used 
on a.c.) "being neglected. The principle of this instrument is illus¬ 
trated by the line drawing of Fig. 487. 

The indicator is essentially a differential air thermometer. It 
consists of a glass U-tube whose upper ends are closed by two bulbs 
of similar capacity, as shown. One of these bulbs is surrounded by 
a metal heater strip through which the current in the supply circuit 
flows, heating the air inside this bulb as it does so. Near the upper 
end of the other limb of the tube, and just below the bulb closing it, 
is a side tube leading to a narrow-bore index tube alongside which is 
a scale. The U-tube contains a liquid with a small coefficient of 
expansion—which acts as an indicator. When the indicator is 
set, initially, the right-hand limb of the tube (Fig. 487) is filled 
with sulphuric acid up to the level of the branch tube. Acid is then 
added until its level in the index tube is at the zero mark on the 
scale. 

Now, when current flows through the heater, the air in the bulb 
which the heater surrounds expands and causes the sulphuric acid 
in the right-hand limb of the U-tube to overflow into the index tube. 
The greater the current, the greater the expansion of the liquid, and, 
therefore, the greater the overflow to the index tube. After the 
heater has cooled, the current in it must subsequently reach a 
higher value than any previous one if any further overflow into the 
index tube is to be obtained. The level of the liquid in this index 
tube gives, therefore, a true record of the maximum current which 
has passed through the instrument during any given period. The 
constrictions and traps in the limbs of the tube are for the purpose 
of preventing the passage of air from one bulb to the other when the 
indicator is reset, the latter operation being carried out by tilting 
the instrument and allowing the sulphuric acid from the index tube 
to drain back into the main tube. 

Momentary heavy currents do not cause the indicator to register, 
owing to the length of time taken for the temperature of the heater 
to rise and also on account of the low thermal conductivity of the 
tube which it surrounds. 

Fig. 488 shows the construction of the Price and Belsham Maxi¬ 
mum-demand Indicator. The instrument is thermally operated, 
its movement consisting of two matched, flat coils of bi-metal strip 
—the actuating coil and compensating coil—the former being 
surrounded by a heater element carrying the load current (or a 
definite fraction of it, obtained by the use of a shunt or current 
transformer). -The two coils are coupled together at their outer 
ends, the inn er end of the actuating coil being fixed and the inner 
end of the compensating coil carrying the needle. The movement 
of the needle depends upon the heat produced in the heater, and 
hence upon the load current, and the needle carries forward with 
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it a maximum demand pointer which, remains fixed, by a special 
friction arrangement, at the max imum reading. 

Through the use of the two matched coils the readings are un¬ 
affected by changes of ambient temperature. 

G. W. Stubbings (Ref. (27) ) has discussed the theory of this type 
of maximum-demand indicator. 

Merz-Price Demand Indicator. This indicator is not in the form 
of a separate instrument, but is a fitting which can be used with any 
type of motor or clock meter to indicate the maximum consumption 
during a half-hour or other period throughout a quarter (or other 
period between consecutive resettings of the instrument). Unlike 
the two preceding instruments, this indicator can be used to record 
either maximum amperes or maximum watts. 

The principle of operation is as follows. A separate dial is fitted, 
inside the instrument the pointer of which is driven by the spindle 
of the moving system of the meter in the ordinary way. After this 
dial has been in gear for a certain period—usually half an hour—a 
device comes into operation which brings the mechanism of the disc 
back to the zero position. The pointer, however, does not return to 
zero but is lightly held by a special friction device and continues to 
indicate the number of units consumed in the previous half-hour 
period. The position of this pointer will not he moved forward unless 
the number of units consumed in some subsequent period exceeds the 
number recorded by the pointer. In this way the maximum demand, 
in units per half-hour, for any given period of time, is obtained. 

The device for returning the driving mechanism of the demand dial 
to zero at the end of each half-hour period is operated by clockwork 
inside the meter or by a separate 6 ‘time switch ” external to the meter. 
These “time switches” consist of a clock, either electrically or hand 
wound, which make and break certain contacts, at predetermined 
intervals of time. These intervals depend upon the setting of the 
switch, which can be altered as required. 

An advantage of this demand indicator is that a heavy demand 
must be existent for an appreciable time for it seriously to influence 
the number of units consumed in so long a period as half an hour, 
and, at the same time, short-period heavy demands are not neglected 
by the device. 

The construction of a Merz pattern maximum-demand indicator, 
as manufactured by Messrs. Landis & Gyr, is shown in Fig. 489. 
Normally, the pin (7) drives forward the pointer (8) for (say) a 
half-hour period, and the energy consumed during this time is 
indicated on the dial. At the end of the period the cam (14) momen¬ 
tarily disengages the pinion (12) by means of the bell crank (13). 
This allows the pin (7), with its driving mechanism, to return to its 
zero position under the action of the spring (5). The pointer is, how¬ 
ever, left stationary and continues to record the energy consumed 
during the previous half-hour period. 




(Landis & Gyr , Ltd.) (Metropolitan-Vicken Elec. Co. t Ltd.) 

Fig. 489. Merz Maximum-demand Indicator Fig. 490. M.V. Polyphase 
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During the next half-hour period the pin (7) is again driven for¬ 
ward, but the pointer is only moved forward if the energy consumed 
in a subsequent period exceeds that consumed in all preceding 
periods. 

Another instrument which is now quite commonly used in connec¬ 
tion with power factor tariffs is the Bill -Shotter m a,vim nm -r? pm and 
kVA indicator, which is manufactured by Messrs. Aron Electricity 
Meter, Ltd. One type of this instrument is really an a.c. ampere- 
hour meter, and is of the induction type, having a shaded pole and a 
continuously driven disc. A permanent magnet is used for braking. 
It is used with a timing device of the Merz pattern, and records the 
maximum ampere-hours consumed during successive time intervals 
of 15 min. The dial is marked in kVA corresponding to the voltage 
of the circuit on which the indicator is to be used. The instrument 
reading is independent of power factor, and of frequency, within 
such variations of the latter as might be expected in the normal 
supply system. 

The theory of this indicator is fully discussed by G-. W. Stubbings 
(Ref. (4)). 

Figs. 490 and 491 show a Metropolitan-Vickers polyphase meter 
with maximum-demand indicator, and the diagram of connections 
of such a meter, respectively. 

Summation Metering. When a number of circuits, on an electricity 
supply system, work in parallel the total energy supplied to them is 
often required. This total can, however, he obtained by addition of 
the individual totals for the circuits so that special metering for the 
purpose is not essential. The measurement of the total maximum 
demand is, however, a different matter; it cannot, in general, he 
obtained by arithmetical addition of the individual maxima because 
these are very unlikely to occur at the same time. Arithmetical 
addition will give too high a value. Summation metering is com¬ 
monly used, therefore, to determine the simultaneous maximum 
demand for a number of circuits. 

There is not space here for full discussion of this subject, which is 
a large one, and the references at the end of the chapter should he 
consulted for a detailed study. 

The most important of the methods used are— 

(i) A meter with several current coils: this method can be used 
satisfactorily for summation in the case of two or three parallel 
circuits. 

(ii) Paralleled current transformers: this method is similar to 
(i) except that only one current coil is needed per meter element 
(see Chapter XX, p. 768). 

(iii) Meter with a summation current transformer: if the number 
of circuits to be summated is greater than can be handled by methods 
(i) and (ii) a transformer having a number of primary windings— 
one for each summated circuit—can be used. The transformer has 
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a single secondary circuit which supplies the (single) current coil of 
the meter element. The primary windings are supplied from current 
transformers in the various load circuits. 

(iv) Summation meter with multiple elements: this has a single 
rotor operated by a number of driving elements—one from each 

resistance electrically 



Fig. 491. CoinfEcnoNS or M.V. Polyphase Meter with 
Maximum-pemakd Indicator 

circuit. There is obvious difficulty in constructing such a rotor for 
more than a small number of circuits. 

(v) Summation by impulsing meters: this method can be used 
for a large number of circuits. The energy meter in each circuit is 
fitted with a contact-making device which, for a pre-determined 
amount of energy , sends an impulse to a mechanism in the summator 
which records the total number of such impulses received. This 
system was introduced by Chamberlain and Hookham, Ltd. in 
1932 and they now make a summator for 22 circuits (maximum). 
This instrument, shown in Fig. 492 for 20 circuits, registers the 
consumption for each circuit, gives the total consumption and also 
the simultaneous maximum demand. 

Two-hate Meters. These meters are required in connection with 
a two-rate or double tariff method of charging, which differs from 
the maximum-demand system in that two different rates of charge 
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per unit are made, according to the time of the day at which, the 
energy is consumed. ]By charging at a lower rate for energy con¬ 
sumed during periods of light load on the generating station, the 
supply company endeavours to distribute the demand more uni¬ 
formly over the day and so improve its “load factor, 95 this being 

the ratio of Assuming the average load to remain 

constant, the load factor is obviously increased by reducing the 



(Chamberlain & Hookham, Ltd.) 

Fig. 492. Switchboard Pattern Summator eor 20 Circuits 


maximum load; and this can be achieved by causing some of the 
load to be taken at times of light load rather than when the load on 
the station is heavy. 

A two-rate meter is of the ordinary type, hut has two registering 
trains of wheels and dials, both of which are operated—hut not at 
the same time—by the moving system of the meter. These registers 
are put into gear with the driving spindle alternately and are used 
at such times, and for such periods, as are desired by the supply 
company for the purpose of the double tariff method of charging. 
The times of operation of the high-rate and low-rate trains are 
usually governed by a time switch such as was mentioned in connec¬ 
tion with the maximum demand system. 

The time switches are set so that, in general, the high-rate register 
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is in operation during the evening, when the load is heavy; the 
low-rate register operating during the remaining portion of the 
24 hours when the load is lighter. 

Measurement of Kilovolt-amperes. As has been mentioned 
previously, the systems of charging for energy which penalize low- 
power factor require the use of another meter in addition to that 
measuring the total real energy supplied (i.e. a watt-hour meter). 
Dorey (Ref. (19)) illustrates the two alternative methods of metering 
for such purposes by vector diagrams as in Rig. 493. In these 
diagrams OI represents the real power, while OV represents the 
kVA. In diagram (a), meter A is a watt-hour or “cosine” meter, 



Fig. 493. Heteeing Methods (Diagrammatic) 


and measures the real energy supplied, while meter B records the 
kilo volt-ampere-hours. In other words, A records j kVA cos cfrdt, 
while B records / kYA dt. In diagram ( b ), meter A records the true 
energy as before, and meter C records the wattless energy or 
f kVA sin The angle cf> is the phase angle of the circuit. 
Obviously, 

(kVA sin <f>) 2 + (kVA cos <f>) 2 — (kYA) 2 

In the first diagram, meter B may be fitted with a maximum 
demand indicator which gives the kYA demand. 

The average power factor of the load or average “energy factor” 

may he obtained in case (a) by the ratio ~ the 

J Reading of meter B 

reading being for corresponding periods of time. In case (6) the 
average energy factor is given approximately by 


cos <f> = 


Reading of meter A 


a/(R eading of meter A) 2 -j- (Reading of meter C) z 
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This expression, is not, however, exact if the power factor is 
subject to considerable variations during the period of time to 
which the readings refer (see E. W. Hill’s remarks in the discussion 
to the paper mentioned in Bef. (16) ). 

In one method of charging the total charge is made up of two 
parts; one at so much per unit of energy, and the other based on 

- KVAh calculated from KWh and H\/Ah sin <p meters 

- KVAh obtained from the KVAh meter 


D 



the quantity -—— where cos <j> is the average energy 

factor and P is the 4e lowest permissible power factor/ 5 and is laid 
down by the supply authority. 

Obviously, if cos <f> is less than P, the consumer is charged, in the 
second part of the tariff, for a greater number of units than those 
actually consumed, whereas if his power factor is higher than P , the 
charge is for less units than the number actually consumed. 

An induction watt-hour meter can be compensated to read kVA- 
hours within a limit of 2 or 3 per cent by adjusting the flux of the 
pressure circuit, so that it lags by 90 + <j> a behind the applied 
voltage, instead of by merely 90°, <j> a being the average phase angle 
of the load circuit. Thus, if the phase angle of the load circuit is, at 
any time, exactly cj> ai the meter behaves as though the total applied 
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voltage were exactly in phase with the current; i.e. it indicates 
volt-ampere-hours. For other power factors, the speed of the meter 
will not be exactly proportional to the volt-amperes, but to volt- 
amperes x cos (cf) — <j> a ) where <$> is the actual phase angle. 

The power in an a.c. circuit—volts x amperes X cos (f >—is very 
nearly the same as the volt-amperes, if the angle <j) is small, when 
cos <f> is nearly unity. As an example, if <j> is 20°, cos cf> is 0-9397; 
the power measured, in this case, is thus less—by 6-03 per cent— 
than the volt-amperes in the circuit. This will apply whether the 
power factor is lagging or leading. If, then, the meter is adjusted 



(Landis <fs Gyr, Ltd.) 
Fig. 495 


so that it runs 3 per cent fast at unity power factor, it will measure 
the volt-amperes in the circuit correct to within M 3 per cent, 
provided the phase angle <f> of the load circuit does not exceed 20° 
(lagging or leading). 

The required compensation of a watt-hour meter in order to cause 
it to indicate as above may he obtained by using quadrature loops 
of abnormal thickness on the shunt magnet. 

Landis and Gyr Trivector Meter. This meter measures kVAh 
and also kVA of maximum demand. 

Referring to Fig. 494, it can be seen that if the power factor 
of the circuit changes during a period of time from cos <f> to cos </>', 
cos etc., the true total of kVAh is given by the sum of Ad, 
dd , d d , etc. If an attempt is made to measure this total simply 
by means of a kWh meter together with a reactive kVAh meter, the 
value obtained will be VAB *-f BD 2 = AD. This value is obviously, 
in general, less than the true value. 
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The trivector meter registers the true value of kVAh correct 
to within — 1 per cent. The meter consists of a kWh meter 
mounted together with a reactive kVAh meter in one case with 
a special summator mounted between them. Both meters drive the 
summator through a somewhat complicated system of gearing which 
arranges for the summator to register kVAh correctly at all power 
factors. 

The general principle on which this gearing is arranged can be 
understood from Fig. 495. As pointed out above, for phase angles 
of the system between 0° and 10°, a kWh meter will register kVAh 
correctly within narrow limits, just as a reactive kVAh meter will 
register total kVAh very closely for phase angles of 80° to 90°. 
The gearing arranges, therefore, that the summator shall be driven 
principally by the kWh meter when the phase angle is small (curve 
5, Fig. 495), and principally by the reactive kVAh meter when the 
phase angle is nearly 90° (curve 9, Fig. 495). At intermediate 
phase angles, both meters are responsible for the drive of the 
summator through different combinations of gears. The result is 
that the kVAh, measured at various power factors, is almost con¬ 
stant, as shown by the full line curve at the top of the graph. 

For the fuller discussion of the question of kVA measurement, 
the reader is referred to Refs. (4), (7), (8), (11), (19), (24). 

Metropolitan-Vickers Type N Four-element Watt-hour Meter. 
Fig. 496 shows the arrangement of a meter of this type fitted with 
a maximum demand indicator. The meter integrates the total 
energy, and also indicates simultaneously the combined maximum 
demand, in two independent circuits. The diagram of connections 
shown in the figure is that for a three-phase three-wire system, 
together with a three-phase four-wire system. 
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CHAPTER XXII 

MEASUREMENT OF SPEED, FREQUENCY AND 
PHASE DIFFERENCE 

Rotational Speed Measurements. Electrical methods, or methods 
involving electrically-operated measuring equipment, can be used 
for the measurement of the rotational speed of a machine. If this 
machine is an alternator the speed is a measure of the frequency of 
the alternating voltage generated, the number of poles of the 
alternator being known. 

One simple and direct method is to use a small generator, with a 
permanent-magnet field, and to measure, with a voltmeter, the 
generated voltage. This is proportional to the speed and the 
moving-coil voltmeter, with a uniform scale, can be calibrated 
directly in rotational speed (r.p.m. or r.p.s.). 

Fig. 497 shows the construction of a small generator for t his 
purpose, manufactured by the Record Electrical Co., Ltd., and used 
with Record “Cirscale” Voltmeters. This generator has cobalt steel 
magnets; the armature runs on hall hearings and is wound to give 
100 volts at 2,000 r.p.m. A magnetic shunt is fitted for calibration 
purposes. The armature and field magnets are enclosed within a 
cast-iron body which both provides screening from external magnetic 
fields, and also protects the generator from dust and moisture— 
an important point if the device is to be capable of being used 
universally for speed measurements. 

The armature resistance of the generator is low in order that the 
voltage drop shall be small, even when the generator is used to 
supply several indicators in parallel. A resistance is provided for 
the purpose of limiting the current from the generator in the event 
of a short circuit on the wiring to the indicators. 

The combined accuracy of the generator and indicator at the 
calibrated temperature is given by the makers as follows. 

From full scale to middle point, 1 per cent of the indication. 
From middle point to the lower limit of the scale, a possible fixed 
error not exceeding 1 per cent of the middle point reading. 

Temperature errors are negligible over a wide range. 

The generator may be mounted directly on the machine shaft, or 
may he driven through gearing. 

An electronic tachometer, described by H. G. Jerrard and S. W. 
Punnett (Ref. (9) ), is capable of measuring speeds of revolution of a 
shaft to an accuracy of ± 0-05 per cent. The rotation of the shaft 
is made to generate an alternating voltage in one of two ways—by 
an electromagnetic generator or a photo-electric generator. This 
voltage is amplified and then connected to the Y plates of a 
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Fig. 497. Generator for Use with a Voltmeter for Speed Measurements 
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cathode-ray tube. To the X plates is applied the output of a ■variable- 
frequency oscillator calibrated to Az 0*05 per cent. The trace on the 
tube is a Lissajous figure and, if the frequency from the oscillator is 
adjusted to produce a stationary and easily identifiable Lissajous 
figure—most conveniently an ellipse—the frequency from the shaft 
generator, and therefore the speed of the shaft, become known to 
the same accuracy as that of the oscillator. Any change in speed is 
immediately detected because it produces a precession of the 
Lissajous figure. 

Lor the electromagnetic generation of the alternating voltage from 
the rotating shaft a brass disc, carrying sixty soft iron pegs equally 
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Fig. 498. Electronic Tachometer with Photo¬ 
electric Generator 


spaced round its circumference, is mounted on the end of the shaft. 
This runs in the air gap of a pick-up on the core of which are two 
coils (actually the earpiece of a head-phone was used to provide the 
coils and main part of the core of the pick-up). The change in mag¬ 
netic flux caused by the passage of the soft iron pegs induces an 
e.m.f. in the coils and this is passed on to the amplifier. 

The arrangement of the photo-electric generator is shown in 
Fig. 498. There is a small light source in the upper compartment and 
a midget photo-cell in the lower one. The resistance R and capaci¬ 
tance C are 2 MQ and 0-01 pF respectively. As the shaft rotates the 
light is reflected from a strip of paper, 1 in. wide and having alternate 
equal bands of black and white, pasted on the shaft. An alternating 
e.m.f. is generated in the photocell circuit. A diffusing screen S is 
used because the light is not focused on the photo-cell. If it were 
the wave-form of the output would be square topped, not sinusoidal. 

A calibration unit consisting of a standard frequency generator 
(having a crystal-controlled oscillator) and a selective amplifier is 
used with the equipment. 

Stroboscopic Methods. A stroboscopic device consists essentially 
of a disc carrying a geometrical pattern, the disc being illuminated 
by a series of rapidly-recurring flashes, each of which is of very 
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short duration, compared with the time interval between successive 
flashes. 

Fig. 499 shows a disc on which the pattern is a twelve-point star. 
If this disc is rigidly attached to the shaft of a rotating machine,' of 
which the speed is such that each point of the star moves forward 
a distance of one point-pitch p during the time interval between 
successive illuminating flashes, the pattern will appear to be 
stationary. This eSect is caused by the fact that the point adjacent 
to that viewed in the preceding flash, or glimpse, has now taken up 
the exact position of the latter, and, since all the points are identical, 
the eye cannot distinguish between them. Thus the impression is 
formed that no movement has taken place in the interval between 
the two iUuminating flashes. The same effect is obtained if the 
speed of rotation is exactly twice, three times, or any other multiple 
of this speed—which is called the “primary ” speed. If, for example, 
the speed of the rotating machine is twice the primary speed, the 
pattern will actually move forward through a distance equal to 
twice a point-pitch—i.e. 2p —and the impression that it is stationary 
will be formed by an observer. 

The series of flashes may be obtained by placing a disc, driven at 
a steady speed, between a source of illumination and the strobo¬ 
scopic disc, the former disc containing 
a slit so that the latter is illuminated 
once for every revolution of the 
former. Another method of using the 
device is to employ an electrically- 
driven tuning fork, the prongs of 
which carry thin aluminium shutters, 
each with a slit in it. These shutters 
overlap, and give two C£ glimpses” of 
the stroboscopic disc, for every com¬ 
plete vibration of the tuning fork, if 
the observer’s eye is placed behind 
them. Alternatively, the stroboscopic 
disc may be illuminated through the 
slits, when a series of flashes will produce the same effect as that 
obtained with glim pses. 

The advantage of such a tuning-fork is its remarkably constant 
frequency of vibration. 

Theory of the Method . When the pattern of the disc appears to be 
stationary, the speed of the rotating machine is given by 
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where F = No. of flashes, or glimpses, per minute 
and n — No. of points on the pattern 
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In this case, N is the “primary 55 speed. The fact that the pattern 
will be stationary for speeds which are whole multiples of N will, 
in practice, cause no confusion, since the speed can easily be measured 
by a simple, and less accurate, method, with sufficient accuracy to 
distinguish between N and its multiples. 

If the machine rotates at a speed slightly in excess of the “pri¬ 
mary” speed, the pattern will appear to rotate slowly forwards; if 
the speed is slightly less than the primary speed, the apparent 
rotation of the pattern is backwards. The number of apparent 
revolutions per minute of the pattern gives the difference—above 
or below—between the actual speed of the machine and the primary 
speed. 

Again, if the speed of the machine is exactly half the primary 
speed, the pattern will still appear stationary; but the number of 
points will appear to be twice the actual number of points; if the 
speed is one-third the primary, the apparent number of points is 
three times the actual number, and so on. 

Let N = the primary speed in revolutions per minute 
n = No. of points on the pattern 
F = No. of flashes, or glimpses, per minute 
p = the pitch of the points in inches 
d = diameter of circular pattern in inches 

Then, n = — 

X 

Distance moved forward by the pattern, when the speed is N , 
during the interval between glimpses 

77 d.N . 


F 


- inches 


But this is equal to the pitch p. 


P = 


t rdN 


Also 
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F F 

• n = or N = — as stated above. 

N n 

Example. If the speed of a machine is about 500 r.p.m., and its variation 
from this speed is to be measured by stroboscopic means, the number of 
points on the pattern should be twelve (as in Fig. 499) if the timing fork 
vibrates at 50 cycles per second—giving 6,000 glimpses per minute. 

This number is obtained from 


6,000 

500 


= 12 


Again, if instead of being exactly 500 r.p.m., the speed of the machine is 

, . , nd x 510 . 

510 r.p.m., the pattern actually moves forward a distance —6~000— m '* 
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between successive glimpses, and thus the apparent movement forward in the 
interval between glimpses is 

nd x 510 nd X 500 ticL x 10 . 

6,000 6,000 “ 6,000 m * 

How, this interval between glimpses is min., so that in one minute 

the apparent movement forward is 10jrd in., which corresponds to a rotation 
of the pattern of 10 r.p.m., thus giving the excess of the actual speed of the 
machine over the pr imar y speed (500 r.p.m. in the case considered). If the 
apparent motion of the pattern had been backwards, the actual speed of the 
machine would have been 490 r.p.m. 

The general expression for the apparent speed of rotation of the 
pattern is 

R — (a - 1) N rev. per min. . . (451) 

the positive sign applying when the apparent motion is forwards 
and the negative when backwards, a represents the ratio 

Actual speed of machine 
Primary speed 

It is obvious from the above that the speed of any machine can 
be obtained by such means in terms of its difference from some fixed 
speed, the actual standard used being the vibrating tuning fork, 
whose frequency is known and is constant. Since the fixing of the 
stroboscopic disc to the shaft of the machine produces no appreciable 
increase in the load, the speed is not affected by the device used for 
its measurement, and in this fact lies one of the principal advantages 
of stroboscopic methods. 

The disc used, instead of bearing only one pattern, as in Fig. 499, 
usually has several patterns with different numbers of points, the 
patterns being drawn concentrically. Several primary speeds can 
then he dealt with by using the different patterns. 

Co:ne-bo:lle:r Stroboscope. For the measurement of speeds 
which lie between the primary speeds for the various patterns on 
the disc, a “ cone-roller stroboscope 3? can be employed in conjunction 
with a standard tuning fork. In this instrument there is a gunmetal 
cone which is driven by a small synchronous motor, the frequency 
of the supply to the latter being regulated by a contact on the 
vibrating tuning fork. In contact with the surface of the cone is a 
small pivoted disc, having six slots cut in it. This disc is driven 
from the cone through a rubbing contact, and its speed of rotation 
can be adjusted by moving its position along the axis of the cone. 
If the stroboscopic disc on the machine shaft is illuminated through 
the six; slits of the small disc so driven, the number of illuminating 
flashes per minute can be adjusted by moving the latter along the 
axis of the cone. 

A scale, parallel to the axis of the cone, gives the speed correspond¬ 
ing to any axial position of the small disc. An instrument of this 
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vy-pe, manufactured by Messrs. H. Tinsley & Co., is shown in Tig. 
500.* 

Stroboscopic Observations. Milliard Electronic Products, Ltd., 
make a stroboscope designed especially for the stroboscopic exam¬ 
ination of moving objects. This apparatus, which is very fully 
described in the makers’ catalogue, produces light flashes, of 
duration between 3 and 10 microseconds, over a frequency range of 



0*5 to 250 per second. It includes a frequency meter to measure 
directly the flashes per second. 

The Measurement of Linear Speed. The measurement of the speed 
of railway trains is important in maintaining precise running sched¬ 
ules and several electrical instruments have been developed for this 
measurement. 

Elliott Brothers (London), Ltd. have developed an equipment 
consisting of an a.c. generator, directly coupled to the axle, and a 
speed indicating or recording instrument. The generator is designed 
to withstand the very severe vibration and shocks which must occur 
with such direct mounting. It is a 12-pole, inductor type, machine 
with a rotor of 35 per cent cobalt magnet steel. 

Temperature compensation is provided by the use of a magnetic 
shunt, with a negative coefficient of permeability, fitted to the rotor. 
There is also a compensator unit to take into account reduction of the 
wheel diameter through wear. 

Co-operation between Everett Edgeumbe and Co., Ltd., Evershed 
and Vignoles, Ltd. ami the London Passenger Transport Board has 

* For further information regarding stroboscopic methods, the reader is 
referred to the works mentioned in Ttefs. (1) and (6). 
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led to the development of an inductor pattern Railway Speedmeter 
which dispenses with a mechanical drive. It consists of a transmitter 
(shown in Fig. 501) and an indicator which is, in fact, a frequency 



(Everett Edgcwmbe & Co., Ltd.) 

Fig. 501. Inductor Railway Speedmeter: Section of Transmitter 
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Fig. 502. Principle of Operation op Railway Speedmeter 
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meter of the moving-coil ratiometer type with two coils. One coil 
has an inductance in series with it and the other a capacitor. Each 
has a rectifier in series with it as shown in Fig. 502. 

The transmitter has a permanent magnet M and two coils CC 
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the flux threading ■which varies as the armature A (of which there 
are 8 or 10 on the wheel concerned in the measurement) passes 
through the air gap of the magnet system. An e.m.f. is induced in 
the coils.. The frequency of this e.m.f. is proportional to the speed 
of the train. Although the induced e.m.f. also varies with train speed 
the readings of the frequency meter are independent of this variation. 

The principle of operation of the indicator is that, as the fre¬ 
quency varies, the relative values of the two opposing torques 
produced by currents in the two coils change, e.g. an increase in 
frequency reduces the current in the inductive circuit and increases 
that in the capacitative branch. 

The Measurement of Frequency. To consider first, frequency 
standards: for calibration these must be referred ultimately to the 
fundamental frequency which is that of the rotation of the earth. 
This can be very accurately measured by astronomical methods. 

Thus, a primary standard of frequency takes the form of an oscil¬ 
lator generating a frequency which is constant over long periods and 
which is checked against that of the earth’s rotation. 

Very stable oscillators used as secondary standards are checked 
against the primary standards. 

The primary standards have as a basis a quartz oscillator oper¬ 
ating at 100 kc/s and having a low temperature coefficient of 
frequency with thermostatic control of temperature. It has been 
found possible with such methods (Ref. (12) ), by careful design, to 
obtain an accuracy approaching 1 part in 10 8 over a period of several 
months, and an even greater accuracy for shorter periods. L. 
Hartshorn (Kef. (13) ) says that ££ the quartz frequency standard 
has reached a degree of precision that is far ahead of any other 
electrical standard.” 

The range of application of quartz-controlled frequency standards 
has been extended, due to recent developments in microwave 
spectroscopy, into the region where the lowest atomic resonances 
appear. There is thus the possibility of using spectrum lines as 
frequency standards. Ammonia gas, for example, has an absorption 
line at 23,870 Mc/s and it has been found possible to use this spec¬ 
trum line as a reference for the control of an oscillator. The research 
on this subject promises interesting developments, in the future, for 
primary frequency standards. 

H. W. Sullivan, Ltd. make several valve oscillators which are 
sufficiently stable in frequency for them to be used as frequency 
standards. 

A special Sullivan-Griffiths oscillator of 5 to 220 kc/s, with a 
direct-reading frequency scale of 0-03 per cent accuracy and a fre¬ 
quency stability of 0*003 per cent, has been developed especially for 
telecommunication testing within the ‘'carrier” frequency band. 

The same makers also produce two heterodyne oscillators of such 
stability that they are useful also as frequency standards of 0*2 per 
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Pig. 503. Operation or the Bridge Network 
Preqttekcy Meter 

With normal frequency the magnitude of the impedances 1 and 2 are equal 
and since the impedance of the resistor/rectifier circuits 3/5 and 4/6 are also equal 
the bridge network is balanced and no effective current will flow between points 
9 and 10. 

The permanent-magnet moving-coil microammeter will thus indicate zero 
microamperes, which point on the scale is figured to correspond with the normal 
frequency. 

With frequency lower than normal. + he magnitude of the impedance of the 
reactive bridge eleiuenr ' Lner a>e. 4 . and ;hat of the reactive bridge element 2 
deenwines and, since the irr pedantic oi' the resistor/rectifier elements 3/5 and 4/6 
rernairs oov.srar.c, v :s br'.lae is unbalanced. 

The n.ci Jers 5 and 6 offr a path ol very low impedance to one half of the a.c. 
currcr.L wave, < nn; tluiiug this half wave idle points 9 and 10 of the bridge net¬ 
work are brought .■su:»s:a:n‘.ally ro the sa:n-.; potential as points 15 and 16 which 
being ?olic:'.y oonr.ecerd. yogeilio-, are at -lie same potential. ’ 

l>.der rj‘w ci rcu-n^.anc>s a di.Tcrcnei of potential only exists between points 
9 and 10 djnag the oihr-r !!»:i r,f rke '>’■ are. and the pulsating current due to this 
hall wave flows through the microammeter from point 10 to point 9 causing it to 
deflect in a counter-clockwise direction to a position corresponding to the magni¬ 
tude of the unbalance of the bridge network, and consequently to the frequency of 
the_ supply 


ounyerssexy, wixu aixequency mgner tnan normal the magnitude of the impedance 
of the reactive bridge element 1 decreases and that of the reactive bridge element 
2 increases, and the bridge network is nnbalanced. A pulsating current then 
nows from point 9 to point 10 of the bridge network. 

This ^pulsating current passes through the microammeter and causes it to 
deflect in a clockwise direction to a position corresponding to the magnitude of 
theunbalance of the bridge network, and consequently to the frequency of the 

In a nucroamnieter indicating the degree of unbalance of a bridge network 
the magnitude of its deflection, in addition to being a function of the degree of 
unbalance of the bridge, is also dependent on the voltage applied to the bridge 
network. 

In order to render the indication of the microammeter relatively insensitive 
to variations of the supply voltage within the limits of ± 20 per cent departure 
from normal, the half wave rectifiers 12 and 13 are connected to the instrument 
to form shunts of non-linear inmedance. 
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cent accuracy. They cover a very wide frequency range and are 
continuously variable in a single sweep of a dial which is direct 
reading in frequency. Two frequency ranges are made: 0-16,000 c/s 
and 50-170,000 c/s. B 1 

. -*f or mos ^ laboratory purposes a tuning fork which is capable of 
giving an accuracy of one part in a milli on is adequate. 

An electrically-maintained tuning fork, made by H. Tinsley and 
Co. as a standard frequency source, is run from a 2-V accumulator. 
The fork has two electrical contacts; one is used for maintaining the 
fork in vibration and the other can be used in the drive of a chrono- 
scope or phonic motor, or for flashing a stroboscopic lamp. The fork 
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Fig. 504. QoiPBEin Frequency Bridge 


is usually of frequency 50 c/s or 25 c/s but can be made for frequencies 
up to 500 c/s. It is adjusted to within 2 parts in 10,000 at 20° C 
with an amplitude of 2 mm. and has a temperature coefficient of 
1 part in 10,000 per 1° C rise in temperature. 

Frequency Bridges. These are bridge networks similar to those 
discussed in Chapter VI; indeed, in some cases they are exactly 
the same networks. The same combination of impedances, and other 
apparatus constituting the network, can be used for more than one 
purpose; e.g. the same bridge can be used for the measurement 
of inductance in terms of impedances and the frequency or, 
alternatively, it can be used to measure the frequency in terms of 
impedances. 

The primary requirement of such bridge networks is that the 
balancing of the network shall be dependent upon the supply 
frequency which, when the bridge is so used, is the frequency to be 
measured. 

The choice of a frequency bridge is influenced by the magnitude 
of the frequency to be measured, upon the apparatus available, 
and upon the ease with which a complete balance can be obtained. 

Campbell’s Frequency Bridge. This bridge, which is commonly 
used, has the advantages of simplicity and of a fairly large range of 
frequency, provided the capacitor employed is loss-free, and the 
mutual inductance is free from impurity. 

The connections are as shown in Fig. 504(a), in which the alternator 
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whose frequency is to be measured is connected to the primary of 
a mutual inductance M, in series with a loss-free capacitor C. A 
detector JD, which may be either telephones or a vibration galvano¬ 
meter, accor din g to the frequency under test, is connected in series 
with the secondary of M , as shown. 

Then, neglecting impurities in both M and C, we can say that, 
when a current i flows in the primary of M, and when M has been 
adjusted so that no current flows through the detector, the voltage 
induced in the secondary of the mutual inductance is both equal to, 
and in phase with, the voltage drop across C. This is shown in the 
simple vector diagram Fig. 504 (b). Thus, the induced voltage in the 
secondary of M lags 90° behind the primary current i, and is equal 
to (DMi, where co = 2tt X frequency. 

Again, the voltage drop across C lags 90° behind ?, and equals 



If M and C are not free from impurity, either the impurities must 
be known and taken into account, or modifications to the simple 
circuit shown in the figure must be made, in order to render their 
effect small (see Refs. (5) and (7)). It is also necessary, if a perfect 
balance is to be obtained, that the frequency shall be constant and 
that the wave-form shall be free from harmonics. 

To overcome the difficulty inherent in the use of the Campbell 
bridge at low frequencies (below 250 c/s), namely, that large values 
of M and C are required, the Kennelly and Velander bridge (see 
Re£/(5), 4th Edition, p. 476) can be used. 

\>drrequency Meters. Such meters indicate the supply frequency of 
a circuit directly, and are thus more convenient for most practical 
purposes than the foregoing, more precise, methods. 

Three main classes of frequency meters are of importance— 

(a) Instruments depending for their operation upon the pheno¬ 
menon of mechanical resonance. 

(b) Instruments employing electrical resonance. 

(c) Instruments whose action depends upon the variation of 
impedance of an inductive circuit with frequency. 

One example of each of these types will be described. 

Vibrating Reed Frequency Meter. This instr um ent is of the 
first type, and consists of a number of thin steel strips, or “reeds,” 
arranged alongside, and close to, an electromagnet, as shown in 
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the sketch of Fig. 50 5(a). The electromagnet is la min ated and its 
winding is connected, in series with a resistance, across the supply 
whose frequency is to he measured, the external connection being 
thus the same as those of a voltmeter. 

The reeds, which are about 4 mm. wide and J mm. thick, are not 
exactly similar to each other, but are either of slightly diff erent 
lengths and breadths, or carry slightly different loads or flags at 



( Ob) 



Tig. 505. Vibrating Reed Frequency Meter 


their upper ends. These differences cause the natural frequencies 
of vibration of the reeds to differ, and they are arranged in ascending 
order of natural frequency. Thus, the natural frequency of the first 
may be 47 cycles per second; of the one next to it 47cycles; of 
the next 48 cycles, and so on. 

The natural frequency of a reed can be determined from the 
formula 


i_x r 
27r Z 2 y y 1 


(see Ref. (1)) 


where l is the length of the reed and x its breadth, both in centi¬ 
metres. E k is the modulus of elasticity of the material of the reed 
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In dynes per square centimetre, A K is the density of the material 
in grammes per cubic centimetre. K is the ratio of the mass of 
load or flag at the end of the reed to the mass of the reed itself. 

Ej^ = 1-93 X 10 12 dynes per sq. cm. 

A k = 7-8 grammes per cu. cm. 

When the frequency meter is in use the magnetism of the electro¬ 
magnet alternates “with the frequency of the supply, and exerts 
an attracting force upon the reeds once every half-cycle. All the 
reeds thus tend to vibrate, but only the one whose natural frequency 
is double that of the supply will vibrate appreciably. Mechanical 
resonance is obtained in the case of this reed. 

The flags at the top of the reeds are painted white, and the 
frequency is read directly from the instrument by observing the 
scale mark opposite to the reed which is vibrating most. Usually 
the vibration of the other reeds is so slight as to be unobservable. 
If, however, the supply frequency lies half-way between the natural 
frequencies of two adjacent reeds, both of these will vibrate equally, 
but the amplitude of the vibration will be less than when the supply 
frequency exactly coincides with that of one of the reeds. 

Range. The usual range of frequency in a frequency meter of 
this type is about six cycles—say 47 cycles to 53 cycles—although 
it may be either greater or less than this range. 

The range of such an instrument may be doubled by polarizing the 
reeds, i.e. by magnetizing them with direct current, so that 
a unidirectional magnetization is superimposed upon the alternating 
magnetization due to the current whose frequency is to be measured. 
The reeds are then attracted to the core only once per cycle instead 
of twice, so that, for example, the 50 cycle reed now has 100 attract¬ 
ing impulses per second when the supply frequency is 100 cycles per 
second, and it therefore vibrates. 

At great advantage of this type of frequency meter is that its 
indications are independent of the applied voltage and wave-form, 
provided the voltage is not so low that the amplitude of the vibra¬ 
tions—which depends upon the applied voltage—is too small to 
give reliable readings. 

Electrical Resonance Frequency Meter. A very simple 
form of indicating frequency meter, whose action is dependent upon 
electrical resonance is illustrated in Fig. 506 (a). A magnetizing 
coil, which is connected across the supply circuit, and therefore 
carries a current of the frequency to be measured, is wound on one 
end of a laminated iron core. Over this core is a moving coil, 
pivoted as shown, and having a pointer attached to it. The terminals 
of this coil are connected to a suitable capacitor C. 

The principle of operation can be understood from the three vector 
diagrams. Fig. 506, (6), (c), (d), in which I is the current in the 
magnetizing coil and the flux in the iron core, this being assumed 
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to be in phase "with I. The voltage induced in the pivoted coil will 
lag 90° in phase behind cf> in all cases, i is the current in the pivoted 
coil. 

Now, in diagram (6), the circuit of the pivoted coil is ass um ed to 
be largely inductive: the current in it thus lags behind the induced 
voltage e, and the torque acting upon the coil is proportional to 



-e e e 

(b) (c) (d) 

Fiq. 506. B.T.-H. Resonance Frequency Metee 


li cos (90 + a). In. diagram (c ), the circuit is supposed to be largely 
capacitative, so that the current i leads e in phase. The torque is 
now proportional to li cos (90 — /3), and is obviously in the opposite 
direction to what it was in the case represented by diagram (6). 
In diagram (d), the inductive reactance is equal to the capacitance 
reactance, so that i is in phase with e, and the torque upon the 
pivoted coil is proportional to li cos 90, which is zero. 

Operation. Referring now to the actual operation of the instru¬ 
ment, the capacitance reactance ^or 2~jc ^ * s oons ^ an ^ f° r an y 

given frequency. The inductive reactance coL depends upon the 
position of the pivoted coil on the core. The nearer this coil 
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approaches the magnetizing coil the greater its inductance. The 
pivoted coil is pulled towards the magnetizing coil, therefore, until 

coL = when, as already seen, the torque is zero. Obviously the 
oo U 

circuit of the moving coil is in resonance when the torque is zero. 

The value of the capacitor C is so chosen that the pivoted coil 
takes up a convenient mean position when the frequency is at its 
normal value. If the frequency increases, the capacitance reactance 

decreases, and the coil moves off the core so that its inductance 
co 6 i 

is reduced to the point when a>L again equals The coil moves 
farther on to the core if the frequency falls. 60 

An advantage of this type of instrument is that, if the inductance 



Terminal L ft, L& Terminal 

Tig. 507. Weston Frequency Meter 

of the moving coil changes slowly with variation of its position on 
the core, great sensitivity can be obtained. 

Westo n TnEQUEycv Meter. This is a moving-iron instrument 
pei ~ variation in current distribution 

between two parallel circuits—one inductive and the other non- 
inductive—when the frequency changes. 

The construction and internal connections are shown in Fig. 507. 
There are two fixed coils, A and B, each in two equal parts. These 
coils are fixed so that their magnetic axes are perpendicular and 
at their centre is a pivoted soft-iron needle which is long and thin. 
The spindle bearing the needle also carries a pointer and damping 
vanes, but there is no controlling device. 

Coil A is connected, in series with an inductance L kt across a 
non-inductive resistance R kJ and coil B is connected, in series with 
a resistance R B , across an inductance L B , as shown. The inductance 
L is for the purpose of damping out harmonics in the wave-form of 
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the current through the instrument, and so eliminating errors due 
to such harmonics. 

The soft-iron needle takes up a definite position which is depen¬ 
dent upon the currents through the coils A and B. If the frequency 
is increased the current through coil A is reduced, since the reactance 
of L A increases while the voltage drop across B A remains the same. 
On the other hand, the current in coil B increases. The total effect 
is, therefore that of turning the pivoted needle so that it lies more 
nearly parallel to the axis of coil B. 

Decrease of frequency obviously has the opposite effect, and these 
variations of frequency are followed by the pointer, as shown. 



Fig. 508, Single-phase Power-factor Meter, 
Dynamometer Type 


, or Power-factor, Meters. These instruments indicate the 
power-factor of a circuit directly, as distinct from instruments from 
whose readings the power factor may be obtained by dividing the 
watts supplied, by the volt-amperes in the circuit. 

Power-factor meters—like wattmeters—have a current circuit 
and a pressure circuit. The former carries the current in the circuit 
whose power-factor is to be measured, or a definite fraction of this 
current. The pressure circuit is usually split into two parallel paths 
—one inductive and one non-inductive—and the deflection of the 


instrument depends upon the phase differences between the main 
current and the currents in the two branches of the pressure circuit, 
i.e. upon the power factor of the circuit. 

Dyitamometee Type Single-phase Power-ea ctor Meter. 
pfinciptfel5FTE^ 

fixed coils, FF, carry the current in the circuit under test, and the 
magnetic field of these coils is thus proportional to the main current. 
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Pivoted within this field, between the fixed coils, are two coils A 
and B , rigidly fixed at an angle of 90° apart. These coils move 
together and carry a pointer which indicates the power factor of the 
circuit directly, on the scale above. The numbers of turns on these 
two coils, as well as their dimensions, are the same, so that they 
produce equally strong magnetic fields (90° displaced in space and 
also in time phase) when equal currents, having a time phase differ¬ 
ence of 90°, are passed through them. The values of the resistance 
B and inductance L, in series with coils A and B respectively, are 
adjusted so that these currents are equal when the frequency is at 
its normal value. At other values of frequency the two currents will 
be different, since that in coil B is dependent upon frequency— 
owing to the reactance of L being so dependent—while the current 
in A is practically independent of frequency. 

In discussing the action of the instrument it will be assumed that 
the time-phase difference between the two currents in A and B is 
exactly 90°. Actually this is not quite correct, and the angle 
between the two coils is made rather less than 90°—i.e. equal to 
the actual time-phase displacement between the currents. 

A capacitor may be used instead of the inductance A, when a 
phase displacement more nearly 90° may he obtained. 

There is no controlling torque acting upon the moving system, 
v: the currents being led into the coils by fine ligaments which exert 
; no control. 

Action. Suppose that the current of the circuit is in phase with 
the voltage (i.e. that the power-factor is unity). Then, the current 
in coil A will be in phase with that in coils FF, since it is in phase 
with the voltage. At the same time, the current in coil B —which 
is displaced in phase by 90° behind the volts—will lag 90° in phase 
behind the current in FF. There will thus be a torque acting on 
coil A which will turn it into a position perpendicular to the axis 
of the coils FF, while the torque upon coil B will be zero. The 
moving system, therefore, sets as shown in the figure, and the 
pointer indicates unity power factor. 

If the power factor of the circuit is zero, the current in coil B is 
in phase with the main current in coils FF, while that in coil A is 
90° out of phase with the latter. The moving system then turns so 
that coil B is perpendicular to the axis of FF. For intermediate 
power factors the moving system takes up intermediate positions, 
the angle which the pointer makes with the axis of the fixed coils 
being (90 - <£) where (f> is the phase angle of the circuit and cos 6 
the power factor. 

The full theory of the instrument is given by Dover (Ref. (3)) and 
. by Laws (Ref. (2)). It has the advantage of being unaffected by the 
f| values of current and voltage unless these are very small, but its 
readings are affected by frequency and wave-form. 

Fig. 509 shows the construction of an instrument of this type. 
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Power-factor Meter for Balanced Three- 
phase Load. Fig. 510 shows the connections of a three-phase 
power-factor meter, the readings of which are correct only when the 
load is balanced. 

In this ins tr um ent the two moving coils are fixed with their planes 
120° apart, and are connected across two different phases of the 
supply circuit, the fixed coils being connected in the third phase 
and carrying the current in the line. There is now no necessity for 
phase-splitting by artificial means, since the required phase displace¬ 
ment between the currents in the two moving coils can be obtained 
from the supply itself, as shown. 

Provided the two moving coils are 120° apart, the angle through 



Fig. 510. Dynamometer Power-factor Meter for a Balanced 
Tbcree-phase Load 

which the pointer is deflected from the unity power factor position 
is equal to the phase-angle of the circuit. 

The three-phase instrument gives indications which are inde- 
' \ pendent of frequency and wave-form, since the currents in the two 
moving coils are both affected in the same way by any change of 
ency. 

>MoyiA T G-m^ _ Met ers. Instruments of the 

moving-iron type have certain advantages over power-factor meters 
of the dynamometer type which have caused them to become more 
generally used than those of the latter type. These advantages are— 

(а) Larger working forces—these forces being rather small in the 
dynamometer type. 

(б) The absence of ligaments to lead in current to moving coils, 
all the coils in the moving-iron types being fixed. 

(c) A scale which extends over 360°. 
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\3?!rrors are, however, introduced owing to losses in the iron parts 
of the instrument, these losses being dependent upon the load and 
frequency. 

general, moving-iron power-factor meters are less accurate 
than those of the dynamometer type. 

Rotati ng Field Type for B ala nced T hree-phase Loads, 
Fig. 511 illustrates the principle of the Westinghouse instrument of 
this type. A rotating field is set up by the three coils A lf A 2 , and 
A s , which are supplied from the three-phase mains through current 
transformers. The coil B is placed at the centre of this system of 
coils, and is connected in series with a resistance, across two lines 




Fig. 511. Westinghottse Povee-factor Meter for a Balanced 
Three-phase Load 


of the supply. Inside coil B is a short pivoted iron rod, with sector¬ 
shaped iron pieces and h, at its ends. Damping vanes and a 
pointer are also carried on the same spindle. The moving system 
is drawn separately in Fig. 511 (6). There are no controlling 
forces. 

The moving iron system carries an alternating flux. It does not 
bend to rotate continuously, but sets in a definite position which 
depends upon the relative phases of the current in coil B —which is 
practically in phase with the voltage—and of the currents in coil 
A. The deflection of the moving system is approximately equal to 
the angle of phase displacement between current and voltage in 
the three-phase circuit. 

The presence of iron in the instrument and the dependence of the 
reactance of coil B upon frequency, render calibration of the instru¬ 
ment at the normal frequency necessary. 

Nat/deu-Lipman Power-factol Meter. This instrument, due 
to Lipman and manufactured by Nalder Bros. & Thompson, Ltd., 
has, in the case of the three-phase instrument, three moving irons 
like those used in the instrument described above. These are all 
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mounted on a single spindle, one above the other, as shown in Pig, 
512. They are separated from one another by non-magnetic distance 
pieces, and the three pairs of sectors are displaced in space by 120° 
relative to one another. Each iron is magnetized by a pressure coil, 

these coils being connected 



across the three phases of the 
supply. There is one current 
coil, divided into two equal 
parts, parallel to one another, 
one on each side of the moving 
system, this coil being con¬ 
nected in one line of the supply. 

The spindle of the moving 
system also carries damping 
vanes and a pointer, but there 
is no controlling torque. 

As arranged in the figure, the 
instrument is for use on a 
balanced three-phase load, but 
it can also be modified for use 
on an unbalanced three-phase 
circuit and for two-phase and 
single-phase circuits. 

When in action, the moving 
system of the instrument turns 
into such a position that the 
mean torque upon one of the 



Fig. 512. Movnm-mo^ Power- 
factor Meter 

(Prom Theory and Practice oj Alternating 
Currents, Dover) 


iron pieces is neutralized by the 
other two torques, so that the 
resultant torque is zero. In this 
steady position, the deflection 
of that iron piece which is 
magnetized by the same phase 
as the current coil, is equal 
to the phase angle between the 
currents and voltages of the 
three-phase circuit, provided 
that the effects of iron losses 
and of the inductance of the 
pressure coils are negligible. 


As the three pressure coils are 
at different levels, no resultant rotating magnetic field is produced 
by them, so that any tendency for the moving system to rotate 
continuously, following the “drag” of such a field, is eliminated. 

This type of meter is not appreciably affected by such variati ons 
of frequency, voltage, and wave-form, as might be expected in the 
ordinary supply system. 
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Synchroscopes, When two alternators are to be operated in 
parallel it is necessary, before closing the paralleling switch, to 
ensure that the voltages of the two machines are both equal in 
magnitude and exactly opposite in phase, the continuous fulfil¬ 
ment of the latter condition im plying also that the two machines 
are of exactly the same frequency. 

Synchroscopes are used to indicate when these conditions have 
been fulfilled. These instruments may be either of the dynamo¬ 
meter or moving-iron type, the latter being the commoner, owing 



to its 360° scale. Both types are really special forms of phase, or 
power-factor meters. 

Weston Synchroscope. This is an instrument of the dynamo¬ 
meter type, and is spring-controlled. It is of similar construction to 
a single-phase wattmeter of the dynamometer type, except that 
the fixed coil, as well as the moving coil, is designed for small cur¬ 
rents, and is connected, in series with a resistance, across the 
terminals of the incoming alternator. The moving coil is connected, 
in series with a capacitor, across the supply with which the alter¬ 
nator is to be paralleled. It may be necessary also, to include a 
small inductance in the fixed-coil circuit, so that exact quadrature 
between the currents in the two coils may be obtained when the 
two supplies to be paralleled are in exact synchronism. 

When these two currents are in quadrature, there is no deflecting 
torque acting on the moving system, and the instrument indicates 
that synchronism has been attained. Since the currents in the two 
coils will also be in quadrature—giving zero torque—when the two 
supplies are 180° out of synchronism, a synchronizing lamp is also 
included in the instrument, and this lamp is at its maximum bright¬ 
ness when synchronism has been obtained. If the supplies are 180° 
out of synchronism the lamp does not glow at all. This lamp is 
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fed from the secondary w indin g of a special transformer, which has 
two primary windings—one supplied from the incoming alternator 
and the other from the supply with which the machine is to run in 
parallel. The connections of both the lamp and the coils of the 
instrument are shown in Tig. 513. 

The scale of the instrument is of opal glass, and is marked “Slow” 
and “Fast” either side of the centre position. The lamp is placed 

behind the pointer and scale, so 
that there can be no confusion 
regarding the correct instant for 
synchronizing, this instant being 
when the pointer is steady at the 
centre zero position on the scale 
and the lamp is at full brightness. 

If the frequencies of two supplies 
are not the same, the pointer will 
oscillate about the centre position. 

Moving-iron Type. A common 
form of moving-iron synchroscope 
is the Lipman instrument, which is 
of similar construction to the single- 
phase Lipman power-factor meter. 

It has two iron pieces mounted 
one above the other on a common 
spindle, as shown in Fig. 514. The 
coil which, in the power-factor 
instrument, was the current coil, 
and was divided into two equal 
^ ^ parts on opposite sides of the 

Fig. 514. Principle or Moving- spindle, is now connected, in series 
iron AnTERNATiNG-riEUD with a non-inductive resistance. 
Synchroscope across the existing supply. The two 

(From Theoiva ^ Prc^xM of Alternating p regsure C0 jQ s are connected across 

the terminals of the incoming 
alternator, one of the coils having a non-inductive resistance in series 
with it, while the other is connected in series with an inductive 
coil. 

If the frequency of the alternating field of the moving irons—that 
is, of the incoming alternator—is not exactly the same as that of the 
existing supply, the spindle rotates continuously at a speed which, 
in revolutions per second, is equal to the difference between the two 
frequencies. The direction of the rotation depends upon whether 
the incoming alternator is running too fast or too slow. 

The instrument has a 360° scale, and the displacement from the 
zero position gives the difference in phase between the two e.m.f J s. 
The instant for synchronizing is when the pointer of the instrument 
is stationary at the central, or zero, position. 
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CHAPTER XXIII 

ELECTRONICS AND ELECTRONIC MEASURING 
DEVICES 

During the last few years electronic devices of various kinds have 
been used increasingly for measurement purposes. Some of the most 
important of the methods employed and their application to the 
measurement of certain non-electrical quantities are described in 
this chapter which must, however, begin by giving a brief resume of 
the underlying physical principles. 

The Physics of the Thermionic Valve. The behaviour of the valve 
can be explained by means of the model of the atom given in 1913 
by Bohr (Ref. (1) ). Modern physics requires a rather more com¬ 
plicated model, but Rohr’s atom is sufficient for the present purpose. 

According to this the atom consists of a heavy positive nucleus 
surrounded by a number of unit negative charges or electrons. In 
the normal state of the atom the total negative charge of the electrons 
is equal to the total positive charge of the nucleus. The number of 
electrons determines the chemical properties of the atom, and is 
called the atomic number . The mass of the atom is mainly concen¬ 
trated in the nucleus, and the relative mass (with oxygen as 16) is 
called the atomic 'weight. Two atoms may have the same atomic 
number, and therefore the same chemical properties, but different 
atomic weights: they are then called isotopes. 

The electrons rotate around the nucleus in orbits which are not 
arbitrary but must have one of a given range of sizes. The orbits 
fall into shells, each of which can accommodate only a certain 
number of electrons, e.g. the first can accommodate 2, the second 8, 
the third 18, etc. The first 30 elements are listed, with the 
arrangement of their electrons, in Table XXIV (Ref. (2) ). The 
atomic weights given are those of the element as it is found in 
nature. In many cases the element so found is a mixture of isotopes: 
each isotope has an atomic weight nearly equal to a whole number, 
e.g. ordinary chlorine consists of 75-4 per cent of an isotope having 
atomic weight 34-9803, and 24*6 per cent of another having atomic 
weight 36*9779. 

In a solid the atoms are arranged in some sort of pattern. If the 
outer shell of each atom has only a few electrons, these will be only 
slightly attracted by the nucleus, and will be almost equally attracted 
by adjacent nuclei. They can thus move freely through the solid, 
which is therefore a conductor. This is the state of affairs in metals. 
In an insulator the electrons are all bound to their own nucleus, 
and considerable energy is needed to tear them away. 
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The electrons in a metal move about continually at random, 
somewhat like the atoms of a gas. Modern theory (Ref. (1) ) shows 
that the energy will be distributed among the electrons as shown in 
Eig. 515. Even at a temperature of absolute zero the electrons 

TABLE XXIV 


Element 

Atomic 

Number 

Atomic 

Weight 

No. of electrons in shell 

1st 

2nd 

3rd 

4th 

Hydrogen . 


1 

1-008 

1 




Helium 


2 

4-003 

2 




Lithium 


3 

6-940 

2 

1 



Beryllium . 


4 

9-02 

2 

2 



Boron 


5 

10-82 

2 

3 



Carbon 


6 

12-010 

2 

4 



Nitrogen 


7 

14-008 

2 

5 



Oxygen 


S 

16-000* 

2 

6 



Pluorine 


9 

19-00 

2 

7 



Neon . 


10 

20-183 

2 

8 



Sodium 


11 

22-997 

2 

8 

1 


Magnesium 


12 

24-32 

2 

8 

2 


Aluminium 


13 

26-97 

2 

8 

3 


Silicon 


14 

28-06 

2 

8 

4 


Phosphorus 


15 

30-98 

2 

8 

5 


Sulphur 


16 

32-06 

2 

8 

6 


Chlorine 


17 

35-457 

2 

8 

7 


Argon 


18 

39-944 

2 

8 

8 


Potassium . 


19 

39-096 

2 

8 

8 

1 

Calcium 


20 

40-08 

2 

8 

8 

2 

Scandium . 


21 

45-10 

2 

8 

9 

2 

Titanium 


22 

47-90 

2 

8 

10 

2 

Vanadium . 


23 

50-95 

2 

8 

11 

2 

Chromium . 


24 

52-01 

2 

8 

13 

1 

Manganese . 


25 

54-93 

2 

8 

13 

2 

Iron . 


26 

55-85 

2 

8 

14 

2 

Cobalt 


27 

58-94 

2 

8 

15 

2 

Nickel 


28 

58-69 

2 

8 

16 

2 

Copper 


29 

63-57 

2 

8 

18 

X 

Zinc . 


30 

65-38 

2 

8 

18 

2 


* By definition. 


have considerable energy. This is a consequence of the quantum 
theory (Ref. (3) ), according to which the energy of an electron can 
only change by steps, and not continuously. 

An electron can move freely inside a metal because as it passes 
out of the attracting field of one nucleus it comes within that of 
another. If an electron tries to leave the metal by passing through 
the surface, however, it is no longer subject to nearly equal attrac¬ 
tions on all sides, and work must be done on it in order to remove it 
from the metal. The amount of this work depends upon the metal. 
It is measured by the least amount of energy which must be used 
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to remove an electron from the metal at 0° K. This is called the 
work-function. The state of affairs is shown diagrammatically in 
Fig. 516. 

It is evident from the figure showing the energy distribution among 




Pig. 515. Distribution or Energy among Electrons 
in a Metal 

electrons that if the temperature is sufficiently high, some electrons 
will have sufficient energy to escape. If such an electron approaches 
the surface it will then pass through it. (Some electrons are in fact 
reflected back into the metal again although they have sufficient 

<P 


Energy ^ 


— Metal - A* - Vacuum - 

Fig. 516 

energy to escape.) There will thus he an electron current flowing 
out of the metal, i.e. a conventional current flowing into the 
metal, and by Richardson's equation this current is proportional to 

T*e t 

where T is the absolute temperature and a is a constant. 

e 

a== k 

where e is the charge of an electron and 

k is Boltzmann’s constant. 

The value of depends on the metal, and it can be changed very 
considerably by covering the surface with a layer of another metal 
only a few molecules thick. The cathodes of many valves are coated 
with barium and strontium oxides which, after suitable treatment. 
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give an emitting surface having a small value of <j>. These are the 
“oxide-coated cathodes.” 

Electrons inside a metal can acquire sufficient energy to escape 
by absorbing energy from incident radiation. The result is known 
as photo-electric emission. The energy of the e mi tted electrons 
depends on the wave length of the incident radiation, while their 
number depends on the intensity of the radiation. This effect is 
used in photo-emissive cells. 

It has been said that the electrons in an insulator require a large 
amount of energy before they can 
leave the nucleus with which they 
are associated. In some solids, 
called semi-conductors, the electrons 
cannot move freely, but require 
only a moderate amount of energy 
to enable them to move. This 
energy can be acquired thermally— 
semi-conductors have a lower re¬ 
sistance when hot—or through the 
absorption of radiation. The 
photo-conductive cell makes use 
of a semi-conductor which has a 
lower resistance when illuminated 
than when in the dark. 

The Diode. The simplest type of thermionic valve is the diode. 
It consists of an electrically-heated cathode from which electrons are 
emitted, and an anode to which the electrons can pass, and the 
whole is enclosed in an evacuated envelope, usually of glass. The 
cathode of battery-operated valves is generally directly-heated, i.e. 
it consists of a loop of wire through which the heating-current is 
passed, while the surface (which is specially treated) is the actual 
emitting surface. This design is economical of heating-power but 
does not allow the heating circuit to be electrically isolated from the 
cathode. In valves designed for mains-operation the cathode is 
indirectly-heated. A loop of wire carries the (alternating) heating 
current, but the actual cathode is a cylinder surrounding this loop 
and insulated from it electrically. The cathode surface is specially- 
treated and when heated by the heating-loop it emits electrons. 

When the cathode is first heated, some of the electrons inside the 
metal acquire sufficient energy to escape. If the escaped electrons 
are not removed they will accumulate in a cloud around the cathode 
and form the space-charge (see Tig. 517). Equilibrium will be reached 
when the number of electrons leaving the cathode is equal to the 
number which return from the space-charge. (The latter affects 
the number of electrons emitted, but only to a small extent, by 
setting up an adverse field near the cathode.) If the anode of the 
diode is made positive, all the electrons between the anode and 


A 

Heating Loop 


- Cathode 

— Anode 

-Space - charge 
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cathode will have an acceleration superimposed on their previous 
motion, and a current of electrons will flow from cathode to anode. 
The space-charge will therefore he modified, becoming less dense 
where the electrons are moving faster, i.e. near the anode. The field 
produced by the anode has little effect at the surface of the cathode, 
which is screened by the space-charge. 

It is evident that the electron current flowing from the space- 
charge to the anode will increase as the anode potential is raised. 
The current under these conditions is much less than that which the 
cathode is continually emitting, since many electrons return from 



Fig. 518. Current/ Y oltage Characteristic tor a 
Diode Valve 


the space-charge to the cathode. The current is said to be space- 
charge limited . If the anode is made very positive, however, all the 
emitted electrons will go to it, but the field of the anode can only 
slightly increase the emission of electrons from the cathode. The 
current will therefore become nearly constant and is said to be 
temperature limited , or to reach saturation . If the anode is made 
negative electrons will be repelled from it and no current will flow. 
(Actually a small current flows if the anode is slightly negative, 
as some electrons are moving fast enough to reach it against the 
adverse field.) 

Thus the graph of current against anode voltage is as shown in 
Fig. 518. The cold anode does not emit electrons, so that no current 
can flow from cathode to anode. It does, however, emit some second¬ 
ary electrons (see under Tetrode) but only when anode current is 
flowing. The secondary electrons are then recaptured by the anode 
and have no effect on the operation of the valve. The diode valve 
can evidently be used as a rectifier. It is operated within the space- 
charge limited region. 

The Triode. Between the cathode and anode of a triode valve is a 
third electrode, the grid . This consists of an open coil of thin wire 
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j—U-—|- Cathode 


Anode 


surrounding the cathode (see Tig. 519). As in the diode, a space-charge 
is produced near the cathode, hut it is now subject to the combined 
field of the anode and the grid. The grid, being nearer to the space- 
charge, produces a greater change of current for a given change of 
voltage than the anode. The characteristics of a triode valve are 
expressed by two sets of graphs as in Fig. 520. It will be noticed 
that the curves are given for negative values of V g . Under these 
conditions the grid does not take any current as the electrons are 
repelled from it. (Minute currents due to secondary effects are 
found in actual valves.) Thus it serves 
to alter the anode current but requires 
no power to do so. Triodes are normally 
used with the grid negative, and the 
grid in most triodes will be damaged if 
made to carry any appreciable current. 

The anode current can be stopped, 
for any value of V a , by a sufficiently 
negative value of V g . The valve then 
is said to be cut off. 

Notice that the current is space- 
charge limited. If V a and V g are 
sufficiently increased, the current be¬ 
comes constant, as in the diode. Few 
valves can be operated in the tem¬ 
perature-limited range without damage. 

The two sets of graphs for a valve are not independent, and one 
can be derived from the other as shown in Fig. 521. 



Grid 


Fig. 519. Diagrammatic Sec¬ 
tion oe a Triode Vaxve 




Fig. 520. Characteristics or a Triode Vadve 


A triode valve is generally required to operate with small altern¬ 
ating voltages superimposed on the steady anode and grid voltages. 
Three quantities (Ref. (1)) are used to define its performance under 
these conditions— 


The anode resistance 


\ OJ -<* J F, constant 
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The mutual conductance g m = 


The amplification factor t a — 


m . 


f V a constant 


m. 


constant 


It is evident that R a and g m are, respectively, the reciprocal of the 
slope of the right-hand graph and of the slope of the left-hand graph 
in Fig. 520. It can be shown that 


E' Qra * 

The Tetrode. In the tetrode a second grid—the screen grid —is 
added between the first grid (called the control grid to distinguish it 



Fig. 521. Relation between Characteristic Curves 
op a Triode Valve 


from the screen grid) and the anode. The screen grid is maintained 
at a positive voltage with respect to the cathode, but in most 
applications the anode is made slightly more positive than the screen. 
The field at the space-charge is now produced by the screen grid and 
the control grid; the anode is effectively screened from the space- 
charge by the screen grid and has very little effect on the field there. 

When a valve is used to amplify a signal, the change of current 
through it is generally detected by passing the current through a 
load resistance in series with the valve (see Fig. 522). As the input 
signal is made more negative, the current through the valve de¬ 
creases, and the voltage of the anode (which is the supply voltage 
less Rjl a ) rises. In the triode amplifier shown the increase of the 
anode voltage tends to increase the current flowing through the 
valve by attracting more electrons from the space-charge. The 
screen-grid in a tetrode prevents this effect, and so increases the 
amplification which can he obtained. It also reduces capacitative 
coupling between anode and grid. 

A tetrode amplifier is shown in Fig. 523 although the simple 
tetrode is not often so used owing to a secondary effect which 
occurs. Since the screen grid is positive some electrons are attracted 
to it and current fiows in the screen-grid circuit. Most of the elec- 
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trons, however, acquire sufficient speed to take them through the 
meshes of the screen grid and into the attracting field of the anode. 
When they strike the anode they impart some of their energy to the 
electrons in the metal and some of these electrons may have sufficient 
energy to escape from the anode. They are termed secondary 


la 




Load Resistance 


■ +ve Supply 


Signal to 
be Amplified 



Output 


-ve Supply 


Fig. 522. Simple Triode Amplified 


- -+ve Supply 


Load < 
Resistance < 


Signal 



Output 


Con slant Voltage 
to Screen Grid 


- ve Supply 

Fig. 523. Tetrode Valve in Amplifier Ceecuip 


electrons to distinguish them from the primary electrons arriving 
from the cathode. 

The path of the secondary electrons is determined by the relative 
potentials of anode and screen. If the anode is more positive than 
the screen, the majority will fall back into the anode and will not 
affect the operation of the valve. If, however, the screen is more 
positive than the anode many of the secondary electrons may be 
captured by the screen and they constitute a current between 
screen-grid and anode. The variation of anode current with anode 
voltage is as shown (Ref. (1)) in Fig. 524. In range A the primary 
electrons do not have sufficient energy when they reach the anode to 
produce a large number of secondary electrons. In range JB, each 
primary electron is producing several secondary electrons, and many 


28—(T.5700) 
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of the secondary electrons are captured by the screen which is more 
positive than the anode. The anode current falls as its voltage 
rises, so that the valve presents a negative resistance at its anode. 
In range C secondary electrons are still being produced but most of 
them are recaptured by the anode. 

The negative resistance or dynatron range of a tetrode can he 



Fig. 524. Anode and Sceeen Cttbrents in 
a Tetrode Valve 

used to produce an oscillator. The valve is connected to a tuned 
circuit, and its negative resistance makes good the losses of t his 
circuit (Tig. 525). 

A special form of tetrode, known as the beam tetrode , avoids 



(3Tote that the screen must he positive with respect to the anode.) 


the negative-resistance region by a special construction using auxi¬ 
liary plates to concentrate the primary electrons into a beam. 

The Pentode. If a further grid is introduced between the screen 
and the anode, and is connected to the cathode, all the secondary 
electrons will return to the anode, since they are protected from 
the field of the screen by the intervening suppressor grid . The 
anode characteristics of such a pentode are shown in Tig. 526. 
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The Pentode Voltage-amplifier. A very common, circuit element is 
the voltage-amplifier, i.e. a valve which gives an output voltage much 
greater than the input voltage, and nearly proportional to it. The 
properties of such an amplifier will change with time, but can be 


fa 



Vro 

-2 

-4 

~6V 


Fig. 526. Axode Characteristics of a 
Pentode Valve 

stabilized by negative feed-back (see below) which, however, reduces 
the amplification that can he obtained. 

Amplifiers are classified as d.c. or a.c. according as they can 



amplify a direct voltage, or only alternating voltages above a certain 
frequency. 

Fig. 527 shows a pentode used as an a.c. amplifier. The lowest 
frequency which can be amplified depends on the values of Cj and 
C 2 . 

Fig. 528 shows a d.c. amplifier. The output is generally required 
to be near earth potential, while the anode of the valve is at about 
150 V positive to earth. A negative supply is therefore provided, 



854 


ELECTRICAL MEASUREMENTS 


and E 1 and R 2 provide a potential divider between the anode and the 
negative line. The amplification is, of course, reduced in the ratio 

In each case the operation of the amplifier is as follows. Suppose 
that the input becomes more negative. The grid produces a stronger 
negative field at the space-charge, and the current flowing to the 



Fig. 528. Pentode Voi/tage Amplified (d.c.) 


anode through the meshes of the screen- and suppressor-grids is 
reduced. The current through R L is thus reduced, and the voltage 
drop across it falls. The anode voltage of the valve consequently 
rises. The reverse occurs if the grid becomes more positive. 

To obtain the amplification we have 
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A 


= ife 


since p = gr m i? a . 


Im.RL _ Qjn _ _ /£^Xj 

1 j_ -®o + -®Z "+ -Si 

1+ ^ 


Pentodes are generally used in voltage-amplifier stages, since 
they have a considerably higher value of ju than triodes, and a 
greater amplification can be obtained with them. This is, however. 


Br 


not greater in the same proportion as u 3 since must be 

■R* + % 

less for a pentode than for a triode, to avoid the distortion -which is 
otherwise found. 

The operation of a pentode amplifier can he readily followed from 
the IJe a curves given in Pig.^529. The operating point moves on 



the load line of slope The change in e a for a given change of e g 

can easily be read off, and the distortion produced when the change 
in e g is large is also apparent. ( Distortion exists when equal changes 
of e g do not always produce the same change of e a .) 

The Thyratron. All the valves so far described have been hard 
valves, i.e. the envelope is exhausted to a high vacuum. In the 
thyratron, gas under low pressure is purposely left within the 
envelope. 

If an electron moving fairly fast within such a valve strikes one 
of the gas molecules, it imparts energy to the electrons of its con¬ 
stituent atoms, and one or more of these electrons may obtain 
sufficient energy to escape from the atomic forces. The remaining 
part of the molecule will have a positive charge, and is termed an ion. 

The ions produced in this way will be accelerated by the electric 
field within the valve, and will move in the opposite direction to the 
electrons, but much more slowly owing to their greater mass. The 



856 


ELECTRICAL MEASUREMENTS 


electrons lost by the ions will join the stream of primary electrons, 
and may in turn ionize other molecules. The whole process will 
therefore be cumulative, and once started by a sufficiently strong 
field, will proceed until the whole of the gas is ionized. 

The cathode of a thyratron has to be capable of withstanding the 
bombardment of the heavy ions. It is generally made of tungsten, 
sometimes thoriated, i.e. coated with rare-earth oxides. Thyratrons 
are operated at relatively high currents, and can easily be damaged by 
r unnin g them with the cathode below normal operating temperature. 
Sometimes, to avoid such damage, a time-delay is necessary to 
ensure that the cathode is fully-heated before the anode-voltage is 
applied. 

A thyratron is a three-electrode gas-filled valve. The grid does 
not resemble that of a hard valve, but is a suitably shaped metal 
screen between anode and cathode. If the grid is first made very 
negative, and the anode voltage is applied, the field at the cathode 
will remain negative, and no current will flow. If then the grid is 
made less negative, electrons will begin to be accelerated towards 
the anode. At a certain grid voltage ionization will begin, and will 
proceed rapidly until it is complete. The valve will then represent 
a low resistance—the voltage across it will have a nearly constant 
value depending on the gas (15 to 20 V with mercury) and 
independent of the anode current. Once the gas is ionized the grid 
has no more control. If it is made negative it merely attracts the 
ions, and these, forming a cloud round it, neutralize its field. The 
discharge through the valve can only be stopped by removing the 
anode voltage. Thus the grid in a thyratron acts as a trigger which 
controls the time at which the valve becomes conducting, but 
thereafter has no effect. 

Small thyratrons can easily carry 0*5-1 A, whereas hard valves of 
the same size will carry only 10-30 mA. Thyratrons are therefore 
useful for operating relays, etc. They can also be used as d.c. 
amplifiers when fed from an a.c. supply, the voltage applied to the 
grid determining the moment during the cycle of alternating 
voltage at which the valve begins to conduct, and so altering the 
current flowing. 

Negative Feed-back. We are concerned here with the applications 
of valves to measurements. In most cases the purpose of the valve 
will be to give a quantity (current or voltage) strictly proportional 
to the quantity to be measured but at a much higher power level. 
We thus extend the range of conventional methods to powers 
insufficient to operate by themselves, without amplification, the 
conventional instruments. 

The second part of our requirement—to increase the power-level 
—is easily fulfilled: it is provided in every radio set or gramophone 
amplifier. The chief difficulty is in the first requirement, that the 
amplified signal shall he strictly proportional to the input signal. 
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The valve is not in itself a stable or reproducible component, and 
the amplification of (say) a radio set alters with time and is affected 
by replacing the valves. In addition, the characteristics of a valve 
are only approximately linear and only over a small range. 

We avoid these difficulties by negative feed-back. Consider an 
amplifier which gives an output which is — n t im es the input and 

R 0 

Proportion m of 
Output fed back 
in senes with Input 


Fig. 530. Illustration of Negative Feed-rack 

suppose that a proportion m of the output is fed back to the input, 
(see Fig. 530). 

Let the input signal be e and the output signal E. Then, the 
input to the amplifier is 

e -f- mE 

But the output is — n times this, i.e. 

E = — n(e -|— 77 iE) 

E(1 -f- Tim) = — ne 

E= — e T I T 

1 -j- nm 

Now suppose 7i is large—quite a simple amplifier will give n ~ 1,000 
or 10,000—and that m is not very small. Then, very nearly, 

E = — 
m 

The value of m is fixed by circuit elements, i.e. resistances in the 
above example, and is quite stable. The effect of n, which is un¬ 
stable and not independent of the amplitude of the input signal, has 
been eliminated. Thus if the characteristics of the valves change 
with time, or with changes of the supply voltages, or if a valve is 
replaced, the performance of the amplifier remains unchanged so 
long as n remains large enough. 

Differentiating 

d fE\ __ d f —n \ 
dn\ej fell + Tim) 

1 -f nm — nm — 1 

(1 A - (1 + Tim ) 2 
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dn 1 -f n?n _ d?i 1 

* ‘ E ~~ (1 -f nm) z * n n ‘ 1 + 

e 

Thus a 1 per cent change of % produces only — -per cent change 

jjj J- "T" nm 

in —. 
e 

Servo-mechanisms. In the example shown, the feed-hack voltage 
is obtained hy an electrical network. In many cases the feed-back 
voltage is obtained in other ways, and we gain a more general view 
by adopting the language and outlook of servo-mechanisms. The 
elements of a closed-loojp control system are shown in Fig. 531 




Feedback 


Fig. 531 . Closed- noon Coutbol System 


(Ref. (4) ). The input signal is compared with a feed-back signal 
obtained from the controlled quantity, and the difference should be 
zero. If it is not zero, it is amplified and applied to a servo motor 
which resets the controlled quantity in such a way as to reduce the 
error. 

Returning to our previous example of the feed-back amplifier 
(Fig. 530), we can identify each of the elements in the last 
example. The error-measuring device is simply the series-connected 
circuit at the input of the amplifier which subtracts a proportion 
of the output voltage from the input signal. The error signal is 
amplified, and the output stage of the amplifier is the “servomotor” 
which supplies power to the resistance R 0 and develops a voltage 
across it. This voltage is the controlled quantity, and a constant 
proportion m of it is fed back to the error-measuring device. 

This identification of elements may seem rather artificial, hut a 
second example in which some of the elements are mechanical will 
show how the scheme of a servo-mechanism helps in bringing very 
different systems under a common theory. 

Fig. 532 shows a servo-system for setting a shaft to an angle 
proportional to an input voltage. A linear potentiometer driven hy 
the shaft gives a voltage proportional to the angular setting of the 
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shaft. This voltage is subtracted from the input, and any difference 
is amplified and drives a motor in such a direction as to reduce the 
error. Thus the feed-back voltage is always kept equal to the input 
signal, and to each value of the latter therefore corresponds a given 
angular setting. The potentiometer and input circuit of the amplifier 
here form the error-detector, and the feed-back path is the 
mechanical one via the shaft. 

If we regard the voltage picked off from the potentiometer in the 
last example as the controlled quantity it is evident that the system 
forms a self-resetting potentiometer. The potentiometer then must 


Input 
Voltage ; 


XT 1 


Feedback 


Amplifier 


Motor 





Shaft 


Reference 

Voltage 


Error-detector . Potentiometer 

enclosed by this line^ 

Fig. 532. Diagram: of a Control System 


he considered as part of the “servomotor,” and the feed-back path 
is the electrical one. 

Velocity Feed-back. There is a considerable and rapidly-growing 
literature of servo-mechanisms, in which their dynamical stability 
and response are discussed. We need not enter deeply into the 
subject here, but one device is so commonly used that it must be 
mentioned. 

In the last example, suppose that the system is at rest in an 
equilibrium position, and that the input voltage is then suddenly 
changed. The amplifier drives the motor in a direction which reduces 
the error, and if the motor had no inertia (and the amplifier no delay) 
the speed of the motor would fall off as the shaft approached its final 
position and become zero when it reached it. The motor, however, 
will have inertia, and while the shaft is moving for the first time 
towards its final position, energy is being stored in the motor. 
Unless arrangements are made to remove this energy the shaft will 
overshoot its final position, and oscillate about it. One way of 
dealing with this difficulty would obviously be to fit a mechanical 
damping device on the shaft. A better method, however, is to make 
the feed-back proportional partly to position, but also partly to the 
rate of change of position. 

Let e — the input voltage 

0 = the position of the shaft 
E = the output voltage of the amplifier 
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Then, if the inertia of the motor is large, we can neglect its back- 
e.m.f. and write 

d?d 
dt 2 

where k is a constant. 


JcE 


But 


where n , m and a are constants. 
dt 2 


So 


E = n(e-md-d^j 
consta 
= 7m^ 


d*6 , 7 cL6 . 7 a 
dP + kn *Tt + knm9 ' 


kne 


If oc = 0, as in the original diagram, the solution will be oscillatory. 
If (&noc) 2 = 4 . knm the system will be critically damped, while if 



(knoc) 2 > 4 . knm the system will be over-damped. Thus the effect of 
velocity feed-back is the same as that of mechanical damping. But 
the result is achieved without a great loss of energy, and without 
increasing the size of the motor in order to supply the damping- 
forces. 

The required velocity feed-back can be achieved very simply by 
electrical means as in Fig. 533 which shows a slight modification of 
the arrangement of Big. 532. We have, if R 2 is small, so that we may 
neglect the voltage across it in comparison with 


i 


it , 

dt 


q = Ge g 

_^! e I TtQ^S. 
~ ? + 2 dt 


so that 
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It should be noted that the above diagrams are given for example 
only, and are not necessarily the best means for achieving the desired 
performance (Ref. (8)). The actual design of such systems is difficult, 
and partly a matter of experiment—the diagrams are only intended 
to explain the operation of simple systems. 

Considering the feed-back amplifier of page 857 as a servo-system 
it is easily seen that the amplifier resets the controlled voltage by an 
amount proportional to the error. We found that 

E= - e ( -~-— 

11 -f- nm 

so that the input to the amplifier is 

, ^ /, mn \ 

e + mE — ell — -—-- 

y 1 + mn) 

1 -j- mn 

Thus, however large mn may be, there is a limit to the value of e 
which can be applied without over-loading the amplifier. 

In Rig. 532, however, if the inertia of the motor is large, its 
acceleration will be proportional to the amplifier output: i.e. the 
amplifier re-sets not the controlled quantity but its acceleration. 
It is evident that when the system is at rest the input to the 
amplifier is zero, and that over-loading of the amplifier sets no limit 
to the input signal which can be accommodated. Furthermore, 
since the amplifier input is always zero when the system is at rest, 
the amplifier characteristics do not affect the accuracy and linearity 
of the servo-system, but only the behaviour while it is seeking the 
rest position. 

Examples of Servo-systems using Velocity Feed-back, (a) An 

interesting example is given in Ref. (20). The problem is to make a 
frost-point hygrometer automatic in operation. Light scattered by 
the deposit on a cooled thimble is picked up by a photo-cell, P x (Fig. 
534), and the resulting voltage is amplified. As the fight reaching the 
photo-cell increases, the thimble is heated, and conversely. For equi¬ 
librium the frost deposit must be neither increasing nor decreasing. 

The authors (Brewer and Robson) state that the frost deposit has 
the characteristics of a large mass. The servo-system would be 
unstable unless precautions were taken. Velocity feed-back is used 
to stabilize the system and is obtained by an electrical circuit as 
shown. The second photo-cell, P 2 , is used to eliminate the effect of 
changes in brightness of the lamp. 

(b) Another example is given in Ref. (15). The direction of a wind- 
vane is to be indicated at a distant position, and only a mean 
position is required, i.e. the faster motions of the vane are to be 
smoothed out. This cannot easily be done by damping the vane, 
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since the wind-forces are proportional to the square of the wind- 
speed ; damping which is sufficient at one wind-speed will be much 
too great at lower speeds, and too little at higher speeds. 

The information is passed on by magslip transmitter and the 
damping is provided by heavy velocity feed-back. As we have 
seen, this is equivalent to mechanical damping, and it is of course 
independent of wind-speed. Thus the required smoothing is obtained. 
The circuit is shown diagrammatically in Fig. 535. This is very 



much simplified from the actual arrangement which, besides the 
function mentioned, also resolves the wind, and is intended to show' 
the true wind direction on hoard ship by subtracting the ship’s 
vector velocity from the wind velocity. 

The resolving mechanism shown in the diagram gives a current in 
A proportional to one component of the wind velocity, and in B 
proportional to the component at right angles to the first. When the 
search coil is perpendicular to the resultant field no voltage will be 
induced in it, and the motor -will remain at rest. If a voltage is 
induced in the search coil it is amplified and used to drive the motor 
in such a direction as to bring the search coil again perpendicular to 
the field. In series with the search coil is an a.c. generator which 
gives an output proportional to the motor speed. This provides 
velocity feed-back and damps the movement of the motor as already 
described. The position of the motor shaft is indicated by a further 
magslip tra nsmit ter and receiver (not shown) and shows the mean 
wind direction. 
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The Cathode-follower. A common and very simple example of a 
feed-back amplifier is the cathode-follower. It is used where we wish 
to increase the current available at a given signal voltage and is thus 
a device with a high input impedance and low output impedance. 



giving an output voltage nearly equal to the input voltage (see 
Fig. 536). 

We have e a = e, — e 0 


and 


dm ~ 3e„ 


(neglecting the small voltage e c compared with the supply voltage), 
while e Q — RI a 

so be 0 = RSI a — g m RSe g 

= 9mEd{ei — e 0 ) 

Se 0 (l + g m R) — gJRbti 


be 0 = b&i 
de 0 = be. 


1 + Qwfi 


or, if g m R > 1, 

Thus a change in produces an equal change in e 0 . 

To find the output impedance of the cathode-follower, suppose 
that a current- 1 0 is drawn from the output. Then 

e Q = e, — 


*4 

e 0 = R(I a 


9m ~ 3e, 


4 ) 
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8e a = R3I a - RSI 0 
= g m R6e„ — R8I a 
~ e o) R8I a 

If e ( is kept constant, de i = 0, and 

<5e„ = — g m R8e 0 — R8I 0 
8e 0 (l + g n R) = - R8I a 

u 8e a R 

” *---zrr- tt^s 

where E 0 is the output impedance, and if g ra R 1 

1 




Qrrt 


For most amplifying valves (Ref. (5) ) g m will lie between 1 and 10 
mA/volt, so that R 0 will be between 1,000 and 100 Q. The input 
impedance is extremely high, the only limitation being that the grid 
in most valves either collects or emits electrons, and a path to earth 
must be provided for this small current. Some ordinary valves (e.g. 
EF 37A) will operate successfully with 50-100 MU between grid 
and earth. 

An Application of the Cathode-follower. Reducing the Effect of 
Earth Admittances in an ax. Bridge. The Wagner earth, which is 
fitted to precision a.c. bridges at power frequencies, and which is 
essential at higher frequencies, has to be adjusted continually as 
balance is approached. Each change of the Wagner earth controls 
alters the balance point of the bridge, and the necessary procedure 
is often slow and laborious. 

G-. H. Rayner and R. W. Wlllmer (Ref. (9) ) describe a method for 
increasing the rapidity with which balance can be reached by 
reducing the effect of the Wagner earth setting upon the bridge 
setting (see Fig. 537). 

The shield surrounding the critical parts of the bridge ( C , Z>, etc.) 
is driven by a cathode-follower through the capacitor C 3 . The grid 
of the cathode-follower is connected through G x to point D , and if 
the a.c. output of the cathode follower were exactly equal to the 
input there would be no resultant a.c. potential between D and the 
screen. In fact there will be a slight a.c. voltage between them since, 
as we have seen, e 0 does not exactly equal de i3 but is slightly less, 


de 0 — 


1 


There will also be a p.d. between C and the screen, apart from the 
above effect, if the bridge is not balanced. The authors state that 
the cathode-follower reduces the effect of a given unbalance of the 
Wagner arms Y Xi Y 2 to about l/50th of what it would be with the 
screen earthed. 
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Several points in the circuit deserve notice. C x and R 1 form a 
convenient means of applying the a.c. signal to the grid while 
keeping the mean grid potential at a negative value determined by 
nnd R z . R 1 is not returned to the negative supply, but to a point 
where the a.c. voltage is nearly equal to that of the cathode, and 
hence that of the grid. This keeps the a.c. input impedance high. 
((7 2 ensures that the a.c. voltage across R 2 ver y small.) The screen- 
grid of the valve is similarly connected by G& to the cathode, and the 
effect of capacitance between screen-grid and control-grid is thus 



reduced. Finally, the grid leads of the cathode-follower are enclosed 
in the driven screen. The effect of all these precautions is that the 
shunting effect of the cathode-follower connected to D is only 
50 MO and 1 fifi F in parallel. Since D is at earth potential when the 
bridge is balanced, even this small shunting effect does not affect 
the balance point. 

The other parts of the bridge and cathode-follower, not enclosed in 
the screen shown, are enclosed in an earthed screen which is omitted 
from the diagram. 

The Differential Cathode-follower. The cathode-follower described 
on page 864 is essentially a device for providing a voltage output. 
Often it is required to operate a meter from a signal which has 
insufficient power to drive it directly. In this case a current output 
is generally required. The cathode-follower can be used, but there 
is a standing current when the input voltage is zero, and this is often 
inconvenient. The standing current can be backed-off with a separ¬ 
ate battery hut a neater solution is to use a differential cathode- 
follower as in Fig. 538. V x and F 2 can conveniently be the two halves 
of a double-triode containing two triodes in a single envelope. The 
operation of the circuit will be self-evident. R s sets the zero on M, 
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while R 2 sets the sensitivity. The adjustments are independent. 
The circuit is a convenient and stable device for using an ordinary 
moving-coil meter to measure voltages at a very high impedance 
level—it is in fact a form of valve-voltmeter. 

The Auto-repeater. The auto-repeater (Everett Edgecumbe, see 



Fi or, 539) is a device for obtaining a direct current proportional to 
the power in an a.c. circuit. It provides an illustration of feed¬ 
back in a servo-mechanism using a d.c. amplifier. 

The instrument consists of a standard three-element a.c. wat - 



Meter 

Fia 539. Ahea^gejvient of the Auto -befeater 

em 4TamS 0 ertiv y es an output current ^Mch increases as the 
The amplifier gi ^ current from the amplifier passes 

prod„»g . tan** — 
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which resists that of the wattmeter movement, and tends to reduce 
the illumination of F x . 

For any given a.c. power, the instrument will come to rest when 
the moving-coil movement produces an equal and opposite torque 
to that of the wattmeter movement. The latter torque is propor¬ 
tional to the power, while the former is proportional to the current 
flowing through the moving coil. It follows that this current is 
proportional to the a.c. power, and it is passed through one or more 
external milliammeters which thus indicate or record the power. 



Fig. 540. Aiepleeter in the Auto-repeater 

So long as the gain of the amplifier is large, as we have seen (see 
page 857), changes in the gain (i.e. amplification) have little effect 
on the accuracy of the instrument. 

The auto-repeater enables the indicator or recorder to be placed 
in a distant position since only two wires need to he taken to it, and 
the resistance of these wires does not affect the accuracy of the 
indication. Also, since the movement of the shaft carrying the mirror 
is very small the response of the instrument is relatively fast, and it 
can he nsed to record rapid fluctuations of power. 

The amplifier nsed in the instrument is a Tinsley d.c. amplifier 
using a thyratron (Fig. 540). When the photo-electric cell is not 
illuminated, the alternating voltage applied to the grid of the 
thyratron is in such a phase that it prevents the valve from con¬ 
ducting. rUumination of the cell changes the voltage of the grid, 
and the thyratron begins to conduct at some point in the a.c! 
cycle. The amount of illumination thus controls the proportion of 
each cycle during which the thyratron conducts, and so varies the 
mean value of the output current. 

A Counting-rate Meter. Another example of the use of feed-hack 
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is provided by the A.E.R.E. counting-rate meter (Kef. (7) ). The 
problem is to measure the average rate of pulses occurring at 
random—the instrument is in effect a frequency meter for measur¬ 
ing the mean value of a rapidly-fluctuating frequency. 

The fundamental circuit which accomplishes this is shown in 
Fig. 541 (a). Each time a pulse is received it is arranged that the 




voltage applied to the input is changed by a constant amount 
(Fig. 541 (b) ). The means by which this is done is explained later 
(see “Electronic Counters”). As the input goes positive, conducts 
and C f is charged to the voltage F. As the input goes negative, V 2 
conducts, and the charge on C f is fed into C t . It is readily shown 
that, if there are on the average 2n pulses per second, the mean 
voltage across R is 

VrUCfR 

v ~ 1 + nC f B 

The quantity nC f R in the denominator is due to the back-voltage 
developed across R. We require v to be proportional to n, and with 
the simple circuit shown this requires C f R to be small. Unless V is 
very large, v itself is then small. The difficulty is due to the voltage 
developed across R, which reduces the charge fed into C t . The back- 
voltage is avoided by making C t and R the feed-back elements of a 
d.c. amplifier as in Fig. 542. 
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We have E — — ae 

v = — E -f e = (1 + a)e 

. v 

so that e — -z —:— 

1 -f a 

Thus the back-voltage is reduced in the ratio ^ ~ : 1, and the 

charge fed into G t is therefore nearly independent of v, so that 
v = VnC f R very nearly. 

The actual circuit is shown in a simplified form in Tig. 543. The 



Pig. 542 . Circuit for Pulse-rate Determination 
using Feed-back Amplifier 

amplifier consists of a pentode to give a high amplification of the 
voltage, followed by a cathode-follower to provide the necessary 
current. 

Evershed and Vignoles Quick-Response Recorder. This is an 
example of a servo-driven d.c. voltage recorder using a valve- 
amplifier as in Tig. 544. R 2 and R 2 are each 500,000 Q, and the volt¬ 
age at the control grid of F x is hence the mean of the input voltage 
and the voltage obtained from the potential divider R 10 . The latter 
is a finely-wound wire potential divider supplied with a reference 
voltage, and the slider is fixed to the pen-arm of the recorder. V x is 
a pentode amplifier direct-coupled through R 7 and R & to V 2 . R 3 pro¬ 
vides some negative feed-back to F x , so stabilizing its gain, and also 
ensures that the cathode is positive with respect to the grid. In the 
same way R 9 has a voltage across it, and it is not necessary to return 
R 8 to a negative voltage in order to make the grid of V 2 negative 
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with, respect to its cathode. F 2 and V z have a common grid resistor 
R 9 . They are connected as a “long-tailed pair,” their anodes being 
fed through the two halves M, M of the centre-tapped moving coil 
of the recorder. 

When the voltages fed to 1 and R 2 are equal and opposite, the 
grid of V 1 is at earth potential. Under these conditions V 2 and V 3 
are arranged to pass equal currents, and these flowing through the 
two halves of the movement produce equal and opposite torques. 
The pen therefore remains at rest. If now the input to R t is made 
more positive the grid of V 1 becomes positive with respect to earth, 
and the voltage of its anode falls. The voltage at the grid of V 2 
therefore falls, and V 2 conducts less current. The voltage drop across 
R 9 consequently falls, and the cathodes of V 2 and V 3 both become 
more negative. Since the grid of F 3 is fed from a nearly constant 
voltage, F 3 will conduct more current. The sum of the currents 
through F 2 and V 3 remains nearly constant, but more is now flowing 
through F 3 than F 2 . The torques produced by the two halves of the 
moving coil are now unequal, and the pen begins to move. As it 
does so it changes the voltage fed from R 10 to R 2 , making it more 
negative. The voltage fed to the grid of V 1 falls, and equilibrium is 
again reached when the voltage picked up from R 10 is equal and 
opposite to the input voltage. R 10 is a linear potential divider, and 
it follows that the movement of the pen is directly proportional to 
the input voltage. Also, the accuracy of the recorder depends only 
on the accuracy of the reference voltage and of R 10 , and not on the 
characteristics of the amplifier. 

The pen-arm of the recorder has inertia, and the servo-system 
would be unstable unless arrangements were made to stabilize it. 
This is done by adding the capacitor C. The action of C will'be clear 
from page 860, though it will be noticed that it is not in the same 
part of the servo-loop as that previously described. A further 
capacitor in parallel with R 2 is found in practice to help in prevent¬ 
ing the pen from, overshooting. 

It will be noticed that this recording voltmeter is in fact a self- 
balancing potentiometer; R 10 is the potentiometer, and the voltage 
from it is automatically kept equal and opposite to that at the input 
terminals. 

“Quality Factor” Q and its Measurement. Consider the circuit 
shown in Fig. 545, in which R and L represent the resistance and 
inductance of a coil. Then, for the total parallel impedance Z we 
have, 

- = nraC 4- 1 _ jco£{R ±JcoL) ± 1 

Z JW R + jcoL ~ R + jcoL 

y- __ _ R ~t~ j(oL _ 

(1 — co*LC) + jcaOR 
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_ (R A- jcoL)( 1 — o^LC — jcoCR) 
(1 — co 2 LC) 2 4- co 2 C 2 R 2 
_R -h j(coL — oAL 2 C — coCR 2 ) 

” (1 - co 2 LC) 2 + eo^iZ 2 

If we put o ) 0 2 = Q = —Ff> 00 — Aco 0 ~j — 


and substitute C = 
we obtain 


o>£ hco 0 L 

r = -q- = ^T 


2 (1 - A 2 ) 2 4- A 4 



Fig. 545 


Thus ^ can be expressed in terms of coL —the reactance of L —and 
of Q and A. Q is termed the “quality-factor 55 of the coil. The resis¬ 
tance R of the coil varies with frequency owing to shin effect, 
dielectric losses, etc., and at high frequencies Q is often more 
constant with frequency than R. It is also generally more useful 
to know Q than R. 

When the total reactance of the circuit is zero 




h 2 = —= 1 very nearly if Q is large. 

q + q 

The im pedance of the circuit when h — 1 is 


very nearly, when Q is large. This, also, when Q is large, is very 
nearly the maximum value of the impedance Z (expressed as an 
actual value and not in symbolic j notation), and the value when 
the reactance is zero. 

Suppose that h differs from unity by an amount a. Then 
A = 1 db oc 


—; 


QK 1 - A 2 ) 2 
/I+ QHl - 


■ h*y + A 1 
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and 1 — A 2 = 
so 2 = Qco 0 L 

T£<xQ=± h 
and if clQ = ± 1, 


1 — (1 ± < x ) 2 = 

vr 


4 a 5 


2a —a 2 = db 2a if a is small 
Qco 0 L 


1 






Vl -h 4o 2 <8 2 
Qco 0 A 

V2 

<2co 0 A 

V5 


Thus if h is altered by an amount Az ^ rom resonance, the mag¬ 
nitude of the current remaining constant, then the magnitude of 




Pig. 546. Heso^axce Curves eor a Tuned Circuit 


the voltage across the circuit falls to 0-707 of its value at resonance. 

If A is altered by Az tL the voltage falls to 0-447 of its value at 
resonance. ^ 

Three methods are now available for obtaining Q — 


(а) We may make A = 1, and measure e and i. Then - = Qco 0 L, 

and, knowing co 0 and L } we can calculate Q. This method is not very 
accurate, since e and i are difficult to measure at high frequencies. 

(б) We may keep i constant, and vary h, noting the maximum 
value of e. We then change h by such an amount that e falls to 
0*707 of its maximum value. We repeat the reading on the other 


side of resonance (a negative) (see Tig. 546 (a) ). Then ~ Q. 

2i0L 

The variation of Ji can be achieved by varying the frequency of i, 
or by changing co 0 by altering C. There are thus two variants of 
this method. 

(c) In the same way we may reduce e to 0-447 e 0 (see Fig. 546 (6) ). 
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There are again two ways of altering h —by varying oj or co 0 . 

Methods ( b ) and (c) do not require measurements of the actual 
values of i and e ; the current i has merely to be kept constant, and 
only a ratio of voltages (e Q = 0*707e a , etc.) is required. These 
methods are consequently preferable to (a). 

A similar analysis can be made of series resonant circuits. The 
analysis is simpler, and leads to similar results; it is therefore 
omitted. 

The Q-Meter. The principle of a common device for measuring Q , 
the so-called cc Q-meter” (Ref. (10) ), is illustrated in Fig. 547. The 


I \ 


L 


Valve 

£ < 

$ _ | R 


OscH/a tor 

1 < 

> r > 




C 5 ^ 

Valve 




Voltmeter 


Pig. 547. Diagram of Q-meter 

current I is set to a standard value by the thermocouple meter M. 
It produces a standard voltage E, which is applied to the coil 
(R, L) and a variable capacitor C in series. The voltage across C is 
measured by a valve voltmeter. It is easily shown that the maximum 
voltage across C is QE, and the valve-voltmeter can be calibrated 
directly in values of Q . Alternatively more accurate methods 
corresponding to (b) and (c) on page 874 can be used. 

Many other circuit arrangements can be used for measuring Q. 
The possible arrangements, such as varying the oscillator frequency, 
or using parallel circuits, etc., will be obvious. 

If C is calibrated in capacitance, the Q-meter forms a useful means 
for finding the effective inductance of a coil at radio-frequencies 
(which may not be the same as its inductance at lower frequencies). 
The frequency of the oscillator and the value of C at resonance are 

found, and L — 

Electronic Counters (Ref. 18). Consider the circuit given in 
Fig. 548 (see Refs. (19) and (23) ). This is the Eccles-Jordan Trigger 
Circuit. 

Suppose is conducting. Then the voltage at its anode will be 
relatively low, and R^R 6 form a potential divider such that the grid 
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of F 2 is very negative—so negative that F 2 cannot conduct. The 
anode of F 2 is therefore at a high voltage, and R A R b ensure that the 
grid of V t is at about earth potential, so that V 1 conducts. The 
arrangement is obviously stable for small disturbances. 

If now a large positive pulse is applied through 0 3 and C 4 to both 
grids, it will have no appreciable effect on V t . V 1 is already con¬ 
ducting, and its grid cannot go positive, as any attempt to drive it 
positive will result in the flow of grid current. There will, however, 
be a considerable effect on V 2 which was cut off. The pulse will 



drive the grid positive until F 2 begins to conduct. The anode 
voltage of F 2 will then begin to fall, and this, through R 4 R 5 reduces 
the voltage at the grid of F x . This in turn increases the voltage at 
the anode of V 1 and hence at the grid of F 2 . The process is cumu¬ 
lative, and it stops only when F x is cut off and V 2 conducting. C 1 
and C 2 assist the process of changing-over. 

When a second positive pulse is applied, a similar effect occurs, 
and V 1 again becomes conducting while F 2 is cut off. The voltages 
at the anodes of V 1 and F 2 are thus as shown in Fig. 549. 

The lowest line shows the pulses which would be obtained by 
connecting a capacitor to the anode of F 2 . It is easy to cut off the 
negative pulses, and it will be seen that there is one positive output 
pulse for every two input pulses. 

If a number of such circuits are arranged one after the other, we 
can divide successively by two. If there is some device to show which 
of the two valves in each pair is conducting, we have a simple “scale- 
of-two counter” as in Fig. 550 (a). We count each stage as “0” if 
the left-hand valve is conducting, {i l” if the right-hand valve is 
conducting. Suppose six pulses are fed in. The final result will he 
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as in Tig. 550 (6). We count this (taking the stages from right to 
left) as 1, 1, and 0 so that the count is 

1x44-1x2 + 0x1=6 

Most electronic calculators work on a seale-of-two using circuits 
similar to the one described. It is also possible to have electronic 


A-K-N-N- Pulses 


V 



Anode V-, 


v\ 



Anode V 2 


v 


K 
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K 


Output Pulses 


Fig. 549. Voltages nsr the CmcrriT of Fig. 548 


seale-of-ten counters, but they use more valves than the equivalent 
scale-of-two counter. 

Application of Electronic Counters, (a) In the Cintel oscillator 
there is a built-in scale-of-ten counter. Each cycle from the oscil- 


0 0 0 



0x1 


1x2 


7x4 



<8> Conducting 
O Cut-off 

(b) 


Fig. 550. Principle of Scaie-of-two Counter 


lator produces one pulse, and the pulses are counted by the electronic 
counter for an accurately-determined time. The frequency is thus 
automatically presented. The operation is automatic—the counter 
counts for the standard time, presents the result, clears to zero, and 
counts again. 

(6) A similar counter can be used to measure smalltime intervals. 
At the beg innin g of the interval a “gate” is opened, allowing pulses 
from an accurate pulse generator to be fed into the counter. At the 
end of the period the “gate” is closed. In the Cintel micro-second 
timer the pulse generator gives one million pulses per second. The 
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interval can thus be measured in micro-seconds with an error of 
±1^ sec. 

( c ) As already mentioned, electronic counters form one element 
in electronic calculating machines (Ref. (18) ). 
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EXAMINATION QUESTIONS 

Jl) Show that the energy stored in a condenser is given by the expression 

An air condenser of capacitance 0-005 microfarad is connected to a direct 
voltage of 500 volts, disconnected, and then immersed in oil with a dielectric 
constant of 2*5. Find the energy stored in the condenser before and after 
immersion, and account for the difference. ( Lond. Univ., 1930, Elec. Tech.) 

Arts. Before i mm ersion 625 X 10" e Joules; after imm ersion 250 X 10"* 
Joules. 

(2) Show that near a charged body in air or vacuum the field strength is 
4jrcr, o being the surface density of the charge. 

In a parallel plate condenser with solid dielectric the plates are a tenth of a 
millimetre apart, and when charged the surface density is 5 x 10“ 10 coulombs 
per square centimetre. What is the electric flux density? If the specific 
inductive capacity is 2*2, what is the voltage between the plates? £1 coulomb 
= 3 X 10® electrostatic units.] {Lond. Univ., 1925, Elec. Tech.) 

Ans. 6tt lines per sq. cm.; 25-7 volts. 

(3) Calculate the strength of the magnetic field at the centre of a single-turn 

square coil of 1 ft. side when carrying a current of 20 amp. Prove the formula 
employed. {Lond. Univ ., 1926, Elec. Tech.) 

Ana. 0*741 dynes. 

(4) Establish a formula for the energy stored per cubic centimetre in a 
magnetic field of given strength and deduce therefrom a formula for the lifting 
force of an electromagnet. 

A ring of 1 in. diameter round iron has a mean diameter of 1 ft.; it is wound 
with 1,000 turns of wire carrying a current of 3 amp.; it is split across a 
diameter and an air gap of 0-01 in. is formed on each side. Calculate the 
approximate pull required to separate the two parts. The iron may be assumed 
to have a permeability of 500. {Lond. Univ., 1926, Elec. Tech.) 

Ans. 220 lb. wt. 

(5) A solenoid is 2 ft. long and 1 in. diameter, and is uniformly wound with 
600 turns of insulated wire. Calculate the strength of the magnetic field at 
the centre when the current is 2 amp. If a secondary coil of 50 turns is wound 
round the central part of the solenoid and is connected to a ballistic galvano¬ 
meter through a resistance which makes the total resistance of the circuit 
10,000 ohms, calculate the quantity of electricity discharged through the 
galvanometer on reversing the current of 2 amp. in the primary winding. 
Estimate the error due to assuming the solenoid infinitely long. 

{Lond. Univ., 1927, Elec. Meaa.) 

Ans. 24-7 C.Gr.S. units. 

1-25 X 10" 8 coulombs. Error 9 parts in 10,000. 

(6) Draw diagrams showing the magnetic field around two parallel straight 

conductors carrying current (a) in the same direction, and (6) in opposite 
directions. If two conductors 3 in. apart each carry 1,000 amp. in the same 
direction, find the direction and magnitude per inch run of the force on each 
conductor. {Lond. Univ., 1927, Elec. Tech.) 

Ans. 6-78 gramme wt. attraction. 

(7) A single circular turn of insulated wire, 30 cm. mean diameter, rests 
on a similar turn, the distance between the centres of the wires being 5 mm. 

879 



880 


ELECTRICAL MEASUREMENTS 


A current of 30 amp. flows through one and a current in the opposite direction 
of 50 amp. flows in the other. Find the direction and magnitude of the resul¬ 
tant force. ( Lond. Univ., 1924, Elec. Tech.) 

Ans. 5,650 dynes. 

(8) Two coils each of 20 cm. diameter and 100 closely wound turns of fine 
wire are mounted coaxially 10 cm. apart. A current of 1 amp. is passed 
through the coils in series, tho connections being such that the fields are 
additive. Plot a curve showing the Sold strength along the axis of the coils. 

Prove any formula used. {Lond. Univ., 1930, Elec . Meas.) 

(9) Prove that in a specimen of iron the hysteresis loss in ergs per cubic 
centimetre per cycle is given by the area of the hysteresis loop divided by a 
constant. 

The hysteresis loop for a specimen weighing 12 kg. is equivalent to 3,000 ergs 
per c.c. Find the loss of energy per hour at 50 cycles per sec. Density of 
iron, 7*5, (O. and Q. Final /, 1930.) 

Ans. 24 watt-hours. 


(10) Define the uni t charge of electricity in the electromagnetic and in the 
electrostatic systems. 

Deseribe a direct method of measuring the ratio of the two charges. 

{Lond. Univ., 1929, Elec . Meas.) 


(11) What is meant by the dimensions of a quantity? Derive the dimen¬ 
sions of potential diff erence in the electrostatic system in terms of Mass, 
hengfch, and Time. 

In the course of a calculation an expression of the following form was 
arrived at— 


I = 




Show that there must have been an algebraical error, and point out the term 
or terms which require correction. {Lond. Univ., 1926, Elec. Meas.) 

Ans. The term — should be multiplied by some quantity having the dimen- 

jr 

sions of resistance (or impedance). 


(12) The voltage V across the coils of a telephone receiver when a current 7 
is flowing through them may he written 


where Z 


R -h jcoL ; 



z = r -j— j ^com 4 - 

R = the resistance, L = the inductance, and 
N = the number of turns of the receiver coils 
B q — the flux density in the air gap 
ML = the reluctance of the magnetic circuit 

and r, m, and s are the equivalent mechanical resistance, mass, and stiffness 
®f the receiver diaphragm. 

Suggest a suitable unit for each of the quantities involved. 

Find the dimensions of each quantity, and so make a dimensional check of 
the equation. {Lond. Univ., 1930, Elec. Meas.) 
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Ans. Dimensions— 

^ M—lL-i /z-i] 

B~ ILT-W 

Z—tLT- *u] rr—lZju] 

2 —[M2 7 " 1 ] 
r —[M2 7 - 1 ] 
m —[M] 

5 —[M2 7 - 2 ] 

A—[IAm^IZ 7 - 1 /^] 

S 0 — 

(13) (i) The expression, for the mean torque T of an electro-dynamic watt¬ 
meter may be written, 

2 7 OC M^ > E <z Z i 

where M — the mutual inductance between fixed and moving coils 
E = applied voltage 
Z — impedance of the load circuit 
From the dimensions of quantities involved determine p, q, and t. 

(ii) In the same way, determine a , b, c , and g in the following expression for 
the eddy current loss W per centimetre length of round wire— 

where j = frequency 

B max = maximum flux density 
d = diameter of the wire 
p = the specific resistance of the material 
Ans. (i) p = l, q — 2, t = — 2 ; (ii) a — 2, b = 2, c = 4, g — - 1. 

(14) If the practical units of voltage and current were each made 100 times 
as large as they are at present, what would be the consequent alteration in 
the size of the units of resistance, capacity and inductance? 

( Lond. Univ., 1922, Elec. Tech.) 

Ans. No alteration. 


(15) Describe a method of determi n ing the ohm absolutely and discuss the 
means taken to minimize the most probable causes of error. 

(j Lond. Univ., 1926, Elec. JMeas.) 

(16) G-ive an account of the principles and construction of the current 
balance as used at the National Physical Laboratory for the absolute deter¬ 
mination of the ampere. 

What factors limit the accuracy and what is the accuracy actually realized ? 

{Lond. Univ., 1925, Elec. JMeas.) 

(17) Three non-inductive resistances of 1,000 ohms are star-connected to 
a three-phase supply with 200 volts between lines. What will be the reading 
on a voltmeter connected between one of the lines and the star point thus 
formed, if the voltmeter also has a non-inductive resistance of 1,000 ohms ? 

{Lond. Univ., 1926, Elec. JMeas.) 

Ans. 86-6 volts. 

(18) An alternating current circuit contains a coil of inductance L x ; near 
this, hut not connected to it, is a coil of inductance L z , across which is con¬ 
nected a resistance R. If the mutual inductance between the two coils is M, 
calculate the effective inductance and resistance of the first circuit. 

{Lond. Univ., 1927, Elec. JMeas.) 


Ind. 



co 2 M z L t \ 

R* 4- a>»L 2 2 /* 


, ^ cjo 2 M 2 R 

Ans. Res. = + w i Z ~ r 
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(19) An alternating current passes through a non-inductive resistance R 
and an inductance L in series- Find the value of the non-inductive resistance 
which, can be shunted across the inductance without altering the value of the 
main current. ( Lond. Univ., 1927, Elec. Meas.) 

. co z L z 

Ans - w 


(20) The impedances of the three phases of a star-connected load (no neutral 
wire) are 5 -f* j20, 12 -f* jO, and 1 —^"10 in order. The line voltage is 400 volts. 
Find the line currents. {Lond. Univ 1931, Elec. Meas.) 

Ans. 0-5-29*65?, 16*24-11*5^, - 16*74 +- 41*15/. 


(21) Explain the method of representing a vector quantity by the 
notation, and show how the method may be used in A.C. calculations. Two 
circuits whose impedances are given by 8 — 7/ and 5 + 6/ are connected in 
parallel across a 100 volt A.C. supply. Calculate the current passing through 
each circuit and the total current do wing to both of them. Find also the angle 
of phase difference between these currents and the applied P.D. 

{Lond. Univ., 1923, Elec. Tech.) 

Ans. 9*4 amp. 41° 11'leading, 

12*8 amp. 50° 12' lagging, 15-7 amp. 13° 25' lagging. 


(22) Three branch circuits consisting respectively of (i) 5 ohms resistance 
and 0-025 henry inductance, (ii) 4 ohms resistance and a condenser of capacity 
300 microfarads, (iii) an inductance of 0-01 henry and a condenser of 500 micro¬ 
farads capacity, are connected in parallel. A resistance of 3 ohms is then 
connected in series with the combination. Using the symbolic ” notation, 
calculate the currents in the main circuit, and in the three branches, when 
an alternating voltage v — 100 sin 314 1 is applied to the whole circuit. 

Ans. i = 20-2 sin (314£ -f- 37° 55'), 
i t = 6*9 sin (3I4£ — 93° 20'), 
t* = 5-64 sin (314£ -f 33° 35'), 

4 « 19-9 sin (314£ -f- 54° 10'). 


(23) Calculate the capacity of a spherical condenser if the diameter of the 
inner sphere is 20 cm., and that of the outer sphere is 30 cm., the space between 
them being filled with a liquid with a specific inductive capacity of 2. Express 
your answer in microfarads. {Lond. Univ., 1926, Elec. Tech.) 

Ans. £ x 10“* microfarads. 


(24) A condenser is made up of two parallel metal discs separated by three 
layers of dielectric of equal thickness but having dielectric constants of 2, 3, 
and 4 respectively. If the metal discs are 6 in. diameter and the distance 
between them 0*3 in., calculate the potential gradient in each dielectric and 
the total energy stored in each when a potential difference of 1,000 volts is 
applied between the discs. {Lond. Univ., 1927, Elec. Tech.) 

Ans. 1,815, 1,210, 907-5 volts per cm.; 13*51 X 10 8*98 X 10~ s , 

6*755 X 10-* Joules. 


(25) Explain the following terms as applied to dielectrics subjected to 
alternating electric fields: Permittivity (K), loss angle (<5), volume resistivity, 
surface resistivity, dielectric hysteresis. 

Prove that the power loss per cubic centimetre can be expressed by the 
formula 

55’SK . tan 6 . j. g 3 .10' 6 watts 

where / is the frequency and g the potential gradient. In what units is g 
expressed in this formula. (Lond. Univ., 1926, Elec. Tech.) 

Ans. Kilovolts per millimetre. 

(26) Calculate the capacity of the following system— 

Two conductors $ in. diameter, and 400 yd. long, lying parallel to each other 
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and to an earthed plane, their height above the plane being 3 ft. The conduc¬ 
tors are 3 ft. apart. 

Ans. 1,980 micro-microfarads. 

(27) Capacity measurements on a three-phase cable "were m ade as follows—* 

Capacity per mile between the sheath and one conductor connected together 

and the other two conductors connected together = 0*45 mi crofarad. 

Capacity per mile between the three conductors co nn ected together and the 
sheath — 0*50 microfarad. 

The potential between the conductors is 3,300 volts and the frequency is 
50 cycles per second. 

Find the charging current flowing to each conductor in a 20-mile length of 
the cable. ( Lond. Univ., 1931, Elec. Meas.) 

Ans. 4*1 amp. 

(28) Describe the use of the Schering bridge for the measurement of the 
dielectric loss in a length of high-voltage cable. 

State all the precautions necessary for both accuracy and safety. 

(Lond. Univ., 1931, Elec. Meets.) 

(29) Explain how the electrostatic wattmeter or quadrant electrometer may 
be used for the measurement of the power lost in dielectrics at high voltages. 

Prove the formula, giving the power in terms of the deflection. 

(Lond. Univ., 1925, Elec. Meets.) 

(30) Define electric field strength and state the practical units in which 
it is measured. 

A. concentric cable has a conductor diameter of 1 cm., and an insulation 
thickness of 1*5 cm. Find the maximum field strength when the cable is 
subjected to a test pressure of 33 kV. (Lond. Univ ., 1931, Elec. Tech.) 

Ans. 47*6 kV per cm. 

(31) Annular shaped iron stampings are built up to form a ring 8 in. inside 
diameter and 10 in. outside diameter and 1 in. thick. The square cross-section 
is wound with 1,000 turns to form a toroidal coil. If the resistance of the wire 
is 200 ohms, and the permeability of the iron is 800, what current will flow 
under an impressed alternating voltage of 100 volts, 50 cycles? 

What would be the effect of replacing the stampings by a solid iron core ? 

(Lond. Univ., 1929, Elec. Tech.) 

Ans. 0*288 amp. 

(32) A ring 1 ft. mean diameter is made of round iron 1 in. diameter, and 

is uniformly wound with 500 turns of copper wire 0-05 in. diameter. A second 
winding of 1,000 turns of wire 0*025 in. diameter is uniformly wound over the 
first. Assuming the iron to have a permeability of 800, calculate the self¬ 
inductance of each winding and the mutual inductance between them; express 
your answers in practical units. (Lond. Univ., 1927, Elec. Tech.) 

Ans. 0*133, 0-532, 0*266 henries. 

(33) Calculate the resistance and inductance of a single layer cylindrical 
coil consisting of 1,000 turns of copper wire 0*5 mm. diameter, wound, uniformly 
on a cardboard tube 2 in. diameter and 30 in. long, the turns being spaced 
so that the coil occupies the whole length of the tube. 

(Lond. Univ., 1925, Elec. Tech.) 

Ans. 13*8 ohms, 3*42 millihenries. 

(34) A toroidal coil is uniformly wound with 250 turns. The core is of 
marble with a rectangular cross-section 2£ in. deep and 2 in. wide ; the outer 
diameter of the toroid is 6 in., and the inner diameter is 2 in. 

Find the inductance of the toroid, proving any formula used. 

(Lond. Univ., 1931, Elec. Meets.) 

Ans. 0*873 millihenries. 

29—(T.5700) 
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(35) Estimate the mutual inductance between two parallel and coaxial 
circles of 40 cm. and 5 cm. diameter respectively, and 20 cm. apart, making 
the assumption that a current in the larger circle produces a uniform field 
through the smaller. 

How does the true mutual inductance differ from the value estimated in 
this manner, and how would it be calculated ? 

. _ . , . (Lond. Univ 1931, Elec. Meas.) 

Ans . 0*00218 microhenries. 


(36) Explain why conductors have a higher resistance to alternating than 
to direct currents. Do the same causes affect the inductance of the conductor ; 
if so, in what way ? How can one construct conductors to minimize the varia¬ 
tion of resistance with frequency? (Lond. Univ., 1926, Elec. Tech.) 

. (37) Define the practical unit of mutual inductance. 

Two coils with terminals T X T^ and T S T^ respectively are placed side by side. 
Measured separately, the inductance of the first coil is 1,200 microhenries, 
and that of the second coil is 800 microhenries. 

With T 2 joined to T z the inductance between T 1 and T 4 is 2,500 microhenries. 
What is the mutual inductance between the two coils, and what would be the 
inductance between T x and T z with T 2 joined to T i ? 

Prove any formula used. (Lond. Univ., 1930, Elec. Tech.) 

Ans. M = 250 microhenries, L~ 1,500 microhenries. 


. (38) An alternating current bridge is arranged as follows: The arms AB 
and BC consist of non-inductive resistances of lOOohms, the arms BE and 
CD of non-inductive variable resistances, the arm EG of a condenser of 
1 microfarad capacity, the arm DA of an inductive resistance. The alternating 
current source is connected to A and G, and the telephone receiver to E and D. 
A balance is obtained when the resistances of the arms CD and BE are 50 
and 2,500 ohms respectively. 

Calculate the resistance and inductance of the arm DA. 

What would be the effect of harmonies in the wave-form of the alternating 
current source? (Lond. Univ., 1925, Elec. Meas.) 

Ans. 50 ohms, 0*255 henry. 

»(39) The diagram gives the connection of Anderson’s bridge for measuring 
the inductance L and resistance R of an unknown impedance between the 
points A and B. Find B and L if balance is obtained when Q = 3 = 1,000 
ohms, JP — 500 ohms, r = 200 ohms, and C — 2juF. 



Draw a vector diapam showing the voltage and current at every point of 
the network when the voltage across AC is 10 volts and the frequency is 
!00 cycles per second. (L cnd. Univ., 1931, Elec.Meae.) 

Ans. M — 500 ohms, D = 1*4 henries. 
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; (40) One of the branches of a Wheatstone bridge consists of a variable 
inductance coil with a variable resistance, in series with a condenser shunted 
by a resistance. The other branches consist of non-inductive resistances. 
The bridge is supplied with alternating currents of known frequency. Calcu¬ 
late the relations which must hold between the inductance and capacity, and 
between the various resistances in order to obtain balance. 

( Lond. Univ., 1922, Elec. Meas.) 

Cr z 

Ans. _ and L - ; where r is the re¬ 

sistance shunting C. 

• (41) When a current of 0*0001 amp. is passed through a certain ballistic 
galvanometer it gives a steady deflection of 50 scale divisions. A condenser 
is charged at a pressure of 100 volts, and discharged through the galvanometer, 
and gives a throw of 220 scale divisions. The complete period of swing is 
4 seconds. Tind the capacity of the condenser. 

(G. and Gr. Final , 19IB, Elect. Eng., I.) 

Ans. 2*8 microfarads. 

s (42) Explain how an inductance may be measured by comparison with a 
standard condenser in an alternating-current bridge. 

The four arms of a Wheatstone bridge arrangement are as follows: AJB is 
an inductive resistance Lr v BO is a non-inductive resistance r 3 , CD is a con¬ 
denser of capacitance C shunted by a resistance r 4 , DA is a non-inductive 
resistance r 2 . An alternating-current supply is connected between the points 
A and C and a telephone receiver across the points B and D. Work out the 
conditions for balance and show that the result is independent of the frequency 
of the supply. ( C. and Q. Final , 1930, Elect. Eng., II.) 

Ans . r 1 r i « r 2 r 3 = 

* (43) The four arms of a Wheatstone bridge have the following resistances: 
AB 100, BO 10, CD 4, DA 50 ohms. 

A galvanometer of 20 ohms resistance is connected across JBD. Calculate 
the current through the galvanometer when a potential difference of 10 volts 
is maintained across AC. (Lond. XJniv., 1926, Elec. Tech.) 

Ans. 0-00513 amp. 

(44) Explain carefully how the conductor resistance and insulation resistance 
of a mile of an electric light cable would be determined experimentally by 
measurements on a 100-yd. sample. (Lond. Univ., 1929, Elec. Meas.) 

(45) The conductor of a single-core cable has a diameter of 0*25 in., and 
the diameter over the insulation is 1 in. If the insulation resistance of the 
cable is 10,000 ohms per mile, calculate the specific resistance of the dielectric. 

(Lond. Univ., 1926, Elec. Tech.) 

Ans . 2,870 megohms per inch cube. 

(46) Two mains are working at a P.D. of 220 volts. A voltmeter of 4,500 

o hms resistance when connected between the positive main and earth reads 
148 volts, but when connected between the negative jnain and earth the 
reading is only 42 volts. Calculate the insulation, resistance to earth of each 
main. (Don. Univ., 1926, Elec. Tech.) 

Ans. Positive to earth 3,220 ohms, negative to earth 910 ohms. 

(47) Describe with a diagram of connections the loss of charge method of 

determining the insulation resistance of a length of cable. Prove the formula 
used for this determination, and calculate the insulation resistance of a short 
length of cable in which the voltage falls from 100 to 80 in 20 see., the capacity 
being 0*0003 microfarads. (Lond. Univ., 1925, Elec. Tech.) 

Ana. 298,000 megohms. 
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(48) Describe the Kelvin double bridge for the comparison of small resis¬ 
tances. 

Give the theory of the bridge, and detail the arrangements necessary in 
order that the greatest precision possible may be obtained. 

(Lond. Univ ., 1931, Elec. Meas.) 

(49) Determine the currents to the nearest milliampere in each of the five 
sections of the following network, when one volt is applied between the points 
a and d ; ab 2 ohms, bd 8 ohms, dc 6 ohms, ca 4 ohms, and cb 10 ohms. 

{Lond. Univ., 1923, Elec . Tech.) 

Ana. ab 

bd 
dc 
ca 
cb, 

(50) Describe in detail how a sub-standard direct current voltmeter of 
range from 0-250 volts, would be calibrated by the potentiometer method. 

{Lond. Univ., 1929, Elec. Meas.) 

(51) Describe some form of accurate direct reading potentiometer. Indicate 
how the ins tr um ent is standardized and point out any special features in its 
construction. Explain carefully how to connect up and use a potentiometer 
to carry out the following tests: (i) the calibration of a moving-coil voltmeter 
reading up to 150 volts, (ii) the measurement of the resistance of a 0-01 ohm 
shunt. In each case state what auxiliary apparatus is required. 

{Lond. Univ., 1923, Elec. Meas.) 

(52) Describe the principle, construction, and operation of an alternating 

current potentiometer. (Lond. Univ., 1927, Elec. Meas.) 


. . . . Ill milliamps 
.... 97 

_- 105 

... - 91 
_- 14 


(53) In the measurement of a low resistance by means of a potentiometer 
the following readings were obtained— 

Volt drop across low resistance under test . . . 0*83942 volt 

"V^olt drop across a 0*1 ohm standard resistance connected 

in series with the “unknown” .... 1*01575 volt 

The resistance of the standard at the temperature of the test is 0*10014 ohm. 
Upon setting the potentiometer dials to zero and breaking the current passing 
through the “unknown” resistance, the thermal E.M.F. of the latter produced 
a galvanometer deflection equivalent to 23 microvolts, the direction of the 
deflection being the same as that produced by an increase of the potentio¬ 
meter reading during the volt drop measurements. 

Calculate the resistance of the “unknown.” 

Ana. 0*08276 0 ohm. 

(54) State the theory underlying the action of the Chattock magnetic 
potentiometer. Describe the instrument, and show how it can be calibrated 
and used in conjunction with a ballistic galvanometer for the measurement 
of difference of magnetic potential. The constant of a given potentiometer 
Was obtained by aid of a coil of 300 turns in which a current of 0*6 amp. was 
reversed. The resulting throw of the galvanometer was 157 scale divisions. 
It was then used to measure the magnetic potential difference between two 
points and the throw was 304 scale divisions. Find the magnetic potential 
difference, and state the units in which it is measured. 

(Lond. Univ., 1925, Elec. Meas.) 

An-s. 876 C.G.S. units of magnetic potential. 
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(55) The demagnetization, curve for a sample of permanent magnet steel 
after harde n i n g and ageing is as follows— 

Permanent flux density- 

in lines per sq. cm. . 6,500 5,900 5,200 4,300 3,100 1,400 

Demagnetizing ampere 

turns per centimetre .4 12 20 28 36 44 

The air gap flux density in a moving coil instrument where this steel is 
used is to be 900 lines per sq. cm., the length of the single gap is to be 0-12 cm., 
and the area of the gap 10 sq. cm. To ensure the necessary permanence, the 
ratio of the area of the gap divided by its length to the area of cross-section 
of the magnet divided by its length is to be 300. Assuming the leakage flux 
to be equal to the useful flux, and regarding all the leakage as being concen¬ 
trated at the pole shoes, calculate the necessary length and cross-sectional 
area of the magnet. 

To what extent is the above-mentioned ratio applicable to all permanent 
magnet steels? ( Lond. Univ. 9 1925, Elec. Meas.) 

Ans. 11*5 cm., 3*2 sq. cm. 

(56) Describe a method for finding the B-H curve of bar specimens. 

An iron ring of 3-5 sq. cm. cross-sectional area with a mean length of 100 cm. 
is wound with a magnetizing winding of 100 turns. A secondary coil with 
200 turns of wire is connected to a ballistic galvanometer having a constant 
of 1 microcoulomb per scale division, the total resistance of the secondary 
circuit being 2,000 ohms. On reversing a current of 10 amp. in the magnetizing 
coil, the galvanometer gave a throw of 100 scale divisions. Calculate the flux 
density in the specimen and the value of the permeability at this flux density. 

(O. and O. Final, 1927.) 

Ans * B = 14,280, jul = 1,136. 

(57) Describe a standard form of apparatus for measuring the iron losses 
in steel sheets at specified values of flux density and frequency hy means of 
a wattmeter. 

The following test results were obtained on a sample of steel stampings at 
50 frequency— 


Volts 

Amperes 

1 

Watts 

4-9 

0*20 

9-5 

69-3 

0-30 

16-8 

91-8 

0-46 

27-5 

100*5 

0-52 

32-5 

110-5 

0-64 

39-0 

118-0 

0-77 

44*8 


Mean width of the plates, 3 cm.; mean thickness, 0-0489 cm.; number of 
plates, 51; total weight, 24-2 lb.; number of magnetizing turns in coil, 600. 
Allowing 2 watts copper loss in the magnetizing winding, calculate the iron 
loss in watts per pound at a flux density of 10,000 lines per sq. cm., and 
50 frequency. ( G . and Q. Final , 1927.) 

Ans. 1-18. 

(58) In a test with a traction permeameter, the force required to separate 
the two U-shaped portions of iron forming the magnetic circuit is 15 lb. The 
cross-sectional area of the iron is 2 sq. cm., and the length of magnetic path 
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45 cm. The magnetizing coil has 250 turns and the current in the coil is 
079 amp. 

Calculate the permeability of the iron at the flux density used in the test. 

Ans. 1172 

• (59) Describe the wattmeter method of determining the iron losses in a 
sample of transformer stampings. Show how the copper loss in the magnetizing 
winding may be excluded from the wattmeter reading. Explain how the 
hysteresis and eddy current losses may be separately determined from the 
test results. " {Loud. Univ., 1925, Elec. Meas.) 

(60) The reluctance of a magnetic circuit excited by 8,000 ampere-turns is 
0-0015. A fluxmeter is used to measure the flux produced. If the fluxmeter 
scale has 120 divisions, and the line-turns required for a deflection of 1 division 
is 15,000, calculate the resistance of shunt required for use with the search 
coil; given— 

.Number of turns on search coil = 1 
Resistance of search coil = 0*025 ohm 

The measurement is made by switching off the excitation. It may be 
assumed that the resistances of the search coil and shunt are small compared 
with the resistance of the fluxmeter coil. 

Ans. 0-00915 ohm. 

(61) An open space is ill umin ated by four lamps each giving 300 candle- 

power in every direction below the horizontal. They are suspended 23 ft. 
above the ground at the comers of a rectangle 20 ft. by 15 ft. Calculate the 
illumination in foot-candles of a horizontal surface 3 ft. above the ground 
(a) at the middle of the shorter side, and (b) at the mid-point of the rectangle. 
Describe briefly a portable photometer suitable for testing the accuracy of 
your calculations. {Lond. Univ., 1926, Elec. Tech.) 

Ans. 1*72 ft.-candles; 1*83 ft.-candles. 

(62) Define the following terms : (a) mean spherical candle power ; (b) lumen ; 
(c) illumination; (d) brightness. What is the illumination at the edge of a 
circular table 6 ft. in diameter lit by one 100 c.p. lamp 4 ft. above the centre ? 

(A.M.I.E.E., Oct., 1923.) 

Ans. 3*2 foot-candles. 

(63) Describe a good type of portable illumination photometer suitable for 
outdoor use; explain how it can be calibrated and discuss the various sources 
of error in its use. 

If two lamps giving 500 candle-power in every direction are suspended 
30 ft. high and 100 ft. apart, compare the illumination of the horizontal 
road surface under one lamp with that midway between them. 

(Lond. Univ., 1925, Elec. Meas.) 

Ans. 3*76:1 

(64) How would you determine the constants a and in the expression 
Candle-power = aV$ for a glow lamp where V is the lamp voltage ? 

Taking the value /? = 4*5 for a tungsten filament vacuum lamp, determine 
the percentage variation of candle-power due to a voltage variation of dr 4 per 
cent from the normal value. (C. and O. Final, 1927.) 

Ans. 19*2 per cent above normal, 16*75 below normal. 

(65) A road is to be illuminated by means of lamps supported at a height of 

20 ft., and arranged 100 ft. apart. Determine the necessary distribution of 
candle-power in a vertical plane in order that the lamps may produce a 
uniform horizontal illu m ination on the ground along a line vertically beneath 
a pair of lamps. The illumination due to a lamp at a greater distance than 
50 ft. may be neglected. (Lond. Univ., 1922, Elec. Tech.) 
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Ans. (C.P.)^ 5, where 6 is the angle between the line vertically 

down through the lamp and the line joining the lamp to anv point on the 
road between the lamps. 

(C*P.)o = C.P. vertically under a lamp. 

(66) Define luminous flux, luminous intensity, and illumination, and state 
and define the units in which they are measured. 

Describe the construction and use of the L umm er-Ero dh un photometer. 

( Lond . Univ., 1929, Elec. Meas.) 

(67) Describe an apparatus by means of which the mean spherical candle- 

power of a 1,000 watt gas-filled lamp can be determined by a single reading. 
Explain the principle involved and discuss the precautions which must be 
taken to ensure accuracy. [Lond. Univ., 1926, Elec. Tech.) 

(68) Describe two methods of measuring peak voltages by means of two- 
electrode thermionic valves, one employing an electrostatic and the other a 
moving-coil instrument. 

Explain the action in each case, and discuss the errors that may arise. 

{Lond. Univ., 1930, Elec. Meas.) 

(69) Explain the various methods that are used for the measurement of 

very high voltage. {Lond. Univ., 1929, Elec. Meas.) 

(70) Describe the arrangements that you would adopt to determine (a) 
the root-mean-square value, (6) the average value per half-cycle, and ( c ) the 
peak value of an alternating voltage of about 50,000 volts. 

(Lond. Univ., 1926, Elec. Meas.) 

(71) Describe two methods of measuring the peak value of an alternating 
voltage of about 15,000 volts, giving a full explanation of the principles 
involved in each and enumerating the precautions necessary in order to obtain 
accurate results. State the probable accuracy obtainable in each case. 

{Lond. Univ., 1925, Elec. Meas.) 

(72) Describe with connection diagram how the peak value of a high voltage 
may be measured by means of a neon tube. Explain how the method is 
applied to the calibration of an extra high-voltage voltmeter. How would 
you arrange to detect with certainty the striking of the neon tube ? 

(C. and Q. Final, 1930.) 

(73) What methods may be used in testing cables for dielectric strength 
at very high voltages? Explain the difficulties that occur when tests with 
alternating current voltages are made on long lengths of cable, and state what 
difference there is (if any) in the dielectric strength of (a) paper (6) air, when 
tested respectively with alternating and direct voltages. 

(74) Describe the Murray loop method of localizing an earth fault on a 
length of cable. 

In a test for a fault to earth on a 520 yd. length of cable having a resistance 
of 1*10 ohm per 1,000 yd., the faulty cable is looped with a sound cable of the 
same length but having a resistance per 1,000 yd. of 2*29 ohm. The resistances 
of the other two arms of the testing network, at balance, are in the ratio 
2*7 : 1. Calculate the distance of the fault from the testing end of the cable. 

Ans. 432 yd. 

(75) Describe a method by which the position of a fault to earth on a long 
feeder may be found approximately by a “loop” test. 

What methods may be used for finding the position of the fault when a 
break in the conductor occurs without affecting the insulation resistance very 
seriously ? {Lond. Univ., 1923, Elec. Tech.) 
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(76) Show that if a x he the resistance-temperature coefficient of a conductor 
at £j° C. expressed as a fraction, the coefficient at t° C. is given by 

1 

— -f* (^2 “ h) 

a i 

A specimen of copper wire has a specific resistance of 1*6 X 10“ 6 ohm per 
degree Centigrade at 0° C., and. a temperature coefficient of 2 ^ 4.5 

!Find the temperature coefficient and the specific resistance at 60° C. 

(C. and G. Final , 1930.) 

Ana. 2*009 X 10 " 6 ohms per cm. cube ; 2 9 4 7 5 * 

(77) What methods may be used for measuring the temperature rise in the 
field-magnet windings of a direct-current generator ? Explain briefly how 
the final temperature rise of a machine may be estimated from the curve of 
temperature rise at the beginning of the heat ran. 

( Lond . Univ., 1923, Flee . Tech.) 

(78) Describe suitable methods for the measurement of the temperature 
of the following— 

(а) The centre portion of the winding of a field coil on an electrical machine, 

( б ) A small quantity of molten metal. 

(c) The interior of a furnace. 

State why each method described is the most suitable for its purpose. 

(79) A disc of copper 2 in. in diameter and 0*005 in. thick is placed inside a 
solenoid having a winding of 20 turns per inch length. Assuming that the 
flux is normal to the surface of the disc and is not appreciably disturbed by 
the eddy currents in the disc, calculate the loss of power in the disc when the 
coil carries an alternating current of 10 amp. at a frequency of 50. What is 
the phase of the current in the disc ? Point out some method of estimating 
whether the assumption is justifiable. Is it justifiable in this particular case ? 

{Fond. Univ ., 1926, Flee . Meets.) 

Ans. 0*012 watts. 

(80) Under what conditions may a conducting ring be repelled from the 
pole of an alternating current magnet, and upon what factors does the repulsive 
force depend ? Show how the force will vary during one cycle of the alternating 
flux. 

If the metal in the ring were to be made up into a multiple turn coil of 
sensibly the same dimensions as the original ring and the ends joined together, 
how would the repulsive force compare with that in the case of the solid ring ? 

How would the repulsive force be affected by connecting a condenser of 
widely variable capacity across the terminals of the coil, instead of joining 
them together ? 

{Lond. Univ., 1925, Elec. Meas.) 

(81) Calculate the eddy current loss per cubic centimetre in a transformer 
core made up of stampings of given thickness and specific resistance when 
carrying a sinusoidal flux of given maximum density at a given frequency. 

{Lond. Univ., 1925, Elec. Meas.) 

(82) Describe a modem form of Duddell oscillograph. Show that in a 
critically damped oscillograph the ratio B n of the amplitude of the deflection 
due to a given harmonic to the value it would have if the instrument were 
without inertia and without damping is given by 

1 
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where T 0 is the free period of the vibrating system, T the period, of the current 
tinder investigation, and n the order of the har monic. 

{Lond. Univ., 1929, Elec. Meas.) 

(83) A potential difference represented by the formula 

v = VI . 100 . sin 2n . 50 . t -f VI . 20 . sin 2it . 150 . t 

is applied to the terminals of a circuit made up of a resistance of 5 ohms, an 
inductance of 0*0318 henry, and a capacity of 12*5 microfarads all in series. 
Calculate the effective current and the power supplied to the circuit. 

(Lond. Univ., 1926, Elec. Tech.) 

An8. 0*547 amp.; 1*51 watts. 

(84) Explain why alternating voltage and current wave-forms usually 
contain no even harmonics. In what practical instances may even harmonics 
occur ? 

A rectifier gives a current wave which has a sinusoidal form hut with the 
negative half-wave completely suppressed. The maximum height of the 
wave is 100 amp. Determine (i) the steady component and (ii) the fundamental 
of the wave. {Lond. Univ., 1927, Elec. Meas.) 

Ans. 31*8 amp.; 50 sin 0. 

(85) A critically-damped Duddell oscillograph is required to reproduce the 
13th harmonic of a 50 cycle wave with relative amplitude correct to within 
2 per cent. 

What should be the natural frequency of the movement ? 

What will the relative phase angle departure of the 13th harmonic be ? 

[Lond. Univ., 1931, Elec. Meas.) 

Ans. 4,590 cycles per sec.; 16° 7'. 

( 86 ) An electromotive force, e = 2,000 sin cot -f* 400 sin Scot + 100sin.5o> 
is connected to a circuit consisting of a resistance of 10 ohms, a variable 
inductance, and a capacity of 30 microfarads arranged in series with a hot¬ 
wire ammeter. Find the value of the inductance which will give resonance 
with the triple frequency component of the pressure and estimate the readings 
on the ammeter and on a hot-wire voltmeter connected across the supply 
when resonant conditions exist, (co = 300.) 

{Lond. Univ., 1922, Elec. Tech.) 

Ans. 0-0411 henry; 31*7 amp.; 1,442 volts. 

(87) Describe the cathode ray oscillograph and explain the recent improve¬ 

ments made in its construction and operation. Give a diagram of connections 
showing its application to some definite measurement, and indicate the nature 
of the curve obtained. {Lond: Univ., 1926, Elec. Meas.) 

( 88 ) Derive an expression for the current in a circuit containing resistance 
and inductance, due to an alternating voltage connected to the circuit at time 
t = 0. 

If the resistance is 10*0 ohms, the inductance 2-5 henries, and the circuit 
is connected to a 200 volt, 50 cycle supply at the instant when the voltage 
is zero, draw the first four cycles of the current wave. 

[Lond. Univ., 1929, Elec. Meas.) 

(89) A steady P.D. of 200 volts is suddenly applied to a coil of 2 ohms 
resistance and 5 henries inductance; calculate the time required for the 
current to reach 90 per cent of its final value, and prove the formula employed. 

{Lond. Univ., 1927, Elec. Tech.) 

Ans. 5*76 seconds. 

(90) A choking coil of relatively low resistance is suddenly switched on 
across the alternating current mains of given voltage and frequency. Work 
out an expression for the current taken by the coil during the transient period. 
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assuming (i) that the switch is closed when th© voltage is zero, and (ii) that 
the switch is closed when the voltage is a maximum. 

Draw diagrams illustrating the two cases. 

( Lond . Univ., 1925, Elec, Meaa,) 

(91) Derive an expression from which the instantaneous current flowing in 
a circuit of in duct an ce L and resistance E may be calculated at any time t 
after applying a voltage V cos (cot 

From the expression find the ratio of the maximum value to which the 
current rises to the steady-state maximum value, when the voltage is applied 
at the instant when it is zero, taking JR = 20 ohms, I* = 0*1 henry, and 
(o = 1, 000 : 7 r. (Lond. Univ ., 1931, Elec. Meas.) 

17 _ Et 

Ana. i = — - . — - .- sin (cot -j- <& -f* a) -f* As -5, where a — tan " 1 —— 

VjR 2 + co 2 L 2 ... . . ^ 

and A is a constant depending on the initial conditions; 1*8 (approx.). 

(92) A condenser is charged through a large non-inductive resistance by 

co nn ecting it to a battery of constant E.M.F. Obtain an expression by which 
the rate at which the condenser receives its charge may be calculated. A 
condenser of 3 mi d, capacity is connected through a resistance of 1 megohm 
to a constant EAI.F. Find how long it will take before the condenser receives 
99 per cent of its final charge. (Lond. Univ., 1923, Elec. Tech.) 

t 

Ana. q — EG (l —s EC), 13*8 seconds. 

(93) One coil of an armature winding having a circuit resistance when 

r unnin g, including brush contacts, of 0-01 ohm, and an inductance of 10" 5 
henry, is suddenly placed in a steady reversing field when carrying a current 
of IS amp. Find the value of the field to make the current reach 20 amp. in 
the opposite direction in 0-001 sec. (Lond. Univ., 1924, Elec. Tech.) 

Ana. 42,100 lines. 

(94) In a certain recording instrument, the electromagnetic torque corre¬ 

sponding to the full-scale deflection of 60°, is 10 g-cm. The control is 
exerted through two phosphor-bronze spiral springs. Allowing a maximum 
stress in the phosphor-bronze of 660 kg. per sq. cm., and taking the modulus 
of elasticity E as 1*15 X 10 s kg. per sq. cm., calculate suitable dimensions for 
the control springs. (Lond. Univ., 1924, Elec. Meas.) 

Ans. Thickness, 0*021 cm. Length, 19*4 cm. (Assuming width of strip 
used =s 0*1 cm.) 

(95) An instrument spring, constructed of phosphor-bronze strip, has the 
following dimensions : Length of strip, 370 mm.; thickness of strip, 0*073 mm.; 
breadth of strip, 0*51 mm. 

If E (Young’s modulus for phosphor-bronze) be taken as 1*15 x 10® kg. 
per cm. 2 , estimate the approximate torque exerted by the spring when it is 
turned through an angle of 90°. 

(A.M.I.E.E., FTov,, 1930, Meters and Meas. Insts.) 

Ans. 0-0S05 g-cm. 

(96) How are the temperature errors of a switchboard type D.C. ammeter 
compensated for? In a particular case the P.D. between the potential ter¬ 
minals of the shunt of a 1,000 amp. instrument is 0*03 volt. The connecting 
leads to the instrument are of copper and have a resistance of 0*12 ohm, the 
moving coil has a resistance of 1*20 ohm and requires a current of 15 milliamp, 
to deflect it to the 1,000 amp. point on the scale. The temperature coefficient 
of the alloy used for the shunt is 0 * 00001 , and that of copper 0*004 per degree 
Centigrade in terms of the resistance at 15° C. To what extent could this 
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instrument be compensated, and if it is accurately adjusted at 15° C., -what 
error would b© expected when all parts are at 35° C. ? 

. . _ ( Lond. Univ., 1926, Elec. Meas.) 

Ans. 4*99 per cent. 

(97) A moving-coil ammeter, a hot-wire ammeter, and a resistance of 
100 ohms are connected in series with a rectifying device across a sinusoidal 
alternating supply at 2G0 volts. If the device has a resistance of 100 ohms to 
current in one direction, and of 500 ohms to current in the opposite dir ection, 
calculate the readings on the two ammeters, the power taken from the mains , 
and that dissipated in the rectifying device. 

{Lond. Univ., 1926, Elec. Tech.) 

Ans. 0*3 amp.; 0*74 amp.; 133*3 watts; 77*8 watts. 

(98) The relationship between the inductance of a 2 amp. moving iron 
ammeter, the current, and the position of the movement, is as follows— 

Ammeter reading in amperes 0-8 1*0 1*2 1*4 1*6 1*8 2*0 

Deflection of the pointer in 

degrees . . 16 26 36*5 49*5 61 *5 74*5 86*5 

Inductance in millihenries. 573-2 574-2 575*2 576*6 577-8 578*8 579*5 

Deduce an expression for the deflecting torque in terms of the rate of change 
of the inductance with position of the movement, and calculate the deflecting 
torque at 1 amp. and at 2 amp. (Lond. Univ ., 1925, Elec. Meas.) 

Ans. At 1 amp., 29*1 g-cm. At 2 amp., 67*5 g-cm. 

(99) Give a sketch showing the construction of a moving coil voltmeter. 

If the moving coil consists of 100 turns wound on a square former which 

has a length of 3 cm. and the flux density, in the air gap, is 600 lines per 
sq. cm., calculate the turning moment acting on the coil when it is carrying a 
current of 12 milliamp. (Lond. Univ., 1925, Elec. Tech.) 

Ans. 0*66 g-cm. 

(100) Find the expression for the deflection of a quadrant electrometer in 
terms of the potentials of the two pairs of quadrants and the needle. 

Hence explain the use of the instrument as (i) a voltmeter, and (ii) a watt¬ 
meter. 

Describe a gravity controlled modification suitable for measuring voltages 
up to 10,000. (Lond. Univ., 1931, Elec. Meas.) 

(101) An alternating current voltmeter with a maximum scale reading of 
SO volts has a resistance of 500 ohms, and an inductance of 0*09 henry. The 
magnetizing coil is wound with 50 ohms of copper wire, and the remainder of 
the circuit is a non-inductive resistance in series with it. What additional 
apparatus is needed to make this instrument read correctly both on direct 
current and alternating current circuits of 50 frequency 7 

(Lond. Univ., 1924, Elec. Tech.) 

Ans. 0*444 microfarad in parallel with the series resistance. 

(102) The moving coil of a permanent-magnet ammeter is wound with 
10 turns of copper wire, and has a resistance of 0*1 ohm. The total torque 
exerted by the control springs is 0*02 g-cm. per degree. When the ter¬ 
minals are connected to a Grassot flux meter, and a scale angle of 90° is 
traversed by the ammeter pointer, a linkage of 3 X 10 5 line-turns is indicated. 

Estimate the temperature coefficient of the ammeter when operating off 
a shunt having a drop of 0*075 volt at full load. 

(A.M.I.E.E., May, 1931, Meters and Meas. Insts.) 

Ans. 0*00062 ohms/ohm/ 0 C. 

(103) A D.C. relay of the permanent magnet, moving-coil pattern, is fitted 
with a coil of the following dimensions: Length of coil, 4 cm.; breadth of 
coil, 3 cm. The coil is wound with 100 turns of insulated copper wire. The 
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field strength produced by the magnet is 1,000 lines per cm. 2 If the total 
resistance of the relay is 2,000 ohms, estimate the pressure exerted on a pair 
of contacts placed at a distance of 0*5 cm. from the axis of the coil, when a 
voltage of 100 volts is applied to the relay. 

Ans. 12*22 g. wt. (A.M.I.E.E., Nov., 1930, Meters and Meas. Insts.) 

(104) The coil of a 150 volt moving-iron voltmeter has a resistance of 
400 ohms and an inductance of 0*75 henry. The current consumed by the 
ins tr um ent when placed on a 150 volt D.C. supply is 0*05 amp. Estimate— 

( a) The temperature coefficient of the instrument per degree Centigrade. 

( b) The alteration of the reading between direct current and alternating 
current at 100 cycles. 

(c) The capacitance of the condenser necessary to eliminate this frequency 
error. Show method of connecting condenser. 

(A.M.I.E.E., Nov., 1930, Meters and Meas. Insts.) 

Ans. 0*00066 ohms/ohm/°C. 

1*17 per cent low at 100 cycles. 

0*111 microfarad in parallel with the series resistance. * 

(105) A dy nam ometer amm eter is fitted with two field coils having a total 
resistance of 3*0 ohms and a total inductance of 0*12 henry, and a moving 
coil of resistance 30 o hms and inductance 0*003 henry. Calculate the tem¬ 
perature coefficient for changes of external temperature, and the error in 
reading when the instrument is calibrated with direct current and used on 
alternating current, 50 cycles, for each of the following arrangements— 

(a) When the moving coil is shunted direct across the field coils. 

( b ) When the moving coil is shunted across a non-inductive resistance 
placed in series with the field coils. 

(c) When connected as in (5), the non-inductive resistance having a value 

of 10 ohms, a suitable swamp resistance being placed in series with the moving 
coil. (A.M.I.E.E., May, 1930, Meters and Meas. Insts.) 

Ans. 0*004, 41*1 per cent low; 0*0024, 0*04 per cent low; 0*0006, 0*003 per 
cent low. 

(106) A soft iron voltmeter for a maximum reading of 120 volts has an 

inductance of 0*6 henry and a total resistance of 2,400 ohms. It is calibrated 
to read correctly on a 60-cycle circuit. What series resistance would be neces¬ 
sary to increase its range to 600 volts ? Draw up suitable workshop instruc¬ 
tions for making up the resistance. ( Land. XJniv., 1927, Elec. Meas.) 

Ans. 9,660 ohms. 

(107) The capacity of an electrostatic voltmeter reading from 0 to 2,000 
volts increases uniformly from 45 to 55 micro-microfarads as the pointer 
moves from zero to full-scale deflection. It is required to increase the range 
of the instrument to 20,000 volts by means of an external air condenser. 

Calculate the area of a pair of condenser plates suitable for the purpose. 
If the condenser is adjusted to make the full-scale reading correct, what will 
be the error per cent at half-scale reading ? 

(A.M.I.E.E., May, 1930, Meters and Meas. Insts.) 

Ans. 175 sq. cm.,* 8*9 per cent high. 

* (108) Explain briefly the factors which must be taken into account in the 
design of a current transformer in order that the ratio and phase-angle errors 
may be as small as possible. A current transformer has a single-turn primary 
and a 200 turn secondary winding. The secondary supplies a current of 
5 amp. to a non-inductive burden of 1 ohm resistance; the requisite flux is 
set up in the core by 80 ampere-turns in the primary winding. The frequency 
is 50 cycles per second, and the net cross-section of the core is 10 sq. cm. 
(i) Draw a diagram showing the currents, flux, and voltages to scale, (ii) 

* Assuming the distance between the plates to be 2*5 cm. 
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Calculate, the ratio and phase angle of the transformer, (iii) Determine the 
flux density m the core. Neglect the effects of magnetic leakage and the iron 
and copper losses. ( Lond. Univ., 1927, Elec . Meas.) 

Ana. 200-64, 4° 35', B M . 8 . = 795. 

* (109) The magnetizing current of a ring-core current transformer, ratio 
1,000/5, when operating at full primary current and with a secondary burden 
consisting of a non-inductive resistance of 1 ohm, is 1 amp. at a power factor 
of 0-4. Calculate— r 

(а) The phase displacement between the primary and secondary current. 

( б ) The ratio error at full load, assuming that there has been no turn 
correction. 

The ratio error at one-tenth load, assuming the Ste inm etz index to be 

{A.M.I.LI.E., May, 1931, Meters and Meas. Insts.) 
Ana. 0° 3', - 0*04 per cent, - 0-10 per cent. 

*• (H9) A potential transformer, ratio 1,000/100 volts, has the following 
constants— 

Primary resistance . 94*5 ohms 

Secondary resistance . 0-86 ohm 

Primary reactance . . 66*2 ohms 

Equivalent reactance . 66-2 ohms 

Magnetizing current . 0-02 amp. at 0-4 power factor 

Calculate— 

(i) The phase angle at no load between primary and secondary voltages, 
(ii) The load in volt-amperes at unity power factor at which the phase 
angle will be zero. 

( A.M.I.E.E., May, 1931, Meters and Meas. Insts.) 
Ana. 0° 4', 18-1 volt-amperes. 

- (Ill) The primary magnetizing current of a nickel-iron cored current 
transformer with bar primary, nominal ratio 100 / 1 , operating on an external 
burden of 1-6 ohms non-inductive, the secondary winding resistance being 
0*2 ohms, is 1-9 amp., lagging 40*6° to the secondary volts reversed, there 
being 100 secondary turns. With 1*0 amp. flowing in the secondary calculate— 

(а) The actual ratio of primary to secondary current. 

( б ) The phase angle between them, in minutes. 

( A.M.I.E.E. , Nov., 1931, Meters and Meas. Insts.) 

Ans. 101*45, 42 min. 

4 (112) What conditions must be fulfilled by a current transformer suitable 
for use with a precision wattmeter, and how do these conditions affect the 
design and construction of the transformer ? 

A 500/5, 50-frequency current transformer has a secondary burden which 
has a resistance of 0-5 ohm considered to be non-inductive. The primary 
winding consists of 1 turn, and 100 ampere-turns are required to produce the 
flux on rated full load. Calculate the flux in the core and the current-ratio 
at full load. ( G . and G. Final, 1930.) 

Ana. 7,950 (R.M.S.), 101-98. 

(113) Describe a method of determining accurately the ratio and phase 

error of a pressure transformer intended for use with a wattmeter on a 6,600 
volt circuit. {Lond, Univ., 1927, Elec. Meas.) 

(114) Show that in a dynamometer wattmeter of the usual type the error 

due to the unavoidable inductance of the moving coil is to a high degree of 
accuracy proportional to this inductance. What use is made of this fact to 
enable corrections to he made in wattmeters designed for accurate work at 
low power factors? {Lond. Univ., 1926, Elec. JMeas.) 
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_ (115) In a test by the three-voltmeter method, the following readings were 
obtained: Across the mains, SO volts; across the non-indnctive resistance 
of 6 ohms, SS volts; across the load, 106 volts. Calculate the self-inductance 
and effective resistance of the load and the power supplied to it. 

(Lond. Univ., 1927, Elec . Meas.) 
Ans. Eff. Res. = - 4-86 ohms; Reactance = 5*34 ohms; 

Power — — 1,048 watts. 

«• (116) Deserihe the two wattmeter method of measuring power in a three- 
phase circuit. If the readings of the wattmeter are 3 kW and 1 kW respec¬ 
tively, the latter reading being obtained after reversing the connections to 
the current coil of the wattmeter, calculate the power and the power factor. 
Prove the formulae employed. {Lond. Univ., 1925, Elec . Tech.) 

Ans. 2 kW, 0*277. 


' (117) A dynamometer wattmeter has a shunt coil with a resistance of 
750 ohms and a series resistance of 2,250 ohms. A condenser of 1 microfarad 
capacity is arranged so that it can be shunted across the series resistance. 
If two readings of the wattmeter are taken, W 1 without the condenser shunt, 
and W s with the condenser shunt connected, determine a formula by which 
the power factor of the circuit in which the power is being measured can be 
found in terms of these readings. Frequency 50 cycles. 

{Lond. Univ., 1922, Elec. Meas.) 


Ans. Power factor = cos 


,5 

’ W, 



* (118) A dynamometer -pattern wattmeter has a field system which may be 
considered as long compared with the diameter of the moving coil. The flux 
density B in the field coils is 100 lines per cm. 2 The mean diameter of the 
moving coil is 3 cm., and it is wound with '500 turns of copper wire. 

If the current through the moving coil is 0*05 amp. and the wattmeter is 
measuring the power flowing in a circuit having a power factor of 0*7, estimate 
the torque, if the axes of the field and moving coils are at (a) 45°, and ( b) 90°. 

{A.M.I.E.E., May, 1931, Meters and Meas. Insts.) 

Ans. 0-S9 g-cm.; 1*26 g-em. 


* (119) A small single-phase transformer is connected across a single-phase 
supply in series with a low-resistance ammeter A x . In parallel with the trans¬ 
former and across the same terminals is connected a resistance of 100 ohms in 
series with another ammeter A 2 . A third ammeter, A a , is placed directly in 
series with the supply mains. If the readings on the three ammeters are: 
A ly 10*0 amp.; A v TO amp.; A s , 10*5 amp., find (a) the watts input into the 
transformer; ( b ) the power factor of the load due to the transformer. 

{A.M.I.E.E., Nov., 1930, Meters and Meas. Insts.) 

Ans. 462-5; 0*462. 


• (120) The power flowing in a three-phase, three-wire, balanced-load system 
is measured by the two-wattmeter method. 

The reading on wattmeter “A” is 5,000 watts, and on wattmeter “B ” is 
-1,000 watts. 

(a) What is the power factor of the system ? 

(b) If the voltage of the circuit is 440, what is the value of capacitance 
which must be introduced into each phase to cause the whole of the power 
measured to appear on wattmeter “A” ? 

(A.M.I.E.E., May, 1931, Meters and Meas. Insts.) 

Ans. 0*359; 5*43 ohms. 


*(121) Describe briefly one type of mercury motor ampere-hour meter, and 
explain how the meter is compensated for the effects of fluid friction at high 
loads. 

In a test run of 30 min. duration with a constant current of 5 amp. such a 
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meter was found to register 0-51 kWh. If the meter is to be used in a 200 volt 
circuit, find its error, and state if it is running fast or slow. How can the 
instrument be adjusted to read correctly ? 

A n , , . ( Lond. Univ 1926, Elec. Meaa.) 

Ana. 2 per cent fast. 


(122) Describe the principle and. action of a shaded-pole motor. Explain 
how the torque is produced, show clearly in which direction it acts, and in 
what way it depends on the frequency. 

How is the shaded-pole device applied in A.C. ammeters ? 

{Lond. Univ., 1927, Elec. Meaa.) 

(123) Describe, with sketches, the construction of a modern, type of alter¬ 
nating-current energy meter. Give the theory of the action of the ins tr um ent, 
and show how compensation is effected for temperature, friction, and power 
factor. Describe how such an instrument is calibrated. 

{Lond. Univ., 1929, Elec. Meaa.) 

(124) In a simple bipolar form of A.C. energy meter, the distance between 
the pole centres is 1-5 cm. and the effective radius of action is 2-5 cm. The 
fluxes produced by the series and shunt magnets are 350 and 275 lines (R.M.S.) 
respectively, their phase displacement being 82°. The al uminium driving 
disc is 0*06 cm. thick and its specific resistance may be t ak en as 3 mi cro hms 
per cm. cube. 

Heglecting the edge effect of the disc, calculate its speed if the brake magnet 
exerts a braking torque of 7*5 dyne-cm. when the speed is 1 revolution per 
minute. Frequency = 50 cycles per second. 

Ans. 40*4 r.p.m. 

*(125) A large consumer has a kVA demand and a kVAh tariff, measured 
(by mutual agreement) by “sine” and “cosine” watt-hour type meters, each 
equipped with a Merz demand-indicator. The tariff is 10s. per month per 
kVA -f- fd. per kVAh. Fender the consumer his bill for one month of 30 days, 
based on the following readings: “Sine” meter advance 90,000 reactive- 
kVAh, demand indicator 150 re active-kVA. “Cosine” meter advance 120,000 
kWh, demand indicator 200 kW. 

What are his average monthly power factor and load factor, and his total 
cost per unit ? ( A.M.I.E.E ., Nov., 1931, Meters and Meets. Insts.) 

Ans. 0*719d. per unit. Average load factor = Average power factor = 0*8. 


(126) Describe the routine tests you would apply to single-phase watt-hour 
meters ? How would you compare the merits of two such meters ? 

How are the transformers for such instruments calibrated ? 


(127) Describe any method of measuring precisely a frequency of the order 

of 500 cycles per second. {Lond. Univ., 1931, Elec. Meaa.) 

(128) Describe with a dimensioned sketch one form of frequency meter 

suitable for power station use. Explain how the range of this instrument 
could be extended. ( G . and G. Final , 1927.) 

(129) Describe the principle and construction of a single-phase synchro¬ 
scope. {Lond. Univ., 1930, Elec . Meaa.) 

(130) A coil of 200 turns, wound on a rectangular former 10 cm. long and 
8 cm. wide, is placed with, its longer side parallel with and 5 cm. distant from 
a current-carrying conductor, the plane of the coil being arranged, so that it 
contains the conductor. 

Calculate the E.M.F. induced in the coil by a current 
i = 10 sin 314 . t -j- 5 sin 942 . t 

flowing in the conductor. What is the mutual inductance between the coil and 
the conductor ? 

Ana. e = - [0*012 cos 314* + 0*018 cos 942*] M =? 3S2 microhenries. 
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(131) Give a concise account of the M.K.S. (Giorgi) system of units, and 

compare the advantages and disadvantages of this system with those of the 
C.G.S. electromagnetic system. (Lond. Univ., 1939, Elec. Meas.) 

(132) Explain, the essential principle of the method of symmetrical com¬ 
ponents as applied to the solution of asymmetrical polyphase A.C. network 
problems. 

Show how a direct measurement of the positive and negative sequence 
components of an unbalanced three-phase current system can be made. 
Give a diagr am of connections and indicate clearly what the observations 
signify with regard to the actual currents in the three lines. 

( Lond. Univ., 1934, Elec. Meets.) 

(133) Two coils, of self-inductance 0-01 henry and 10 henries, and resistance 
0*3 ohm and 300 ohms respectively, have a coefficient of coupling of 0-9. 

Calculate the ch an ge in effective resistance of the first coil when a resist¬ 
ance of 100 o hms is connected to the terminals of the second, the frequency 
being 50 e.p.s. (Lond. Univ., 1936, Elec. Meas.) 

Ans. 0*318 ohm. 

(134) It is required to measure the inductance and resistance of an iron- 
cored choke of about 1 henry at frequencies varying from 50 to 3,000 e.p.s. 
and with D.C. current flowing through it. An oscillator, standard condensers, 
and non-inductive resistance boxes are available. 

Describe a suitable A.C. bridge and detector, mentioning any precautions 
necessary to ensure accuracy in the result. Derive the equation of balance 
of the bridge used. (Lond. Univ., 1935, Elec. Meas.) 

« (135) Discuss the difficulties of constructing a standard condenser for use in 
the high-voltage arm of a Schering bridge working on voltages above 100 kV. 

A condenser bushing forms arm AB of a Schering bridge, and a standard 
condenser of 500 fjtfiF. capacitance and negligible loss forms arm AD. Arm 
BG consists of a non-inductive resistance of 300 ohms. When the bridge is 
balanced, the resistance and condenser in parallel in the remaining arm CD 
have values of 72*6 ohms and 0-148 jjE. respectively. The frequency is 50 
e.p.s. Calculate from first principles the capacitance and the dielectric loss 
angle of the bushing. (Lond. Univ., 1939, Elec. Meas.) 

Ans . 121 0° 11*6'. 

i (136) In a balanced bridge network, AB is a resistance of 500 ohms in 
series with an inductance of 0*18 henry, BG and DA are non-inductive resist¬ 
ances of 1,000 ohms, and CD consists of a resistance R in series with a capaci¬ 
tance G. A potential difference of 5 volts at a frequency of 5,000/2™* is 
established between the points A and C. 

Draw to scale a vector diagram showing the currents and potential differ¬ 
ences in the bridge, and from it determine the values of B and G. 

Check the result algebraically. (Lond. Univ., 1938, Elec. Meas.) 

Ans . 472 ohms; 0*235 fiB. 

(137) A moving-coil galvanometer has a sensitivity of 4 cm. per micro¬ 
ampere, with a scale 1 metre distant, and the time of free oscillation is 2*8 sec. 
If the galvanometer is dead beat when the total circuit resistance (coil and 
external circuit) is 2,500 ohms, find the moment of inertia of the moving 
system. 

Prove any formula used. (Lond. Univ., 1934, Elec. Meas.) 

Ans. 2*7 g-em. 2 

(138) Describe a method of using an A.C. potentiometer for measuring 

the loss in an iron ring made up of thin stampings. Explain how the loss 
may be calculated in terms of the maximum density, and state any assump¬ 
tions made. (Lond. Univ., 1939, Elec. Meas.) 

(139) Describe fully how a co-ordinate type of A.C. potentiometer can be 
used to determine the ratio and phase angle of a current transformer. Draw 
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s diagram of the connections, and explain the methods of deducing th© values 
of the required quantities from the observations. What are the most impor¬ 
tant precautions necessary to prevent errors ? 

{Lond. Univ., 1935, Elec. Meas.) 

(140) What are the conditions to be fulfilled by a ballistic galvanometer? 
Describe the construction of such an ins tr um ent, and explain hew to deter¬ 
mine the constant and the logarithmic decrement. 

The periodic time of an undamped reflecting ballistic galvanometer is 
10 sec., and a current of 0*1 mA. gives a steady deflection of 200 scale divi¬ 
sions. Find the quantity of electricity which produces a swing of 100 divi¬ 
sions. What is the quantity of electricity corresponding to this swing if the 
instrument has a decrement of 1-03? ( Q . and G. Final, 1938.) 

Ans. 0*0000795 coulombs; 0*000121 coulombs. 

(141) Describe and explain a method by which the hysteresis loop for a given 
sample of iron may be delineated. Show how to calculate from the hysteresis 
loop the energy loss due to this phenomenon at a given frequency, and state 
how the accuracy of the calculation is likely to be affected by the frequency 
considered, assuming the maximum magnetizing force to remain unchanged. 

Calculate the hysteresis loss per hour in a sample of iron weighing 10 lb. 
for which the hysteresis loop has an area equivalent to 1,200 ergs per cm.*, 
when subjected to alternating magnetization of 50 frequency. Take the 
density of the iron as 7*5. ( Lond. Univ ., 1934, Elec. Meas.) 

Ans. 0*288 watt-hour. 

(142) What are the criteria of the most suitable characteristics of a per¬ 
manent magnet for use in a measuring instrument such as a moving-coil 
ammeter? Deduce the magnetic condition in which the permanent magnet 
should be operated in order that its volume may be a minimum, assuming 
given gap dimensions and flux density in the gap. 

{Lond. ZJniv., 1939, Elec. Meas.) 

(143) Explain carefully how the construction of a fluxmeter differs from 
that of a moving-coil ammeter or voltmeter. 

A certain fluxmeter has the following constants— 

Air-gap flux density, 50 lines per cm.* 

Turns on moving coil, 40. 

Area of moving coil, 7*5 cm. 2 

If a 10-turn search coil of 2 cm. 2 area, which is connected to the fluxmeter, 
is reversed in a uniform field of flux density 500 lines per cm. 2 , calculate the 
deflection of the meter. 

Why is it necessary to keep the resistance of the moving coil, and of the 
search coil and leads, low ? How may a correction for an unavoidably high 
resistance in the search coil be made? {Lond. Univ., 1936, Elec. Meas.) 

Ans. 76£°. 

(144) Describe an equipment for the production of high voltages for surge 
or impulse tests. Explain the action of the circuit described, and show pre¬ 
cisely how the shape of the impulse wave can he controlled. 

{G. and G. Final , 1939.) 

(145) Show that the eddy-current torque on a metallic disc rotating 
between the poles of a permanent magnet is directly proportional to the 
angular velocity of the disc. How would the torque be expected to vary 
with the position of the magnet poles relative to the axis of the disc ? What 
use is made of this device in the construction of energy meters, and what 
part does it play in the operating mechanism? 

* r ' {Lond. Univ 1934, Elec. Meas.) 
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(146) Describe and give the theory underlying the operation of some form 
of electric harmonic analyser. A certain periodic wave that repeats itself 
every half-cycle is found to have ordinates y corresponding to angles 0 degrees 
as follows— 
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Determine the amplitude and phase of the third harmonic present in the 
wave. ( Zond. Univ., 1934, Elec . Meets.) 

Ans. 1-83, leading 22£° relative to the fundamental. 

(147) A voltage, represented by 300 sin at volts, is applied to a circuit 
consisting of a non-inductive resistance of 20 ohms in series with a luminous 
discharge lamp and produces a current represented by 

(5 sin cot - 2 sin 3 cot) amp. 

Calculate the power absorbed by the resistance and by the lamp; also the 
power factor of the lamp and of the complete circuit. 

[Zond. Univ., 1939, Elec. Meas.) 

Ans. 290 watts; 460 watts; 0-838; 0*93. 

(148) Describe, with a sketch, one form of modem precision moving-iron 
ammeter for A.C. circuits. Prove that no frequency error is introduced when 
using a shunt having the same time-constant as the instrument. 

(Q. and G. Final , 1939.) 

(149) Explain the action of a shaded-pole ammeter, showing by means of 
a sketch the direction of movement of the disc relative to the magnet poles. 
How is adequate damping secured, and how is the spread of the scale con¬ 
trolled? What are the advantages of this type of instrument for switch- 
hoard use, and to what errors is it subject ? 

( Zond. Univ., 1936, Elec. Meas.) 

(150) What is meant by critical damping, and to what extent should this con¬ 
dition be approached in the case of an ordinary moving-coil type of instrument ? 

The coil of a moving-coil galvanometer has 300 turns and is suspended in 
a uniform magnetic field of 1,000 lines per cm. 2 by a phosphor-bronze strip, 
of which the torsion constant is 2 dyne-cm. per radian. The coil is 2 cm. 
wide and 24 cm. high, with a moment of inertia of 1*5 g-cm. 2 

If the galvanometer resistance is 200 ohms, calculate the value of the resist¬ 
ance which, when connected across the galvanometer terminals, will give 
critical damping. Assume the damping to be entirely electromagnetic. 

(Zond. Univ., 1935, Elec. Meas.) 

Ans. 450 ohms. 

(151) An 8/1 current transformer has an accurate current ratio when the 

secondary is short-circuited. The inductance of the secondary is 60 milli¬ 
henries and its resistance is 0*5 ohm, and the frequency is 50 c.p.s. Estimate 
the current ratio and phase-angle error when the instrument load has a 
resistance of 0-4 ohm and an inductance of 0*7 millihenry. State the assump¬ 
tions made. ^ ( Lond . Univ., 1934, Elec. Meas.) 

. 8 * 001 ; 0 ° 2 'assuming no iron loss, constant permeability, and magnet¬ 
izing current = 1 per cent of primary current. ^ 

(152) Give an account of the precautions to he observed in the design and con¬ 
struction of precision current transformers for use with a standard wattmeter. 

Deduce an expression for the correction factor of a wattmeter which has a 
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negligible inherent error, when used with a current transformer having a 
ratio error of p. per cent and a phase-angle error of q deg., and a potential 
transformer which has a ratio error of x per cent and a phase-angle error of 
y de S* {G. and G. Final , 1938.) 

A 100 100 cos 6 

i x r+Too cos * ± g ± y where * 13 the P hase an S Ie of 

the load. 


(153) What is meant by the “dimensions’’ of an electrical or magnetic 
quantity ? 

Obtain the dimensions of resistance and magnetic dux in the c.g.s. electro¬ 
magnetic system, and of charge and energy in the c.g.s. electrostatic system. 

Briefly explain what is meant by a “rationalized” system of dimensions. 

{Land. XJniv., 1950, Flee. Meat f.) 

(154) Explain the advantages of using a mutual inductance as a primary 
standard of inductance. 

Estimate the mutual inductance between two parallel coaxial single-turn 
circular coils of diameter 40 cm. and 4 cm. respectively. The planes of the 
coils are 25 cm. apart. 

Justify the expressions used in this calculation. 

( Lond. Univ., 1950, Flee. Meas.) 

Ans. 0*00096 pH.. 

(155) Explain with the aid of a diagram of connections, a method of 
measuring the symmetrical components of the currents in an unbalanced 
3-phase, 3-wire system. 

If in such a system the line currents, in amperes, are 

I r = 10 — j2; I v -2 ~/4; I b -8 -f/6 

calculate their symmetrical components. 

{Lond. Univ., 1949, Flee. Meas.) 


Ans. ■■ lyo - jsq 0 

221 — 7*89 -r 0*732 j; a Zjsi “ * 

1 222 = 2*113 - 2-732/; J z2 = 

(156) Describe a suitable a.c. bridge method for measuring, at a frequency 
of 500 cycles per second, the self-inductance and effective resistance of a coil 
of approximately 0*2-henry inductance and 5 ohms resistance. Draw the 
vector diagram for the balance conditions and give the equations for balance. 

(TJniv. Lond., 1947, Elec. Meas.) 

(157) Describe briefly the construction and method of adjustment of one 
type of vibration galvanometer. Compare its advantages and disadvantages 
with those of a telephone receiver for use in a.c. measurements at various 
frequencies. 

Derive an expression for the sensitivity of the tuned galvanometer, showing 
how it is dependent on frequency and damping. 

{Lond. Univ., 1948, Elec. Meas.) 

(158) Expl ain the principle of one type of co-ordinate a.c. potentiometer. 
Draw a diagram of the scheme of connections and describe how the potentio¬ 
meter is standardized. 

Measurements for the determination of the impedance of a coil were made on 


a co-ordinate potentiometer as follows— 

Voltage across a 1-D standard resistance in series with the coil, -f 0*952 V 
on in-phase dial, — 0*34 V on quadrature dial. 

Voltage across a 10 : 1 potential divider connected to the terminals of 
the coil, ~f- 1*35 V on in-phase dial, -f- 1*128 V on quadrature dial. 
Calculate the resistance and the reactance of the coil. 

{Lond. Univ., 1949, Elec . Meas.) 


Ans. JR = 8-82 £1 
X = 15 a. 
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(159) Describe a method by which the insulation resistance to earth of each 
of a pair of live mains can be measured by a voltmeter of known resistance. 
Discuss the limitations of the method. 

The following readings were taken with a 250-volt, 1,000-ohms-per-volt, 
voltmeter— 

Between two mains . . .218 volts 

Positive main to earth . . 188 volts 

Negative main to earth . . 10 volts 

Calculate the insulation resistance of each main. 

( Lond . Univ., 1947, Elec . Meas.) 

Ans. Positive 500,000 Negative 26,600 Q ,- 

(160) Compare and contrast a wire (Crompton-type) potentiometer and a 
vernier-type potentiometer, each being a precision instrument arranged for 
direct reading. 

What features characterize a potentiometer for use with thermocouples in 
the precision measurement of temperatures of the order of 1,000° C. ? What 
kind of empirical relation normally exists between voltage and temperature 
in the case of thermocouples suitable for this purpose ? 

{Lond. Univ., 1950, Elec. Meas.) 

(161) Derive an expression, in terms of the angular movement of the 

suspended coil of a fiuxmeter, for the change of magnetic flux through a 
search coil of T turns connected to the meter. The total resistance of the 
whole circuit, moving coil, and search coil is R, and the total self-inductance Z. 
The moving coil consists of N turns each of area A suspended in a uniform 
field B. {Lond. Univ., 1947, Elec. Meas.) 

(162) Derive an expression for the r.m.s. value of a complex wave-form of 
voltage. 

Analysis of the wave-form of the voltage generated by an alternator shows 
that there are third and fifth harmonics having amplitudes equal, respectively, 
to 39 per cent and 20 per cent of that of the fundamental. The third harmonic 
lags behind the fundamental by 20 degrees and the fifth harmonic by 10 
degrees. A dynamometer voltmeter connected to the alternator terminals 
gives the same reading as is produced by 150 volts d.c. Derive an expression 
for the instantaneous value of the voltage in the circuit. 

{Lond. Univ., 1948, Elec. Meas.) 

Ans. v — 200 sin cot -f- 60 sin ^3 cot — ^ +4=0 sin — ~ 7 t) 

(163) Sketch and describe briefly the essential features of a cathode-ray 
tube and suggest a simple method of providing a time-base that is practically 
linear. 

Derive an expression for the electrostatic deflection in cm. per volt. State 
any approximations used. Assume that the screen is flat and perpendicular to 
the centre line of the tube and neglect fringing effects at the edges of the 
deflecting plates. {Lond. Univ., 1949, Elec. Meas.) 

(164) A sinusoidal voltage of 1,000 Y and frequency 50 cycles per second is 
suddenly switched on to an inductive circuit of reactance 40 ohms and resist¬ 
ance 2*5 o hms . If the switch is closed when the instantaneous value of the 
voltage is zero, what will be the value of the current half a cycle later in time ? 

{Lond. Univ., 1947, Elec. Meas.) 

Ans. 4-01 A. 

(165) Why is it advisable to short-circuit the terminals of a sensitive moving- 

coil instrument during transport ? ^ 

The coil of a moving-coil meter is wound on a non-conducting former whose 
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height and width are both 2 em. It moves in a co ns t an t field of 1,200 lines 
per cm. 8 The moment of inertia of its moving parts is 2-5 g-cm,, and the 
control spring exerts a torque of 300 dyne-cm. per radian. Calculate (a) how 
many turns must he wound on the coil to produce a deflection of 150 degrees 
with a current of 10 mA, and ( b ) the resistance of the coil to produce critical 
damping, all damping being taken as electromagnetic. 

[Lond. Univ., 1948, Elec. Meas.) 

Ans. 164; 2-81 Q. 

(166) State the causes of change of accuracy in moving-coil ins tr um ents 
with change of temperature. Explain how compensation is made in amm eters 
for change of electrical resistance of the moving coil with ch an ge of 
temperature. 

It is required to construct a resistance of 5*0 ohms with a resistanee- 
temperature coefficient of 8 x 10 -s per ° C. Platinoid and man g anin wire 
of cross-sectional area 0*4 mm 2 are available and are to be connected in series. 
Calculate the lengths required if the resistivity of platinoid is 34*4 mi cro hm -cm. 
and its resistance-temperature coefficient is 2-5 X 10~ 4 per ° C.; correspond¬ 
ing figures for manganin are 48 microhm-cm. and 2 x 10~ 5 per ° C. All 
figures refer to 0° C. {Lond. Univ., 1950, Elec. Meas.) 

Ans. 151*3 cm. platinoid. 

308 cm. manganin. 

(167) A metal rectifier is used for the measurement of a sinusoidal alternat¬ 
ing current. The rectifier consists of four units arranged in bridge, each unit 
having approximate forward and reverse resistances of 5 ohms and 500 ohms 
respectively. The moving-coil indicator has a resistance of 20 ohms. Deter¬ 
mine the indication when the r.xn.s. input current is 4 milliamperes. 

{Lond. Univ., 1950, Elec. Meas.) 

Ans. 3-26 mA. 

(168) Discuss the reasons why the errors of a current transformer are 
usually greater with relatively small loads than at rated full load. 

At its rated load of 25VA, a 100/5-ampere current transformer has an iron 
loss of 0-2 W and a magnetizing current of 1*5 A. Calculate its ratio error and 
phase angle when supplying rated output to a meter having a ratio of resistance 
to reactance of 5. {Lond. Univ., 1948, Elec. Meas.) 

Ans. — 1*07 per cent; 0° 45'. 

(169) Why is it important to use high-grade magnetic material for the 
laminations of current transformers ? Discuss some of the advantages gained 
by substituting nickel-iron for silicon-iron in current transformer construction. 

{Lond. Univ . 1947, Elec. Meas.) 

(170) Explain how the amplitude of the harmonics in a supply voltage of 
complex wave-form may be determined experimentally with, the aid of a 
dynamometer wattmeter and a beat-frequency oscillator of pure wave-form. 

A single-phase load takes a current of— 

4 sin (^cot H- ^ + 1*5 sin ^3co£ + ^amperes 

from a source represented by 360 sin cot volts. Calculate the power dissipated 
by the circuit and the circuit power-factor. 

[Lond. Univ., 1950, Elec. Meas.) 

Ans. 623-5 W; 0*837. 

(171) Describe a direct-reading frequency meter for measuring a frequency 
of the order of either (a) 50 cycles per second or (6) 500 cycles per second. 
Suggest a suitable method for calibrating the instrument. 

{Lond. Univ., 1948, Elec. Meas.) 
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Abraham-V iilaed H.V. voltmeter, 
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Absolute instruments, 603 

measurements of international 
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Absorption in dielectrics, 156, 302 
A.C.— 

bridge methods, 199 
errors in, 230 
magnetic testing, 396 
potentiometers, 197, 340 
applications of, 349 
method of iron-loss testing, 406 
stabilizer, 350 

Acetylene sub-standard, 418 
Air density factor, 448 
friction damping, 610 
Alternators, high frequency , 234 
Ammeter— 

calibration of, by A.C. potentio¬ 
meter, 349 
errors in, 626 
shunts, 678 
types of, 625 
Ampere— 

international, the, 69 
legal, the, 70 
the, 55 

Ampere-hour meters, 771 
Ampere’s theorem, 26 
Anderson bridge, 201, 226 
Anemometer, hot-wire, 295 
Arnold method of current trans¬ 
former testing, 719 
Aron clock meter, 789 
Attracted disc electrometer, 658 
Attraction— 

between charged parallel surfaces, 
15 

between magnetized surfaces, 25 
type M.I. instruments, 627 
Ayrton-Perry inductometer, 243 
Ayrton universal shunt, 313 

- in instruments, 609 
Ballistic galvanometer, 355 
calibration of, 360 
method of capacitance measure¬ 
ment, 220 

method of mutual inductance 
measurement, 213 
standard solenoid, 181 
Bar and yoke methods, 379 


Barlow method of measuring three- 
phase power, 743 

Betteridge apparatus for magnet 
testing, 395 

B-H curve, determination of, 373 
Biffi. method of current transformer 
testing, 713 
Bifilar winding, 78 
Biot-Savart Law, 28 
Bismuth spiral, 371 
Blavier test, 486 
Board of Trade ohm, 78 
Bridge “Megger,” 307 
Brightness, 412 

Brooks and Weaver inductometer, 
244 

Brooks deflectional potentiometer, 329 
B.T.-H. frequency meter, 833 
Bunsen photometer head, 420 
Burrows double bar and yoke 
permeameter, 386 
Butterworth bridge, 204 

-Tinsley mutual inductometer, 247 

Cable— 
graded, 151 

multicore, capacitance of, 142 
tests with high voltage B.C-, 437, 
460 

Campbell— 

bridge for iron-loss measurements, 
403 

constant inductance rheostat, 242 
frequency bridge, 829 
Larsen potentiometer, 347 
method— 

of mutual inductance measure¬ 
ment, 215 

of self-inductance measurement, 
226 

microphone hummer, 233 
mutual inductometer, 246 
standards of mutual inductance, 
89, 92 

vibration galvanometer, 258 
Candela, the, 412 
Candle— 

-hour, 413 
-power, 412 

mean hemi-spherical, 413 
mean horizontal, 412, 424 
mean spherical, 412, 424 
measurement of, 418 
standards of, 414 
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Capacitance, 11 
absorptive, 156 
e, determination of, 66 
distributed, 146 
earth, 125 

electrostatic C.G.S. unit of, 12 
geometric, 156 
laboratory standards of, 101 
measurement of, 218 
measurement of three-core cable, 
145 

practical unit of, 57 
standards of, 95 
Capacitor— 
bushing, 152 
multipliers, 683 
Capacitors— 

in series and parallel, 141 
compressed gas, 98 
square law, 248 
standard, 95 
variable, 247 
Careel lamp, 416 
Carey Foster— 
bridge, 217, 226 
slide wire bridge, 288 
Cascade connection of transformers, 
442 

Cathode -ray oscillograph, 165,568,579 
C.G.S. units, 51 

Chaperon non-inductive winding, 241 
Chattock magnetic potentiometer, 369 
Chureher and Dannatt capacitor, 97 
Circular coil—- 

magnetic field of, 31 
self-inductance of, 183 
Circular turn, inductance of, 176 
Clark standard cell, 86 
Clock meters, 789 
Coaxial— 

circles, forces between, 34 
coils, mutual inductance between, 
ISO 

cylinders, capacitance between, 137 
Coercive force, 38 
Commutator meters, 781 
Compensation for pressure coil power 
loss, 735 
Complex— 
quantities, 107 
wave-forms, 536 
r.m.s. value of, 557 
power with, 558 
Concentric— 

circles, mutual inductance between, 
177 

coils, mutual inductance between, 
182 

Cone-roller stroboscope, 824 


Constant— 

inductance rheostat, 242 
of inertia of vibration galvano¬ 
meter, 259 
Control— 

constant of vibration galvano¬ 
meter, 260 

gear for H.V. testing, 445 
of instruments— 
gravity, 608 
spring, 605 
Corona effect, 447 

Correction factor of wattmeter, 733, 
737 

Coulomb, the, 56 
Coulomb’s— 

Law, 1, 16 
theorem, 9 

Coupling, coefficient of, 172 
Coursey factor, 184 
Creep of meters, 786 
Crest factor, 449 
Crompton potentiometer, 325 
Curie balance, 394 
Current— 

absolute measurement of, 73 
balance— 

Kelvin, 83 
Rayleigh, 75 

E.M.C.G.S. unit of, 26, 55 
measurement of by potentiometer, 
337 

transformers, 686 

characteristics of, 695 
demagnetization of, 701 
design of, 688 
errors introduced by, 688 
testing of, 710 
use of, 700 
wave-forms, 552 
Cylinders— 

capacitance between, 132 
electrostatic field between, 135 
Cylindrical conductors, eddy currents 
in, 519 

Damped oscillations, 466 
Damping— 

constant of vibration galvano¬ 
meter, 259 

in D’Arsonval galvanometer, 321 
in instruments, 610 
D’Arsonval galvanometer, 316 
Deflecting coil method, 371 
Delon mechanical rectifier, 460 
Demagnetization— 
curve, 45 

of current transformers, 701 
of magnetic specimens, 373 
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Demagnetizing factors, 378 
De Sauty bridge, 221 
Dessauer method of transformer con¬ 
nection, 441 

Detectors for a.c. bridges, 252 
tuned, 233, 252 
Dial tests of meters, 798 
Dielectric— 

absorption, 156 
breakdown, nature of, 477 
constant, 1, 154 
loss and power factor, 155 
measurement of, 159 
strength, 149 
Dielectrics, 149 
in series, 153 

Diesselhorst potentiometer, 333 
Differential galvanometer, 281 
Dimensional equations, 64 
Dimensions, 52 

Displacement constant of vibration 
galvanometer, 259 
Drysdale— 

phase shifter, 341 
plug permeameter, 390 
standard wattmeter, 745, 767 
-Tinsley a.c. potentiometer, 340 
vibration galvanometer, 254 
Du Bois magnetic balance, 386 
Ducter, 307 
Duddell— 

alternator, 234 
oscillograph, 562 
square law condenser, 248 
vibration galvanometer, 256 
Dye’s modification of Heaviside- 
Campbell bridge, 211 
Dynamometer—* 

M.C. instruments, 647 
power factor meter, 790 
wattmeter, 745, 766 

Earth— 

connections, resistance of, 310 
overlap test, 486 
Ebonite, testing of, 478 
Eddy current— 
damping, 531, 612 
errors in A.C. bridges, 232 
loss, 396 
Eddy currents— 
effect of, 518 
in an iron core, 523 
in armature conductors, 528 
in cylindrical conductors, 519 
in. iron plates, 194 
in thin sheets, 521 
nature of, 518 
Electric intensity, lines of, 2 


Electricity Supply (Meters) Act, 1936, 
328, 338, 794, 798 
Electro dynamometers, 73 
Electrolytes, resistance of, 311 
Electrolytic meters, 722 
Electromagnetic oscillograph, 566 
Electromagnetism, 26 
Elec trometer — 
attracted disc, 658 
Kelvin absolute, 659 
Lindemann, 477 
quadrant, 654 
Electronic repeater, 792 
Electrostatic— 
instruments, 653 
oscillograph, 567 

voltmeters, commercial forms of, 
661 

for E.H.T., 664 
wattmeter, 160, 758 
Elliott transmission system, 792 
E.M.F.— 

electromagnetic C.G-.S. unit of, 36 
induction of, 36 
Energy— 

in an electric circuit, 3S 
in electric field, 13 
meters, 771 
practical unit of, 56 
stored in magnetic field, 45 
Epstein apparatus, 398 
Equipotential surfaces, 11 
Equivalent sine wave, 559 
Ewing— 

double-bar method, 381 
-Isthmus method, 391 
permeability bridge, 382 

Iahy Simplex permeameter, 388 
Farad, the, 57 
Faraday’s Law, 36 
Fault localizing bridge, 493 
Faults in high voltage cables, 465 
Feebly magnetic materials, testing of, 
393 

Feliei method of mutual inductance 
measurement, 212 
Ferraris induction instrument, 665 
Ferric induction, 20, 354 
Fery variable-focus pyrometer, 513 
Fisher loop test, 492 
Fixed-focus radiation pyrometer, 512 
Flat coils, self-inductance of, 187 
Fleming and Clinton commutator 
method, 219 

Flicker photometers, 423 
Fluid friction damping, 611 
Flux- 
electric, 3 
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Flux ( contd .)— 

electric, tubes of, 3 
density, magnetic, 17 
distribution in thick iron plates, 525 
magnetic, 17 
Fluxmeter, 365 

Force between parallel conductors, 30 
Form-factor meter, 674 
Fourier theorem, 536 
Frequency— 
bridges, 829 

errors, compensation for, 668 
in a.c. bridges, 233 
in M.I. instruments, 638 
meters, 830 

natural, of vibration galvanometer, 
262 

Friction errors in instruments, 626 
Frohlich-Kennelly equation, 22 

A.C. potentiometer, 

343, 407 

Galvanometer—■ 
ballistic, 355 
D’Arsonval, 317 
tangent, 73 
Helmholtz, 75 
vibration, 253 
Gas thermometers, 498 
Gauss, the, 57 
Gauss’s theorem, 8 
Geometric— 

capacitance, 156 
mean distance, 180 
Giebe air capacitor, 99 
Gilbert, the, 57 
Giorgi (M.K.S.) system, 57 
Glazebrook and Muirhead standard 
air capacitor, 98 
Glynne electronic stabilizer, 799 
Grassot fluxmeter, 365 
as a quantity meter, 782 
Gravity control of instruments, 608 
Ground faults in cables, 486 
Grover series-inductance capacitance 
bridge, 223 
Guard rings, 148 

Gumlieh’s method of magnetic test¬ 
ing, 392 

coubt pentane lamp, 415 
Harmonic— 
analyser, 549 
analysis, 539 
Harmonics— 
even, 538 

in a.c. wave-forms, 535 
Hartshorn method of self-inductance 
measurement, 207, 228 


Hay’s bridge, 206 
Heaviside— 
bridge, 115 
-Campbell bridge, 207 
Heavy-current standard wattmeter, 
746 

Hefner standard lamp, 414 
Helmholtz tangent galvanometer, 75 
Henry, the, 57 
Heterostatic connection, 655 
Heydweiller modification of Carey- 
Foster bridge, 217 
Hibbert magnetic standard, 360 
High frequency tests at high voltage, 
466 

High resistance, measurement of, 298 
High voltage— 
control gear, 445 
d.e. tests, 437, 460 
high frequency tests, 439 
low frequency tests, 438 
surge tests, 439 
transformers, 440 
voltmeters, 455 

Ho and Koto oscillograph, 567 
Holophane lumeter, 431 
Hospitalier Ondograph, 561 
Hot-wire—• 

anemometer, 295 
instruments, 649 

power consumption in, 652 
range of, 652 
Humidity meter, 297 
Hysteresis— 
coefficient, 44 

error in MX instruments, 637 
loop, determination of, 375 
loss, 41, 396, 408 
magnetic, 39 

InxosrATic connection, 655 
Illiovici permeameter, 383 
Illumination, 411 
laws of, 411 
photometers, 411 
Images, method of, 138, 176 
Impulse— 
ratio, 473 
tests, 439, 470 

Incremental permeability, 41 
Inductance— 
mutual, 171 

standards of, 88 
unit of, 171 
practical unit of, 57 
self, 170 

in series, 172 
measurement of, 197 
standards of, 88, 92 



INDEX 


909 


Inductance ( contd .)— 

^ith superposed d.c. and a.e., 
207 

Inductances— 
iron cored, 189 
variable, 243 
Induction— 
ferric, 20 
instruments, 664 
method of cable testing, 496 
of 36 

regulator voltage control, 42 
watt-hour meters, 783 
wattmeter, 754 
Instruments— 

classification of, 603 
indicating, 604 
integrating, 620 
recording, 627 
rectifier, 671 

Instrument transformers, 684 
testing of, 710 
use of, with wattmeters, 735 
Insulating— 

materials, testing of, 477 
oils, testing of, 479 
Insulation— 
resistance, 302 

measurement of, with power on, 
307 

testing sets, 304 
Insulators, testing of, 473 
Integrating— 

instruments, 620 
sphere, 428 

Intense magnetic field, testing with, 
390 

Internal flux in a conductor, 174 
International— 

conference on electrical units, 68 
units, absolute measurement of, 70 
definitions of, 68 
Ionic wind voltmeter, 457 
Iron— 

loss, measurement of, 396, 406 
powders, measurements on, 405 

“j”, 105 

Joubert contact method, 560 
Joule, the, 56 


absolute electrometer, 659 
current balance, 83 
double bridge, 228, 274 
electrostatic voltmeter, 659 
-Varley slide, 315 

Kilovolt amperes, measurement of, 812 
Kipping time base, 575 


Koepsel permeameter, 384 
Kohlrausch method— 

of using differential galvanometer, 
282 

of measuring resistance of elec¬ 
trolytes, 311 
Kuriyama bridge, 211 

Laboratory standards— 
of capacitance, 101 
of low resistance, 79, 273 
Lambert cosine law, 413 
Laplace— 
equation, 29 
transformations, 599 
Leakage— 

errors in a.c. bridges, 232 
factor, measurement of, 368 
indicators, 663 
in potentiometers, 327 
Leeds and Northrup vibration gal¬ 
vanometer, 259 
Left-hand rule, 29 
Legal standards, 69 
Lenz’s law, 37 
Light, 411 

Lindemann electrometer, 477 
Linear speed, measurement of, 825 
Lloyd-Fisher magnetic square, 398 
Logarithmic decrement, 359 
Loop tests, 489 

Lorenz method of resistance measure¬ 
ment, 70 
Loss— 

angle of capacitor, 158 
of charge method of resistance 
measurement, 300 
Low resistance— 

measurement of, 270 
standards, measurement of induc¬ 
tance of, 228 
Lumen-hour, 413 
Lumen, the, 412 
Luminance, 412 
L umin ous— 
flux, 411 
intensity, 411 

Lummer-Brodhun photometer head, 
421 

Macbeth illuminometer, 430 
Magnetic— 
balance, 386 

flux, measurement of, 363 
hardness coefficient, 23 
hysteresis, 39 

intensity due to current in a con¬ 
ductor, 29 
lines of, 16 
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Magnetic ( contd .)— 
moment, 17 
potentiometer, 369 
shells, 26 
susceptibility, 21 
testing of rods, 378 
Magnetization— 
curve, 22, 39 

determination of, 373 
cycle of, 40 
intensity of, 17 
Magnetizing force, 21 
Magnetometers, 352 
Magnets, permanent, 614 
Manganin, S3 
Mars circuit, 470 
Maximum-demand indicators, 804 
Maxwell, the, 57 
Maxwell— 

bridge for determination of “c,” 
67 

bridge for iron-loss measurements, 
402 

inductance bridge, 113 
method for mutual inductance 
measurement, 214 
self-inductance bridge, 200 
Maxwell’s dimensions for self-induc¬ 
tance standard, 92 
Measuring instruments, effects uti¬ 
lized in, 603 

Medium resistance, measurement of, 
288 

‘ ‘Megger,” 305 

capacity meter, 307 
Mercury— 

motor meters, 777 
thermometers, 498 
Merz-Price demand indicator, 807 
Meter testing, 794 
Meters for special purposes, 802 
Method of reversals, 373, 375 
Mica capacitors, 101 
Microphone hummers, 233 
Minton method of measuring dielec¬ 
tric loss, 166 
M/ELS. units, 1, 57 
Moisture meter, 297 
Moore heavy current wattmeter, 747 
Motor meters, 775 
errors in, 776 

Moullin thermionic voltmeter, 671 
Moving-coil instruments, 638 
errors in, 647 
extension of range of, 643 
types of, 639 

vibration galvanometer, 256 
Moving-iron instruments, 627 
design data for, 638 


Moving-iron instruments {contd .)— 
errors in, 637 
power-factor meter, 838 
synchroscope, 842 

Moving-magnet vibration galvano¬ 
meter, 253 

Multi-core cable, capacitance of, 142 
Multipliers, voltmeter, 680, 682 
Mumetal, 689 
Murray loop test, 489 
Mutual inductance— 
measurement of, 212 
network containing, 115 
standards of, 88 

Nagaoka factor, 184 
Nalder-Lipman power-factor meter, 
839 

Natural frequency of vibration galva¬ 
nometer, 262 
Neon lamp, 453, 572 
Nickel iron alloys, 689 
Non-inductive windings, 242 

Oersted,- the, 57 
Ohm— 

international, 68 

-meter, 305 
the, 55 

the Board of Trade, 78 
Oil, testing of, 480 
One wattmeter method, 742 
Open circuit faults in cables, 495 
Optical pyrometers, 515 
Oscillation method of magnet test¬ 
ing, 354 
Oscillators, 233 
Oscillographs, 561 
Osmosis, electric, 463 
Owen bridge, 224 

PARAFEnnsD paper capacitors, 101 
Parallel cylinders—- 

capacitance between, 132 
inductance between, 173 
Parallel plates, electrostatic field be¬ 
tween, 7 

Peak voltage, measurement of, 451 
Permanent magnet M.C. instruments, 
639 

Permanent magnets, 614 
design of, 45 
testing of, 395 
Permeability— 
magnetic, 16, 41 
of space, 54, 58 
Permittivity, 1, 154 
of free space, 54 
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Petch-Elliott current transformer 
testing set, 721 
pH meters, 339 
Phantom loads, 798 
Phase angle— 
capacitor, 158 
of current transformer, 687 
of voltage transformers, 705 
Phase error in induction instruments, 
785 

Phase shifter, 341 
Photo-electric cell, 433 
Photometer— 
bench, 419 
heads, 419 

Pivots, friction at, 614 

Plate capacitor, capacitance of, 130 

Platinum— 

resistance variation of, 500 
temperature, 501 
Pointers, instrument, 615 
Pole strength, 16 
unit magnetic, 16 

Polygonal coils, self-inductance of, 188 
Polyphase— 

circuits, symbolic treatment of, 116 
meters, testing of, 801 
watt-hour meters, 787 
wattmeters, 764 

Porcelain insulators, testing of, 474 
Potential—- 
at a point, 10 
C.G-.S. unit of, 9 
connections, 270 

distribution along suspension insu¬ 
lator string, 475 
dividers for h.t. circuits, 444 
due to current in a closed circuit, 28 
electric, 9 

energy of a current and magnetic 
flux, 28 
gradient, 150 
magnetic, 23 
transformers, 702 
testing of, 721 
Potentiometer— 
a.c., 197 

method of low resistance measure¬ 
ment, 273 
principle of, 324 
Power— 

factor meters, 835 
loss in instruments, 624 
measurement without a watt¬ 
meter, 737 
practical unit of, 55 
Practical units, 55 
Prepayment meters, 803 
Pressure-coil capacitance, 733 


Pressure, measurement of, 294 
Price’s guard wire method, 299 
Pyrometers, 499 

Qttaduajnt electrometer, 654 
Quadrature device. Gall, 345 
Quantity of electricity— 

C.G.S. unit of, 1 
measurement of, 355 
practical unit of, 56 
Quick response recorders, 511, 617 

efficiency, 411 
Radiation—- 

pyrometers, 512 
Stefan-Boltzmann, law of, 513 
Raphael bridge, 494 
Rationalization, 3, 47, 57, 59 
Rayleigh— 

and Niven’s formula for self-induc- 
tahce, 176 
current balance, 75 
formula for mutual inductance, 180 
Reactive volt-amps, measurement of, 
768 

Reason electrolytic meter, 773 
Record— 

“Cirscale” instruments, 643 
generator for speed measurement, 
819 

Recording instruments, 616 
Rectifier— 

instruments, 671 
mechanical, 460 
valve, 461 

Reduction factor, 413 

Relative air density, 448 

Reluctivity, 23 

Remanence, 40 

Remote indication, 792 

Repulsion type M.I. instruments, 628 

Residual— 

errors in a.c. bridges, 232 
magnetism, 40 
Resistance— 

absolute measurement of, 70 
boxes, 238 

E.M.C.G.S. unit of, 55 
high frequency, 192 
low, standards of, 79 
materials, 81 

measurement of by potentiometer, 
335 

potential dividers, 444, 682 
Resistors— 
standard, 77 
variable, 238 
Resistivity— 

of electrolytes, 311 
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[Resistivity (contd .)— 
surface, 304 
volume, 304 
Resonance— 

curves of vibration, galvanometer, 
258, 267 

frequency meter, 832 
with harmonics, 556 
Richter apparatus, 401 
Ring specimens, magnetic testing of, 
372 

Rotational speed measurements, 819 
Rousseau construction, 425 
Ryall crest voltmeter, 453 

Sag magnification in hot-wire instru¬ 
ments, 650 

Saturation coefficient, 23 
Sobering—• 

and Schmidt vibration galvano¬ 
meter, 255 
bridge, 161 
Screening— 

electrostatic, 148, 231 
magnetic, 231 

Secondary instruments, 603 
Self-demagnetization, 378 
Sensitivity— 

in a.c. bridges, 252 
in Kelvin double bridge, 279 
in Wheatstone bridge, 287 
maximum in Butterworth bridge, 
205 

of vibration galvanometer, 267 
Separation of iron losses, 396 
Servo-operated recorders, 619 
Shaded-pole induction instruments, 
669 

Shunts for ammeters, 678 
Siemens and Halske h.t. voltmeter, 
456 

Silshee method of current trans¬ 
former testing, 715 
Simmance-Abady flicker photometer, 
423 

Single-phase meters, 784 
testing of, 800 
Skin effect, 191 
in coils, 193 
in iron plates, 194 
reduction of, 193 
Solenoid— 

capacitance of, 146 
magnetic field of, 35 
Sphere gap, 447 

Spherical conductor, capacitance of, 
128 

Spielrein formula for self-inductance, 
187 


Spring control of instruments, 605 
Stalloy, 689 
Standard cells, 85 
resistors, 77 
search coil, 370 
solenoid, 361 
Standards, legal, 69 
Standardization of potentiometer, 
326 

Stefan-Boltzmann law, 513 
Steinmetz hysteresis law, 44 
Step-by-step method of magnetic 
testing, 374, 375 
Straight conductors— 
capacitance between, 139 
capacitance to earth of, 138 
electrostatic field near, 4 
inductance of, 176 
Strain gauge measurements, 291 
Stray field errors in a.c. bridges, 230 
Stray magnetic field error in M.I. 

instruments, 637 
Stroboscopic methods, 821 
Sub-standard lamps, 417 
Sullivan- Griffiths— 

self-inductance standard, 93 
standard capacitors, 99 
Summation metering, 808 
methods, 766 
Summator, 811 
Supply meters, 771 
Supports in indicating instruments, 
613 

Surface— 
leakage, 299 
resistivity, 304 
Surge test, 439, 470 
Swamping resistance, 645 
Symbolic notation, 105 
Symmetrical components, 119 
Synchroscopes, 841 

Tangent galvanometer, 73 
Tapped transformer voltage control, 
445 

Telephones in a.c. bridges, 252 
Temperature— 

effect on insulation, 302 
errors, 645 

indicators and recorders, 502* 510 
Tesla coil, 466 
Testing sets, 675 
Thermionic voltmeter, 671 
Thermo ammeter, 653 
Thermo -electric— 

336, 506 

in potentiometers, 327 
pyrometers, 503 
junction, 451, 506 
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Thermokraftfrei potentiometer, 333 
Thermometers, 498 
Three-ammeter method, 199, 738 
Three-phase power measurement, 739 
Three-voltmeter method, 199, 738 
Threshold voltage, 458 
Time— 

base for cathode-ray oscillograph, 
574 

constant, 189 

of electrification, effect of, 302 
switches, 807 

Tinsley-Vernier potentiometer, 328 
Toroidal coils, self-inductance of, 188 
Torque— 

and inductance in M.I. instru¬ 
ments, 635 

and mutual inductance in dyna¬ 
mometer wattmeter, 750 
-weight ratio of instruments, 609 
Torsion wattmeters, 745 
Traction permeameters, 386 
Transformers— 
instrument, 684 
voltage, 702 

Transient phenomena— 
with a.e., 590 
with d.c., 583 
Trivector meter, 814 
Trotter illumination photometer, 428 
Tuned detectors, 231, 252 
Two-rate meters, 810 
Two-wattmeter method, 740 

Ulbricht sphere, 427 
Undamped oscillations, 466 
Unipivot instruments, 643 
Units— 

C.G.S., 51 
international, 68 
57 

practical, 62 
rationalized systems, 59 
Universal shunt, 313 

VAcurnyr-enclosed electrostatic volt¬ 
meters, 661 
Valve rectifier, 461 
Variable— 
capacitor, 247 
inductances, 243 
Variable resistances, 238 
Varley loop test, 491 
Vibrating reed frequency meter, 830 


Vibration galvanometer, 161, 253 
Volt- 
box, 337 

international, 69, 77 
legal, 70 
V oltage— 

drop tests on cables, 488 
regulation, 442 
standardize^ 338 
transformers, 702 
testing, 721 
Voltmeter—• 

' calibration of, 337, 349 
errors in, 626 
multipliers, 680, 682 
Volume resistivity, 303 

Wagneb earth device, 165, 231 
Water purity, measurement of, 312 
Watt, 55 
international, 69 
-hour mercury meters, 780 
Wattmeter, 731 

calibration by electrostatic watt¬ 
meter, 762 
connections, 734 
correction factor, 733 
electrostatic, 160 
errors, 731 

measurements in S.P. circuits, 731 
method of iron-loss measurement, 
398 

polyphase, 764 
reflecting, 753 

testing by a.e. potentiometer, 349 
Wave— 
filter, 233 
form, 535 
current, 552 
determination of, 560 
errors in a.e. bridges, 233 
Weighing, electric, 293 
Weston— 

frequency meter, 834 
standard cell, 86 
synchroscope, 841 
thermo-ammeter, 653 
Wheatstone bridge, 283 
applications of, 291 
Wien bridge, 113, 225 
Wind, electric, 457 
Wright— 

electrolytic meter, 773 
maximum demand indicator, 805 



